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Abstract. You are an urban hitchhiker. All drivers are willing to give
you a ride, as long as they do not have to alter their trajectories to
accommodate your needs. How (and how quickly) can you get to your
destination? We analyze two scenarios, depending on whether hitchhik-
ers have a global picture of who is going where through some information
infrastructure, or only a local picture - i.e. they can only ask cars passing
by where they are going.

1 Introduction

You are an urban hitchhiker. All drivers are willing to give you a ride, as long
as they do not have to alter their trajectories to accommodate your needs. How
(and how quickly) can you get to your destination? This is a fundamental ques-
tion in the area of dynamic ride-sharing, which is attracting ever more attention
due to soaring oil prices and increasing pollution concerns [1-5, 8, 9]. The answer
(not surprisingly) depends mainly on whether you have a global picture of who
is going where (most likely through some information infrastructure), or only a
local picture - i.e. you can only ask cars passing by where they are going. We
examine the two cases respectively in Section 4 and Section 3 after presenting, in
Section 2, our city traffic model. Section 5 concludes the paper with a brief anal-
ysis of the significance of our results and of the many problems this preliminary
work leaves open.

2 A simple city traffic model

There is a vast number of traffic models in the literature (see [6] for a review);
however, most of them focus on congestion control and are too complex to be
solved analytically at the city level. Our model is much simpler, although it is
still sufficiently rich to produce non-trivial results and, we feel, to capture the
essence of the problem.

We model the city and its periphery as a circle of radius R (see Figure 2),
where the unit of space is the contact distance - the maximum distance at which
a hitchhiker can signal a car “passing by” to stop and query it for information
(indicatively ~ 30 meters, the range of class 2 Bluetooth devices present on most
of today’s mobile phones and perhaps half a city block). The contact distance is
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Fig. 1. The city (radius r) containing source and destination, and the city plus the
periphery (radius R > r). Cars travel in a straight trajectory (dashed line) from a
random source to a random destination, and the hitchhiker may hop into them if they
pass within unit distance of him. The hitchhiker may also walk (solid line) towards the
destination or towards a good ride.

also the minimum distance for which we assume that a hitchhiker may seek a ride
instead of simply resorting to walking. We set the time scale so that traveling 1
unit of space takes a car 1 unit of time, and a pedestrian P units.

The city itself is a smaller, concentric circle of radius r. We only consider
hitchhiking within the city. The periphery - the annulus around the city proper -
simply serves as an abstraction for the sources and sinks of traffic outside of the
city. Cars enter the traffic system of the city and its periphery at points chosen
uniformly at random within the (larger) circle of radius R according to a Poisson
process with intensity of é cars per unit of area per unit of time; each car then
heads in a straight line towards a destination also chosen uniformly at random. It
is easy to verify that the process describing arrivals/departures of cars in transit
through any unit circle is poissonian, with an intensity ©(Z) = O(p) that is
within a factor 1 — & for any such area within the city. The rest of the paper
assumes 1 — % = O(1), which is equivalent to the (realistic) assumption that a



constant fraction of the city’s traffic has a source or a destination outside the
city proper.

The hitchhiker wants to move, within the city, from an arbitrary source to
an arbitrary destination at distance d > 1 from the source. While a private
car allows the hitchhiker to cover this distance in time d with only one leg,
hitchhiking requires, in general, more time (and perhaps more legs). In the rest
of the paper, we will often state results in terms of effective speed, i.e. the average
speed of the hitchhiker from the source to the destination.

3 Hitchhiking with Local Information Only

This section examines the case of a hitchhiker equipped only with local knowl-
edge - i.e. who can only query nearby cars (those within distance 1) about their
destination. A strictly optimal strategy is beyond the scope of this work; we
can, however, provide a simple strategy that is optimal in terms of effective
speed (and among effective speed-optimal strategies, in terms of legs) within a
small constant factor.

Let a ride be good if it can take the hitchhiker at least twice as close to as he
currently is; and let it be better than another ride if it can take the hitchhiker
closer to the destination. Consider the following three simple hitchhiking rules:

1. Initially, walk towards the destination taking the first good ride encountered.

2. When encountering a new potential ride, take it if and only if a) it is better
than any ride seen so far and b) the current ride, if any, is no longer good.

3. As soon as the current ride is no longer making progress towards the desti-
nation dismount and start walking towards the destination.

We can prove that:

Theorem 1. If the hitchhiker’s current distance is d > %, he will reach within

distance % of the destination in O(d) time (only O(%) of which spent walking)

and O(1) legs. If the hitchhiker’s current distance is d with %p <d< %, he will

halve his current distance in expected O(%) time and O(1) legs, and will reach
log(P)

within distance Pip of the destination in O(=%,=) time and O(log(P)) legs. If

the hitchhiker’s current distance is d < Pip, he will reach the destination in time
o(dP).

Proof. First of all note that, if the hitchhiker is not moving, the probability
density (in time) of witnessing a previously unseen car pass by that will take
him within distance ¢ of the destination is within a constant factor (see Section
2) of a function p(d/d) that depends solely on the ratio between § and the current
distance d to the destination: p = O(p - %), where J is (within a small constant
factor) the ratio between the length of the circumference of radius d centered
on the current position and passing through the destination and the length § of

its arc centered on the destination. The expected time to witness a ride which



carries the hitchhiker within distance & of the destination is then 1/p = O(- ).
The same holds, within a small constant factor, when the hitchhiker is wafking,
since the speed of cars relative to him will be between 1 + 1/P (for cars with
the same trajectory but opposite direction) and 1 —1/P (for cars with the same
trajectory and the same direction).

This is no longer true while riding, since the probability density of witnessing
a ride depends on the angle its trajectory makes with the trajectory of the
current ride. In particular, the probability density of witnessing a ride with a
trajectory at an angle v < 7 from that of the hitchhiker is p sin(a). Let x be the
current distance between the hitchhiker and the point of the ride closest to the
destination, d’ be the distance of this point from the destination. The probability
density of witnessing a ride that would take the hitchhiker within d” of the
destination depends on the sine of the angle formed by the current trajectory
and the direction of destination (which for « > 2d’ can be approximated by
d'/x) and the angle formed by the circle of radius d” (which for > 2d’ can
be approximated by d’/z). Therefore, the hitchhiker witnesses approximately
o d?” . %/ rides per time unit that would carry him within distance d’ of the
destination. While the current ride is still good (i.e. for d < x < 2d'), the total

number of witnessed rides that would carry within d” of the destination is fdd/ p-
L gy = O(pd"); and thus the best witnessed ride carries the hitchhiker within

an e)ﬁpected distance @(1/p). Once the ride is no longer good, the hitchhiker (now
at distance O(d’) from the destination) has to wait or walk @(1) time units
in expectation to witness a ride better than any ride seen so far. Therefore, in
expected O(d) time and O(1) legs, the hitchhiker reaches within distance O(1/p)
and, with an additional constant number of good legs (as we will prove now), he
reaches within distance 1/p from the destination.

Once within distance d = O(1/p) from the destination, the probability den-
sity of witnessing a good ride is ©(p). Then the expected time to witness a good
ride is O(1/p), while the ride time is ©(d) = O(1/p), and therefore wait time
dominates travel time. This means that, while riding, the hitchhiker witnesses
O(1) good rides, and thus the best ride seen so far would carry him, in expec-
tation, within a distance from the destination which is a constant factor smaller
than the current distance. Therefore, the hitchhiker has to wait O(1/p) time
units in expectation to hop into the next ride, which halves its distance from
the destination in O(1/p) expected time and O(1) expected legs. The hitch-
hiker can then reach within distance %p of the destination in @ (log(P)) legs and
O(log(P)/p) time.

Once within distance P%) of the destination, walking to it requires time 1/p,
within a constant of that required to witness a ride.

In a nutshell, Theorem 1 says that a hitchhiker with only local information
can expect to make progress towards the destination at a speed within a con-
stant factor of that achievable with a private car, up to a distance 1 from the
destination - approximately the expected distance a car can travel before passing
by another car. Within that range, the hitchhiker’s effective speed drops propor-



tionally with the distance to the destination, until at range Pip it reaches within
a constant factor of walking speed.

It is natural to ask whether a hitchhiker aware of all car traffic - rather than
only of that passing nearby - can reduce his travel time and/or the number of
legs he will need. We prove this is indeed the case in Section 4.

4 Hitchhiking with Global Information

This section examines strategies for a hitchhiker armed with global knowledge of
the position and destination of all cars that are currently moving. This could be
the case, for example, when a central authority continuously gathers all the traffic
information and provides directions to hitchhikers. It turns out that (unlike
the case of local information) with global information two leg trips are always
asymptotically optimal, and indeed even one leg trips are asymptotically optimal
except for a relatively narrow interval of source-destination distances.

4.1 One-leg trips.

In these scenario, the hitchhiker attempts to reach his destination using at most
a single ride. His strategy is extremely simple. Armed with global knowledge of
car traffic, he can compute for each car the minimum time required to hop onto
it (by walking and/or waiting), ride on it, and finally walk to the destination.
He then chooses the car yielding the shortest time to the destination - unless,
of course, simply walking directly to the destination is faster. We can prove the
following:

1 . . ) 1
Theorem 2. For d < NG the hitchhiker moves at the pedestrian’s speed +

Vaz )
Va2 +3/P?/p’

, the hitchhiker moves at an effective speed O(

Ford P , the hztchhzker moves at an effective speed O(1).

S\

Proof. Assume the hitchhiker is willing to spend ¢ time units walking or waiting
around the source before hopping into a ride, and ¢ time units walking to the
destination after hopping off the ride. He can walk a distance x < % from a in

every direction, and then wait ¢ — x time units; thus he witnesses t%p distinct
rides in expectation, and the fraction of rides that carry the hitchhiker to within
distance t/P from the destination, ensuring him a walk time no greater than ¢, is

proportional to t/TP in expectation. Therefore the expected number of such rides

t%”t/TP = %; when this quantity is 1, which holds for ¢t = §/ PT%I, we have at

least a constant probability of witnessing a ride. This gives us the critical time

te = ¢/ PT%I, i.e. the expected time to witness a useful ride.

We can now find the values of d which correspond to “phase transitions” in
the effective speed. For d small enough, the critical time ¢, dominates the time



dP required to walk to the destination: ¢ P2d > dP, which gives d < L
7 N

Below this distance, the hitchhiker can at best move at speed % by walking.

For d large enough, the traveling time dominates the waiting time: d > ¢ PTQd,
which gives d > %. Above this distance, the hitchhiker moves at an effective

speed O(1).

Between the two thresholds, i.e. for <d<

1 P
N

the effective speed grows

d _ Vaz
as @(d+t )= (d+§/P2d/p) =6( §/d7+§/132/p)'

According to Theorem 2, as the distance between source and destination
increases, the hitchhiker’s expected speed grows from walking speed to within a
constant factor of the unit speed achievable with a private car. In fact, we can
prove a stronger result: as the distance increases, the hitchhiker’s effective speed
tends to 1 with probability that also tends to 1:

Theorem 3. The hitchhiker moves at an effective speed > 1 — k¢ d; with
probability > 1 —e™*

Proof. The total time spent by the hitchhiker is the sum of the traveling time
(which is approximately d) and the walking/waiting time (which is approxi-
mately t). When the former dominates the latter, the effective speed is approx-

3/P2d
t : k — 1 k3 P2
p =

imately dLth = 1 — 5 which, for ¢ = kt., becomes 1 —

According to the proof of the previous theorem, waiting a time t gives a proba—
3 3 t2p )
bility of witnessing a ride of at least 1 — e i =1—e " =1—¢F.

4.2 Two-leg trips.

In this scenario, the hitchhiker can employ up to two rides to reach the desti-
nation. Again, the strategy is very simple. Armed with global knowledge of car
traffic, the hitchhiker computes for every pair of cars the shortest total time
required to reach the first, ride on it, walk to/wait for the second car, ride on it
and finally walk to the destination. It turns out that thib does not reduce - com-
pared to the single ride case - the critical distance \/F at which the hitchhiker

is better off walking. However, at distances greater than that, two-leg trips yield
better effective speeds than one-leg trips. More specifically, we show that:

1 ~ : I 1
Theorem 4. For d < NET the hitchhiker moves at the pedestrian’s speed +

For \/—pr <d< \\;, the hitchhiker moves at an effective speed @( \/7) For
d> % the hitchhiker moves at an effective speed O(1).

Proof. Assume the hitchhiker is willing to spend ¢ time units walking or waiting
around the source before hopping onto a car, ¢ time units waiting for the second



ride once he leaves the first, and ¢ time units walking to the destination after
dismounting from the second ride. As in the case of Theorem 2, the hitchhiker
witnesses t%p distinct rides around the source in expectation, and a constant
fraction of these carry him within a constant angle from the source-destination
axis. Therefore the expected number of such rides is t%p; when this quantity is 1,
which holds for t = \/P/p, we have at least a constant probability of witnessing
a ride. This gives us the critical time t. = \/P/p, i.e. the expected time to
witness a useful ride. Note that this holds also for a ride which travels towards
the destination, and thus with constant probability there will be two rides which
spatially intersect and give a feasible 2-leg solution.

We can now find the values of d which correspond to “phase transitions” in
the effective speed. For d small enough, the critical time ¢, dominates the time

dP required to walk to the destination: 4/ P> dP, which gives d < L
P \/Pp
this distance, the hitchhiker can at best move at speed % by walking. For d large

. Below

enough, the traveling time dominates the waiting time: d > ,/%, which gives

d > +/P/p. Above this distance, the hitchhiker moves at an effective speed ©(1).
Between the two thresholds, i.e. for —~= < d < /P/p, the effective speed grows

\/Pip —
as O(74-) = 6(—4—).

dtte d++/P/p

Again, we can easily prove that, as the travel distance grows beyond the min-
imum distance yielding effective speed ©(1), the effective speed of the hitchhiker
converges to 1 with probability that also converges to 1 - and this convergence
is slightly faster than in the case of single rides:

Theorem 5. The hitchhiker moves at an effective speed > 1 — k3 % with

probability > 1 — ek’

Proof. The total time spent by the hitchhiker is the sum of the waiting time ¢
and the traveling time < d(1 + «), where « is the angle that the trajectories of

the legs form with the source-destination axis. We want do ~ t. This yields an

k 3/ B2d

effective speed of approximately diﬂ =1- % =1-—G==1-k? %. The

. I . t’pt _ t3p
expected number of rides within the angle is then =5 = 3£,

time to witness at least one becomes t. = { %; therefore, when t = kt., the

and the critical

3,3

probability of witnessing at least one such ride is 1 — ekPitgp =1—e3
Figure 4.2 summarizes the results of this Section, plotting effective speed as a
function of the distance between source and destination, depending on whether
the hitchhiker is constrained to use at most one ride, or at most two rides.
Note that, when global traffic information is available, using three or more legs
cannot asymptotically improve effective speed: the time spent by the “two-leg”
hitchhiker (see Theorem 4 is the sum of two terms — the first asymptotically



equal to the time d necessary for a private car to reach the destination, and
the other asymptotically equal to the time O( %) necessary (even with full

knowledge of future car traffic) to find any car at all.
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Fig. 2. The hitchhiker’s expected effective speed as a function of the source-destination
distance in the case of 1-leg trips (solid) and 2-leg trips (dashed).

5 Conclusions

Urban hitchhiking - assuming a wide base of collaborating drivers - can be ex-
tremely efficient, particularly for long distances. A centralized infrastructure is
beneficial, but even without it a hitchhiker can advance towards the destination
at an effective speed within a small constant factor of that achievable with a
private vehicle, changing car only O(1) times - at least until he reaches within
a distance X of the destination, i.e. within the average distance a car can drive
before encountering another car. Below this threshold the effective speed of a
hitchhiker with purely local information decreases proportionally to the distance
to the destination, until it reaches walking speed, and car changes become more
frequent.

An infrastructure providing information about all moving cars improves a
hitchhiker’s effective speed, allowing him to travel to the destination almost as
fast as with a private vehicle - and, importantly, changing cars at most once



- as long as he starts at a distance from the destination that is at least ,/%.

This distance is mean proportional between the average distance + one can drive

before encountering another car, and the average distance P one can drive in
the time to walk the few meters of a “contact distance”. Thus, under realistic
choices of P and p, access to global traffic information allows one to travel almost
as efficiently through hitchhiking as through the use of a private vehicle when
moving more than a few hundred meters.

This brief, preliminary work can be expanded in many directions. First, it
might be interesting to enrich the model to take into account that the source-
destination pairs might not be chosen uniformly, but perhaps according to some
“small world” power law distribution [7]; and that cars do not travel along
straight lines, but tend instead to concentrate along major traffic arteries. At a
first analysis, neither change significantly appears to affect our results, at most
making hitchhiking, especially without an infrastructure, slightly more efficient.
Much more interesting, however, would be validating our model and conclusions
on real traffic data; these are unfortunately hard to obtain, since very few sys-
tems keep track of the trajectories of large numbers of individual cars. Of course,
the ultimate test of our results would be an implementation of a dynamic ride-
sharing system based on them!
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