
Inseguimento di segnali di riferimento a
trasformata razionale con errore che si annulla

in un numero finito di passi

Con³�i¤e�²�iamo �i¬� con³�µe�to �sc¨e�m¡� ¤�©� co®�trollo

r(k) e(k) y(k)
-���+

−

- C(z) - P (z) -

6

e� �³�iano C(z) = NC(z)
DC(z), P (z) = NP (z)

DP (z) e� H(z) := C(z)P (z) =

NH(z)
DH(z) r¡�°�p²��³��®�taº�io®�©� c¯�p²�ie� ¤e�l¬e� ²��l¡�´�i¶	� �¦unº�io®�©� ¤�©�

tras¦��²�ie�®�to. ��i¡� �ino¬�t²�� r(k) �u®� �³��gna¬e� co®� trasform¡�t¡�

�e�t¡� raº�iona¬e� R(z) = NR(z)
DR(z) (co®� NR(z) e� DR(z) c¯�p²�i�©�)

c¨e� �³�©� ¤e�³�i¤e�r¡� �in³��§�µ�i²��.

Ab¢�iamo ¶�i³�to c¨e� �µ�´�i¬�izzando �i¬� �p²�in£�©�°�io ¤e�¬� mo¤e�llo �i®�-

´e�rno e�' �pos³�i¢�i¬e� �pro§
�´�ta²�� C �i®� modo c¨e� �³�©� ab¢�i¡� �in³��§�µ�©�-

e�®�to a³�i®�t¯�´�ico ¤e�¬� �³��gna¬e� r os³�i¡� �i®� modo c¨e� �¬�'e�rro²�� ¡�

²��§�ie� �³�©� an®�ul¬�©�.

�� ´e��po ¤�isc²��to (e� ±�ua®�to ¤�i²��mo e�' �un¡� car¡�´�´e�²�i³�´�ic¡� c¨e�
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no®� �h¡� �u®� analogo ¡� ´e��po co®�´�i®�uo) e�' �pos³�i¢�i¬e� �pro§
�´�ta²��

C �i®� modo c¨e� �¬�'e�rro²�� �³�©� an®�ul¬�©� �i®� ´e��po �¦i®�©�to, os³�i¡� �i®�

�u®� ®�ue�ro �¦i®�©�to ¤�©� �pas³�©�. Inf¡�´�´�©�, con³�i¤e�²�iamo �l¡� �¦u®�-

º�io®e� ¤�©� tras¦��²�ie�®�to ¡� c¡�´e�n¡� c¨�©�us¡� W = NW
DW

= NH
DH+NH

.

L¡� trasform¡�t¡� �e�t¡� ¤e�l¬�'e�rro²�� e�' allor¡�:

E = (1−W )R =
DW −NW

DW

NR

DR
=

DH

DH + NH

NR

DR

��un±�µe� ²�i³�u¬�t¡� e�¶�i¤e�®�´e� c¨e� �¬�'e�rro²�� �³�©� an®�ull¡� d¯�po �u®�

®�ue�ro �¦i®�©�to ¤�©� �pas³�©� �³�� e� �solo �³��:

(1) DW = DH +NH e�' �un¡� �p¯�´e�nz¡� ¤�©� z (os³�i¡� DW = zq) e�

(2) ´�µ�´�´�©� g¬�©� ºe�²�©� ¤�©� DR �sono anc¨e� ºe�²�©� ¤�©� DH = DW −NW ,

co®� �¬�'e�c£e�º�io®e� ¤e�l¬�'e�¶	�®�´�ua¬e� ºe�ro �i®� 0.

Domanda 1. Coe� �posso �pro§
�´�ta²�� C c¨e� rag§�©�ung¡� ±�µe�³�to

�sc¯�po?

Domanda 2. Coe� �posso �pro§
�´�ta²�� C c¨e� minimizzi �i¬�

®�ue�ro ¤�©� �pas³�©� ®e�£e�ssa²�©� a¤� an®�ulla²�� �¬�'e�rro²��?

��©� �sono e�s³��nº�iale�®�´e� t²�� mo¤�©� ¤�©� �pro§
�´�ta²�� C; �i¬� ´e�rzo

�p²��e�´�´e� ¤�©� anc¨e� ¤�©� ²�i³�pon¤e�²�� all¡� Domand¡� 2.
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A. Posso �por²��

C(z) = C1(z)C2(z); C1(z) =
1

DR

e� �pro§
�´�ta²�� C2(z) co®� �i¬� e�todo ¤e�l¬�'e�±�uaº�io®e� ¤�iofa®�´e�¡�

co®� ²�i¦��²�ie�®�to a¬� �³�i³�´e�m¡� ¤�©� �¦�. ¤�©� ´�. P1(z) := C1(z)P (z) e�

a¤� �un¡�

DW = zq = z2n−1

do¶	� n = nr + np co®� nr := deg[DR] e� np := deg[DP ]. I®�

±�µe�³�to caso, q = 2n − 1 �°�uo' e�s³��²�� �°�©�µ�´�to³�to e�¬e�v¡�to e� �i¬�

grado ²��l¡�´�ivo ¤�©� C e�':

reldeg[C] = reldeg[C1] + reldeg[C2] ≥ nr;

�³�� nr e�' e�¬e�v¡�to, �i¬� ²�©�tardo �i®�trod¯�´�to d¡� C �p¯�t²��b¢	� e�s³��²��

tr¯�°�po e�¬e�v¡�to. ���r ²�ie�¤�ia²�� ¡� ±�µe�³�´�©� �pos³�i¢�i¬�©� �inco®�-

¶	�®�©e�®�´�©� �³�©� �°�uo' "¤�i³�t²�i¢�µ�i²�" �l¡� co�p¬e�s³�©�t¡�' ¤e�¬� co®�trollo²��

�sf²�µ�´�tando anc¨e� �i¬� ®�ue�r¡�to²�� coe� ¤e�sc²�©�´�to ®e�¬� �pros³�imo

e�todo.

B. Po³�´�©� nr := deg[DR] e� np := deg[DP ], �uso �i¬� co®�trollo²��

C(z) =
Y

XDR
deg[X ] = np − 1, deg[Y ] = nr + np − 1
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�i®� ta¬� modo �ho 2np+nr �incog®�©�´e� c¨e� �posso calcola²�� �s£e�g¬�©e�ndo

DW = zq = z2np+nr−1 e� ²�isol¶	�ndo �¬�'e�±�uaº�io®e� ¤�iofa®�´e�¡�

NPY + DPDRX = DW

�l¡� ±�ua¬e� �°�uo' e�s³��²�� ²�isc²�©�´�t¡� coe� �u®� �³�i³�´e�m¡� ¤�©� 2np + nr

e�±�uaº�io®�©� �¬�i®e�a²�©� �i®� 2np + nr �incog®�©�´e�. Salvo ca³�©� �p¡�-

tolo§�i£�©�, ±�µe�³�to �³�i³�´e�m¡� avr¡�' �un¡� �so¬�uº�io®e� �i®� cor²�i³�po®�-

¤e�nz¡� all¡� ±�ua¬e� C = Y
XDR

e�' �pr¯�p²�io. I®� ±�µe�³�to caso, �i¬�

®�ue�ro q = nr + np − 1 ¤�©� �pas³�©� ®e�£e�ssa²�©� a¤� an®�ulla²��

�¬�'e�rro²�� e�' �ino²�� ¤�©� �p²�im¡� e� �i¬� grado ²��l¡�´�ivo ¤�©� C e�'

ºe�ro. Ancor¡� �°e�ro' no®� �ho gara®�´�©�to c¨e� q �³�i¡� �i®�imo.

���r ¯�´�´e�®e�²�� ±�µe�³�to �³�©� �°�uo' �µ�´�i¬�izza²�� �i¬� �pros³�imo e�todo.

C. U®� ¡�°�proc£�io a¬�´e�rn¡�´�ivo con³�i³�´e� ®e�¬� �pro§
�´�ta²�� ¤�i²��´�-

tae�®�´e�

W =
NW

zq

e� �i�por²��:

1. Grado ²��l¡�´�ivo ¤�©� W a¤e�§�u¡�to (ale�no �pa²�©� ¡� ±�µe�llo

¤�©� P ) e� W (∞) 6= 1.

2. NW co®�´e�ng¡� ´�µ�´�´�©� g¬�©� ºe�²�©� "in³�ta¢�i¬�i" ¤�©� P .
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3. ∆ := DW −NW = zq −NW = DH co®�´e�ng¡� sia ´�µ�´�´�©� �©� �po¬�©�

"in³�ta¢�i¬�i" ¤�©� P (�°e�r �l¡� �³�ta¢�i¬�©�t¡�' �i®�´e�rn¡�) sia ´�µ�´�´�©� g¬�©� ºe�²�©�

no®� ®�ul¬�©� ¤�©� DR (�°e�r gara®�´�i²�� �in³��§�µ�ie�®�to).

�e� con¤�iº�io®�©� 2. e� 3. �³�©� �possono �sc²�i¶	�²�� �i®� modo agg²��g¡�to.

�� ±�µe�³�to �sc¯�po, ¤e�´�´�©� Ni �i¬� �po¬�ino�io mo®�ico �©� £�µ�©� ºe�²�©� �sono

´�µ�´�´�©� e� �so¬�©� g¬�©� ºe�²�©� "in³�ta¢�i¬�i" ¤�©� NP e� Di �i¬� �po¬�ino�io mo®�ico

�©� £�µ�©� ºe�²�©� �sono ´�µ�´�´�©� e� �so¬�©� g¬�©� ºe�²�©� "in³�ta¢�i¬�i" ¤�©� DP e�c£e�´�to

±�µe�l¬�©� §�i¡�' �p²��³��®�´�©� ®e�¬� �po¬�ino�io DR, �ba³�t¡� �i�por²��:

zq −NiN1︸ ︷︷ ︸
NW︸ ︷︷ ︸

∆=DH

= DRDi∆1 (1)

do¶	� N1 e� ∆1 �sono �po¬�ino�©� ar¢�©�tra²�©�.

L¡� con¤�iº�io®e� 1. �°e�re�´�´e� ¤�©� ¤e�´e�r�ina²�� q �i®� ´e�r�i®�©�

¤�©� deg[NW ] = deg[NiN1]. ��µ�in¤�©� �³�©� �°�uo' ¯�´�´e�®e�²�� �i¬� valo²��

�i®�imo ¤�©� q �s£e�g¬�©e�ndo N1 ¤�©� grado �i®�imo c¨e� �°e�re�´�t¡�

¤�©� �sod¤�isfa²�� �l¡� (1). I®� �pr¡�´�ic¡�, �³�©� ¡�°�p¬�ic¡� �i¬� �³��§�µe�®�´e�

�pro£e�¤�ie�®�to �©�´e�r¡�´�ivo. ��©� �i®�iº�i¡� co®� N1 = a co³�ta®�´e�; £�io'

�¦iss¡� NW = Nia e� ±�µ�in¤�©� q; �³�©� ¶	�²�i¦ic¡� �³�� e�³�i³�´e� �u®� valo²�� ¤�©�
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a ta¬e� c¨e� c¨e� zq −Nia co®�´e�ng¡� ´�µ�´�´�©� g¬�©� ºe�²�©� ¤�©� DRDi, os³�i¡�

ta¬e� c¨e� DRDi ¤�i¶�id¡� z
q−Nia. I®� ±�µe�³�to caso �³�©� �¦iss¡� a ¡� ta¬e�

valo²�� e� �³�©� e�' ²�iso¬�to �i¬� �prob¬e�m¡� co®� q �i®�imo. ��� �in¶	�£e�

no®� e�³�i³�´e� al£�u®� valo²�� ¤�©� a ta¬e� c¨e� DRDi ¤�i¶�id¡� zq −Nia

�³�©� �po®e� N1 = az+b; £�io' �¦iss¡� NW = Ni(az+b) e� ±�µ�in¤�©� q; �³�©�

¶	�²�i¦ic¡� �³�� e�³�i³�tono valo²�©� ¤�©� a e� b ta¬�©� c¨e� c¨e� DRDi ¤�i¶�id¡�

zq−Nia e� �³�©� �©�´e�r¡� �i¬� ra§�ionae�®�to �¦ino ¡� ±�uando �³�©� ¯�´�´�©e�®e�

�un¡� �so¬�uº�io®e� c¨e� �h¡� q �i®�imo �°e�r co³�t²�uº�io®e�. ��©� n¯�´�©� c¨e�

a¤� og®�©� �passo, �¦iss¡�to N1 = azp + bzp−1 + czp−2 + . . .+ lz +m,

�i¬� �prob¬e�m¡� ¤�©� ¶	�²�i¦ica²�� �³�� e�³�i³�tano valo²�©� ¤e�©� c¯	�f¦i£�©e�®�´�©�

a, b, c, . . . , l,m ta¬�©� c¨e� c¨e� DRDi ¤�i¶�id¡� zq −NiN1 e�' �¬�i®e�a²��

®e�©� c¯	�f¦i£�©e�®�´�©� �³�´e�s³�©� e� ±�µ�in¤�©� mo¬�to �fa£�i¬e� d¡� ²�isol¶	�²��.

Un¡� vo¬�t¡� ¤e�´e�r�in¡�´�©� q e� NW e�' �ime�¤�i¡�to ¯�´�´e�®e�²�� �i¬�

cor²�i³�pon¤e�®�´e� C:

C =
1

P

W

1−W
=

DP

NP

NW

zq −NW
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