
Sintesi diretta della dinamica di W

��'�µ�´�i¬�izzo ¤e�ll¡� �³�i®�´e�³�©� ¤�i²��´�t¡� ²�i³�u¬�t¡� abba³�tanz¡� a§
�vo¬e� �³��

P no®� �h¡� �po¬�©� "in³�ta¢�i¬�i"; �inf¡�´�´�©�, �i®� ta¬� caso �³�©� �i�pongono

�³��par¡�tae�®�´e� �l¡� ¤�ina�ic¡� ¤e�¬� �³�i³�´e�m¡� ¡� c¡�´e�n¡� c¨�©�us¡�

(os³�i¡� �©� �po¬�©� ¤e�ll¡� �¦unº�io®e� ¤�©� tras¦��²�ie�®�to W = NW
DW

e�,

£�i¯	�', �i¬� �po¬�ino�io DW ) e� �i¬� ®�ue�r¡�to²�� NW ¤�©� W c¨e� ¤e�¶	�

co®�´e�®e�²�� ´�µ�´�´�©� g¬�©� ºe�²�©� "in³�ta¢�i¬�i" ¤�©� P .

��� �in¶	�£e� P �h¡� �po¬�©� "in³�ta¢�i¬�i" ¤e�vo �i�por²�� c¨e� ta¬�©� �po¬�©�

�³�iano ºe�²�©� ¤�©�

∆ := DW −NW .

Co®�´e��pora®e�ae�®�´e�, �°e�ro', ¤e�vo �i�por²�� anche �l¡� ¤�©�-

na�ic¡� ¡� c¡�´e�n¡� c¨�©�us¡� (os³�i¡� �©� �po¬�©� ¤�©� W ) e� al£�u®�©� ¤e�g¬�©�

ºe�²�©� ¤�©� NW �sono �¦iss¡�´�©� da¬� �f¡�´�to c¨e� NW ¤e�¶	� co®�´e�®e�²�� ´�µ�´�´�©�

g¬�©� ºe�²�©� "in³�ta¢�i¬�i" ¤�©� P . I�por²�� ´�µ�´�´e� ±�µe�³�´e� con¤�iº�io®�©�

�p¯�t²��b¢	� ²�i³�u¬�ta²�� co�p¬�ic¡�to e�¤� e�' anº�©� �°e�r¦ino �poco c¨�iaro

�³�� �³�i¡� �³���p²�� �pos³�i¢�i¬e� �farlo ±�uando P �h¡� mo¬�´�©� �po¬�©� e� ºe�²�©�

�in³�ta¢�i¬�©�. I®� ta¬� caso, �p¯�t²��©� ²�i®�un£�ia²�� ¡� �s£e�g¬�©e�²�� �¬�'�i®�´e�r¡�
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�¦unº�io®e� ¤�©� tras¦��²�ie�®�to W e� acco®�´e�®�tar�©� ¤�©� �¦issa²�� �l¡�

¤�ina�ic¡� ¡� c¡�´e�n¡� c¨�©�us¡�, os³�i¡� ¤�©� �s£e�g¬�©e�²�� �©� soli poli ¤�©� W

£�i¯	�' g¬�©� ºe�²�©� ¤e�¬� �po¬�ino�io

DPDC + NPNC

do¶	� P = NP
DP

e�' �un¡� r¡�°�p²��³��®�taº�io®e� c¯�p²�im¡� ¤e�ll¡� �¦u®�-

º�io®e� ¤�©� tras¦��²�ie�®�to P ¤e�¬� �³�i³�´e�m¡� d¡� co®�trolla²�� e� C = NC
DC

e�' �un¡� r¡�°�p²��³��®�taº�io®e� c¯�p²�im¡� ¤e�ll¡� �¦unº�io®e� ¤�©� tras¦��²�©�-

e�®�to ¤e�¬� co®�trollo²��.

�� ±�µe�³�to �sc¯�po, �¦iss¡�´�©� NP e� DP ,

• con³�i¤e�ro �¬e� ¤�µe� �incog®�©�´e� polinomiali

X = DC Y = NC ;

• �s£e�lgo �i¬� �po¬�ino�io DW c¨e� �¦iss¡� �l¡� ¤�ina�ic¡� ¡� c¡�´e�n¡�

c¨�©�us¡�;

• ²�isolvo �¬�'e�±�uaº�io®e�

DPX + NPY = DW (1)

®e�l¬e� �incog®�©�´e� �po¬�ino�ia¬�©� X e� Y .
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L¡� (1) e�' �u®�'e�±�uaº�io®e� diofantea �i®� ±�ua®�to �¬e� �incog®�©�´e�

�sono ¤e�¦i®�©�´e� �i®� �u®� a®e�llo (�po¬�ino�©�).

Domanda 1. ��uando (1) �h¡� �so¬�uº�io®e�?

��i³�pso³�t¡� (clas³�ic¡�: ��uc¬�i¤e�). (1) �h¡� �so¬�uº�io®e� �³�� e� �solo

�³�� �i¬� mas³�imo co�u®� ¤�i¶�iso²�� ¤�©� DP e�¤� NP ¤�i¶�i¤e� anc¨e�

DW . ���¬� no³�tro caso DP e�¤� NP �sono �°e�r �©�p¯�´e�³�©� c¯�p²�i�©� e�

±�µ�in¤�©� (1) �h¡� £e�²�tae�®�´e� �so¬�uº�io®e�.

L¡� ²�i³�po³�t¡� �³��mbr¡� �incorag§�ia®�´e� m¡� no®� e�' �³�uf¦i£�©e�®�´e� �°e�r

�©� no³�t²�©� �sc¯�°�©�; �inf¡�´�´�©�, vog¬�iamo �u®� co®�trollo²�� C = NC
DC

= Y
X

co®� �¦unº�io®e� ¤�©� tras¦��²�ie�®�to propria e� ±�µ�in¤�©� �°e�r n¯�©� �l¡�

�so¬�uº�io®e� e�' �i®�´e�²��ssa®�´e� �solo �³�� deg(X) ≥ deg(Y ).

Domanda 2. S¯�´�to c¨e� con¤�iº�io®�©� (1) �h¡� �so¬�uº�io®�©� (X, Y )

ta¬�©� c¨e� deg(X) ≥ deg(Y )?

Teorema. ��i¡� P = NP
DP

�un¡� r¡�°�p²��³��®�taº�io®e� c¯�p²�im¡� ¤�©�

�un¡� �¦unº�io®e� ¤�©� tras¦��²�ie�®�to P strettamente propria
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(£�i¯	�' deg(DP ) > deg(NP )) e� �³�i¡� n := deg(DP ). ���

deg(DW ) = 2n− 1

allor¡� (1) ame�´�´e� �so¬�uº�io®�©� (X, Y ) ta¬�©� c¨e� deg(X) ≥ deg(Y )

(os³�i¡� e�³�i³�´e� �u®� co®�trollo²�� �pr¯�p²�io C = NC
DC

= Y
X ta¬e� c¨e� �l¡�

¤�ina�ic¡� ¡� c¡�´e�n¡� c¨�©�us¡� e�' d¡�t¡� dag¬�©� ºe�²�©� ¤�©� DW ).

Osservazione. ��� P = NP
DP

e�' �un¡� �¦unº�io®e� ¤�©� tras¦��²�ie�®�to

�pr¯�p²�i¡� m¡� no®� �³�t²��´�tae�®�´e� e� n := deg(DP ) allor¡� (1)

ame�´�´e� �so¬�uº�io®�©� (X, Y ) ta¬�©� c¨e� deg(X) ≥ deg(Y ) �°e�r ±�ua³�©�

´�µ�´�´e� �¬e� �s£e�¬�´e� ¤�©� DW ¤�©� grado 2n−1 �°e�ro' e�³�i³�tono ¤e�l¬e� �s£e�¬�´e�

"p¡�tolo§�ic¨e" ¤�©� DW �i®� cor²�i³�pon¤e�nz¡� al¬e� ±�ua¬�©� deg(X) <

deg(Y ) (os³�i¡� �i¬� co®�trollo²�� cor²�i³�pon¤e�®�´e� ¡� ta¬�©� �s£e�¬�´e� �sa²��b¢	�

�i�pr¯�p²�io).

Esempio ��i¡� P = 1
z−3. Allor¡� n := deg(DP ) = deg(z−3) = 1.

��µ�in¤�©�

deg(DW ) = 2n− 1 = 1.

��i¡� DW = z − α (co®� |α| < 1). Allor¡�

C = NC/DC =
y

x
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co®� x e� y �po¬�ino�©� ¤�©� grado ºe�ro (os³�i¡� co³�ta®�´�©�). ���r

calcola²�� x e� y ²�isolvo

x(z − 3) + y = z + α

d¡� £�µ�©�

x = 1, y = α + 3, C = y/x = α + 3.

Con³�i¤e�²�iamo or¡� �i¬� caso ¤�©� P = z+1/2
z−3 (�¦unº�io®e� raº�iona¬e�

no®� �³�t²��´�tae�®�´e� �pr¯�p²�i¡�). ��©� �h¡� ancor¡� n := deg(DP ) =

deg(z − 3) = 1. ��µ�in¤�©�

deg(DW ) = 2n− 1 = 1.

��i¡� ancor¡� DW = z − α (co®� |α| < 1). Allor¡�

C = NC/DC =
y

x

co®� x e� y �po¬�ino�©� ¤�©� grado ºe�ro (os³�i¡� co³�ta®�´�©�). ���r

calcola²�� x e� y ²�isolvo

x(z − 3) + y(z + 1/2) = z + α

d¡� £�µ�©�  x + y = 1

−3x + y/2 = α
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d¡� £�µ�©�  x + 6x = 1− 2α

−3x + y/2 = α

d¡� £�µ�©�  x = 1−2α
7

y = 6+2α
7

e� ±�µ�in¤�©�

C =
6 + 2α

1− 2α
.

��©� ¶	�¤e� ±�µ�in¤�©� c¨e� �l¡� �so¬�uº�io®e� (co®�trollo²�� �pr¯�p²�io) e�³�i³�´e�

�°e�r ´�µ�´�´e� �¬e� �s£e�¬�´e� ¤�©� α a¤� e�c£e�º�io®e� ¤e�¬� valo²�� "p¡�tolo§�ico"

α = 1/2.

Soluzione di (1)

L¡� (1) e�' �u®�'e�±�uaº�io®e� �¬�i®e�a²�� ®e�©� c¯	�f¦i£�©e�®�´�©� ¤e�©� �po¬�ino�©�

X e� Y . ���r ²�isol¶	�rl¡� �posso as³�ue�²�� (�³��nz¡� �°e�r¤�©�t¡� ¤�©�

§
�®e�ra¬�©�t¡�') c¨e� DP �³�i¡� mo®�ico e� �por²��
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DP = zn + αn−1z
n−1 + . . . + α1z + α0

NP = βnz
n + βn−1z

n−1 + . . . + β1z + β0

do¶	� ®e�¬� �po¬�ino�io NP ab¢�iamo �forz¡�tae�®�´e� �in³��²�©�to ´�µ�´�´�©�

�©� c¯	�f¦i£�©e�®�´�©� �¦ino ¡� βn c¨e� �°e�ro' e�' ov¶�iae�®�´e� ®�ullo �³�� P

e�' �³�t²��´�tae�®�´e� �pr¯�p²�io. Ino¬�t²�� �pongo

DC = X = xn−1z
n−1 + . . . + x1z + x0

NC = Y = yn−1z
n−1 + . . . + y1z + y0

e�

DW = c2n−1z
2n−1 + . . . + c1z + c0.

U§�uag¬�iando �©� c¯	�f¦i£�©e�®�´�©� ¤e�©� ´e�r�i®�©� ¤�©� grado 2n − 1 ®e�©�

¤�µe� e�mb²�©� ¤e�ll¡�

DPX + NPY = DW

¯�´�´e�ngo

xn−1 + βnyn−1 = c2n−1
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Analogae�®�´e�, �u§�uag¬�iando �©� c¯	�f¦i£�©e�®�´�©� ¤e�©� ´e�r�i®�©� ¤�©�

grado 2n− 2 ®e�©� ¤�µe� e�mb²�©� ¤e�ll¡�

DPX + NPY = DW

¯�´�´e�ngo

αn−1xn−1 + xn−2 + βn−1yn−1 + βnyn−2 = c2n−2.

��´e�rando �i¬� ra§�ionae�®�to e� �sc²�i¶	�ndo �l¡� e�±�uaº�io®�©� �i®�
�form¡� m¡�t²�i£�ia¬e� ¯�´�´e�ngo:

1 0 0 . . . 0 βn 0 0 . . . 0

αn−1 1 0 . . . 0 βn−1 βn 0 . . . 0

αn−2 αn−1 1 . . . 0 βn−2 βn−1 βn . . . 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

α1 α2 α3 . . . 1 β1 β2 β3 . . . βn

α0 α1 α2 . . . αn−1 β0 β1 β2 . . . βn−1

0 α0 α1 . . . αn−2 0 β0 β1 . . . βn−2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.

.

0 0 . . . α0 α1 0 0 . . . β0 β1

0 0 . . . 0 α0 0 0 . . . 0 β0


︸ ︷︷ ︸

matrice M di dimensione 2n×2n
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.
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L¡� m¡�t²�i£e� M e�' �in¶	�²�´�i¢�i¬e� e� �³�©� �°�uo' ¤e�co�por²�� coe�

M = [M1 | M2] do¶	� �³�i¡� M1 �³�i¡� M2 �hanno n colon®e� e�

�sono e�®�tam¢	� m¡�t²�i£�©� ¤�©� T¯	�p¬�©�tº� (os³�i¡� £�ias£�un¡� ¤�iagona¬e�
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¤�©� M1 �h¡� ´�µ�´�´�©� e�¬e�e�®�´�©� �u§�ua¬�©� e� �lo �³�´e�sso va¬e� �°e�r M2).

In¶	�²�´e�ndo M calcolo �fa£�ile�®�´e� �©� c¯	�f¦i£�©e�®�´�©� xi e� yi e�

±�µ�in¤�©� �i¬� co®�trollo²�� C = Y/X.

Osservazioni.

1. ��� �°e�nso al¬�'¡�°�proc£�io ¤�©� �³�t¡�to e�' �i®�´�µ�©�´�ivo c¨e� �un¡�

±�ua¬�un±�µe� ¤�ina�ic¡� ¤�©� or¤�i®e� 2n − 1 �³�i¡� ²��a¬�izza¢�i¬e�.

Inf¡�´�´�©�, n e�' �l¡� ¤�ie�n³�io®e� ¤e�ll¡� ¤�ina�ic¡� ¤e�¬� �³�i³�´e�m¡�

²��troaº�ion¡�to co®� ²��troaº�io®e� �¬�i®e�a²�� dall¡� �³�t¡�to �l¡� £�µ�©� ¤�©�-

na�ic¡� e�' as³��gna¢�i¬e� ¡� �°�ia£e�²�� e� n − 1 e�' �l¡� ¤�ie�n³�io®e�

¤e�ll¡� ¤�ina�ic¡� ¤e�l¬�'os³��rv¡�to²�� ¤�©� or¤�i®e� ²�id¯�´�to (anc¨�'e�ss¡�

as³��gna¢�i¬e� ¡� �°�ia£e�²��). I¬� �p²�in£�©�°�io ¤�©� �³��paraº�io®e� �°e�re�´�´e�,

�in¦i®e�, ¤�©� conc¬�u¤e�²��.

2. A¬� �so¬�©�to, �posso acc¯�°�°�ia²�� ±�µe�³�to e�todo co®� �i¬� �p²�in£�©�°�io

¤e�¬� mo¤e�llo �i®�´e�rno �po®e�ndo

C(z) = C1(z)C2(z)

do¶	� C1(z) co®�´�©e�®e� �¬e� ¤�ina�ic¨e� ¤e�¬� mo¤e�llo �i®�´e�rno e�
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C2(z) e�' �pro§
�´�t¡�to co®� �i¬� e�todo ¤e�l¬�'e�±�uaº�io®e� ¤�iofa®�´e�¡�

co®� ²�i¦��²�ie�®�to a¬� �³�i³�´e�m¡� ¤�©� �¦�. ¤�©� ´�. P1(z) := C1(z)P (z).

3. Anc¨e� �³�� vog¬�io gara®�´�i²�� c¨e� C(z) �³�i¡� �³�t²��´�tae�®�´e�

�pr¯�p²�io �posso �s£e�g¬�©e�²��

C(z) = C1(z)C2(z)

do¶	� C1(z) e�' �³�t²��´�tae�®�´e� �pr¯�p²�io e� C2(z) e�' �pro§
�´�t¡�to co®�

�i¬� e�todo ¤e�l¬�'e�±�uaº�io®e� ¤�iofa®�´e�¡� co®� ²�i¦��²�ie�®�to a¬� �³�i³-

´e�m¡� ¤�©� �¦�. ¤�©� ´�. P1(z) := C1(z)P (z) (±�µe�³�to modo ¤�©� �pro£e�¤e�²��

gara®�´�is£e� anc¨e� c¨e� P1(z) �³�i¡� �³�t²��´�tae�®�´e� �pr¯�p²�io e� ±�µ�in¤�©�

�¬�'e�³�i³�´e�nz¡� ¤�©� �u®� co®�trollo²�� �pr¯�p²�io �°e�r ±�ua¬�un±�µe� �s£e�¬�t¡�

¤�©� DW (z) ¤�©� grado 2n− 1 do¶	� n e�' �i¬� grado ¤�©� P1(z)). ���r

e�³���°�io, �p¯�t²��©� �s£e�g¬�©e�²�� C1(z) = 1/(z− 1) c¨e� �©� gara®�´�is£e�

anc¨e� �in³��§�µ�ie�®�to ¤�©� gra¤�i®�©� co®� e�rro²�� a³�i®�t¯�´�ico ®�ullo.
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