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Abstract— Some recent subspace procedures make use, di-
rectly or indirectly, of Vector AutoRegressive with eXogenous
inputs (VARX) models in a preliminary step. This was first
noticed for the CCA method; more recently it has also been
proved that the first oblique projection step of a subspace
algorithm based on predictor identification (PBSID) is asymp-
totically equivalent to the SSARX algorithm by Jansson which
performs a preliminary VARX modeling step.

For the purpose of comparison with more classical methods
like CCA a recent work have introduced also an “optimized”
version of PBSID.

In this paper we shall show that indeed also this latter “opti-
mized” PBSID is equivalent to estimating a long VARX model
followed by the “classical” steps of subspace identification. This
latter step can be seen as a sort of model reduction. Besides
the theoretical interest, we shall argue that this may have also
important implications regarding computational complexity.

Index Terms— Identification, Statistical Analysis, Subspace
Methods

I. INTRODUCTION

Subspace identification has attracted a lot of attention in
the last two decades. It is also fair to say that the last
few years have witnessed a renewed interest in this topic
for essentially two reasons: first the introduction of new
methods which have allowed subspace identification to be
applied with closed loop data [8], [26], [20], [12] and second
a whole body of results on the asymptotic properties of
subspace methods which have allowed, on the one side, to
asses accuracy of subspace estimators [2], [9], [6], [19] and
on the other to compare different methods [2], [10], [4], [5].

Some analysis regarding the role of Vector AutoRegressive
(VAR) models in subspace identification was performed in
[14] where it was shown that the CCA algorithm introduced
in [21] is asymptotically equivalent (in the sense of having
the same asymptotic distribution of the estimators) to a
procedure which first estimates a long VAR model and then
does balanced model reduction.

Extension of subspace algorithms to closed loop operating
conditions have required, at a certain stage, the introduction
of two step procedures (see [20], [28], [22]) which were
needed to eliminate undesired terms due to feedback. This
was due to the lack of stochastic realization procedures
indicating how the state space could be constructed in the
presence of feedback. A brief overview of these realization
procedures can be found in [12] and references therein.
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We shall see that the preliminary step based on Vector
AutoRegressive with eXogenous inputs (VARX) models,
originally taken from [24], [20] is actually present, in a way
or another, in a whole class of algorithms.

In fact, it has been recently proved in [5] that the pre-
liminary VARX modeling step in the SSARX algorithm by
Jansson [20] is asymptotically equivalent to the first step
of a subspace algorithm based on predictor identification1

(PBSID) (see [12], [13], [4]). In this work we extend this
comparison2 to the “optimized” version of PBSID which
has been introduced in the recent work [4] for the purpose
of comparison with more classical methods like CCA [21],
[30]. This “optimized” PBSID method delivers consistent
estimators even when there is feedback and, at the same time,
it compares favorably (in the sense of asymptotic variance)
with the standard CCA for any choice of input signal; see
the paper [4], Theorem 5.3, for details.

We recall that CCA is known to be asymptotically efficient
when there are no inputs (time series identification) and also
to be “optimal” when inputs are white (see [2] for a nice
survey), making it a quite natural benchmark against which
other subspace procedures should be compared.

We shall see that the “optimally-weighted” projection
step involved in the “optimized” PBSID in [4] is actually
equivalent to estimating a single VARX model. The results
of this paper also imply that the “optimized” PBSID can be
implemented with a much lower computational complexity
since the “optimally weighted” regression step can be sub-
stituted with estimation of a suitable VARX model of given
length.

After this VARX model has been estimated, the subsequent
steps can be seen as a sort of model reduction. It is inter-
esting to observe that this second step has a fundamental
role. In fact, it was shown in [14] that, for time series
identification (i.e. no inputs) VAR modeling followed by
balanced model reduction is asymptotically equivalent to the
CCA method, which is asymptotically efficient (see [2] an
references therein). It has also been shown in [4] that PBSID
(and therefore its “optimized” version) is asymptotically
equivalent to CCA for time-series identification and and
when input signals are white.

Hence, at least for white inputs and time series identifi-
cation PBSID “does model reduction right”. The situation is

1This algorithm was introduced in [12] under the name “whitening filter
algorithm”.

2Even though some preliminary results along these lines have already
been presented in [5], the author would like to thank an anonymous reviewer
of the paper [4] which have underlined the relevance of the comparison
performed in this paper; part of the merit of this paper should also go to
him.



different when there are inputs, and they are colored. The
“optimized” PBSID performs better than CCA but it is not
efficient in general (see also the simulation results in Section
V). Weather this lack of efficiency3 should be attributed to
the first step, which is equivalent to estimating a VARX
model as mentioned above and proved in Theorem 4.1, or
to the second “model reduction” step, is not clear at the
moment. We believe this is worth investigating.

It should also be stressed that all the statistical results in
this paper and, to the best of our knowledge, available in the
literature as of today, are of the asymptotic type, i.e. holds
for large samples. Experimental evidence shows that indeed
there might be significant differences for finite samples.
Investigating (and optimizing) the finite sample behavior is
certainly one of the main (and unfortunately rather difficult)
aspects open in subspace identification.

It is the author opinion that the theoretical background of
stochastic realization complemented with the results found
in this paper and in [14], [2], [4], [5], could eventually turn
out to be very helpful in the future development of subspace
algorithms and for their analysis.

The structure of the paper is as follows. In Section II we
state the problem and set up notation; Section III briefly
recalls the algorithmic steps while Section IV states the main
result of this paper. We continue with some experimental
results in Section V while Section VI contains come conclu-
sions.

II. STATEMENT OF THE PROBLEM AND NOTATION

Let {y(t)}, {u(t)} be jointly (weakly) stationary second-
order ergodic stochastic processes of dimension p and m
respectively, which are the output and input signals of a linear
stochastic system in innovation form{

x(t + 1) = Ax(t) + Bu(t) + Ke(t)
y(t) = Cx(t) + Du(t) + e(t) t ≥ t0.

(II.1)
we allow for feedabck from {y(t)} to {u(t)} [17], i.e.
we consider “closed loop” identification. Without loss of
generality we shall assume that the dimension n of the state
vector x(t) is as small as possible, i.e. the representation
(II.1) is minimal. For simplicity we assume that D = 0,
i.e. there is no direct feedthrough. For future reference we
define Ā := A−KC. We shall denote the “joint” process as
z :=

[
y> u>

]> and assume that its spectral density matrix
Φ(z) is rational and bounded away from zero on the unit
circle z = ejω . Let µi denote the zeros of the spectral density
matrix We define ρ := max (| µi |). From the assumption
Φ(ejω) > cI > 0 it follows that ρ < 1. Note in particular
that 1 > ρ ≥ max

(| λi(Ā) |) where λi(Ā) is the i − th
eigenvalue of Ā.

The white noise process e, the innovation of y given the
joint past of y,u, is defined as the one step ahead prediction
error of y(t) given the joint (strict) past of u and y up to
time t. For future reference we also define Λ := Var {e(t)}.

3To the best of the author’s knowledge there is no efficient subspace
procedure for general input signal. Even though efficiency is claimed in
[22], there is evidence (see [4]) that this claim is not correct.

Given two sequences of random variables xN and gN , we
shall say that xN = oP (gN ) if xN/gN converges to zero in
probability, i.e. ∀δ > 0, limN→∞P [| xN/gN |> δ] = 0.

The symbol ·= shall denote equality in probability up to
oP (1/

√
N) terms, which we shall call asymptotic equiva-

lence. In fact, from standard results in asymptotic analysis
(see for instance [15]) terms which are oP (1/

√
N) can be

neglected when studying the asymptotic statistical properties.
We shall use the notation oP (·) to denote a random vector
whose components are oP (·).

Our aim is to identify the system parameters (A,B, C, K),
or equivalently the transfer functions F (z) = C(zI−A)−1B
and G(z) = C(sI −A)−1K + I , starting from input-output
data {ys, us}, s ∈ [t0, T +N ], generated by the system (II.1).

The analysis reported in this paper requires that both N ,
the length of the finite tails4 and the past horizon t − t0

5

go to infinity. We remind the reader that t− t0 has to go to
infinity at a certain rate depending on the number N of data
available. Details can be found, for instance, in [2] where
the following assumption is made:

Assumption 1: The past horizon t−t0 goes to infinity with
N while satisfying:

t− t0 ≥ logN−d/2

log|ρ| 1 < d < ∞
t− t0 = o (log(N)α) α < ∞ (II.2)

Under this assumption the effect of terms due to mishandling
of the initial condition at time t0 are o(1/

√
N) and there-

fore can be neglected. Moreover, (II.2) ensures that, when
regressing onto past data and taking the limit as N goes to
infinity, the computation of sample covariance matrices of
increasing size (with t− t0) does not pose any complication
in the sense that their limit is well defined and equal to the
population counterpart (see the discussion after Lemma 4 in
[3]).

We shall use the standard notation of boldface (lowercase)
letters to denote random variables. Lowercase letters denote
sample values of a certain random variable. For example we
shall denote with y(t) the random vector denoting the output
and with yt the sample value of y(t).

We shall use capitals to denote the tail of length N . For in-
stance Yt := [yt yt+1, . . . yt+N−1], and Zt := [Y >

t U>
t ]>.

These are the block rows of the usual blosk Hankel data ma-
trices which appear in subspace identification. When using
tails of length (say M ), different from N , we shall explicitly
append a superscript, e.g. Y M

t := [yt yt+1, . . . yt+M−1].
For −∞ ≤ t0 ≤ t ≤ T ≤ +∞ we define the Hilbert

space of scalar zero-mean random variables

U[τ, t) := span {uk(s); k = 1, . . . , m, τ ≤ s < t }
where the bar denotes closure in mean square, i.e. in the
metric defined by the inner product 〈 ξ, η 〉 := E{ξη},
the operator E denoting mathematical expectation. Similar

4This is the parameter j in the notation of Van Overschee and De Moor
[31] i.e. the number of columns in the Hankel data matrices used in subspace
identification.

5The number of block rows in the Hankel data matrix containing the past
data.



definitions hold for Y[τ, t) and Z[τ, t), the symbol ∨ denoting
closed vector sum.

When τ = −∞ we shall use the shorthands U−t , Y−t
for U[−∞, t), Y[−∞, t), and Z−t := U−t ∨ Y−t . The spaces
generated by u(s) and y(s), −∞ < s < ∞ shall be denoted
with the symbols U, Y, respectively. For convenience of
notation we denote with ν := T − t the future horizon.

Given a subspace C ⊆ U∨Y, we shall denote with E[a | C]
the orthogonal projection of the random variable a onto C.

Using the notation Σab := E
[
ab>

]
for the covariance

matrix between the random vectors6 a and b, in the finite
dimensional case E[a | C] will be given by the usual formula
(Σcc invertible) E[a|C] = ΣacΣ−1

cc c.
Defining also the projection errors ã := a − E[a|C] and

b̃ := b − E[b|C], the symbol Σab|c will denote projection
error covariance (conditional covariance in the Gaussian
case) Σab|c := Σãb̃ = Σab − ΣacΣ−1

cc Σcb. Given two non-
intersecting subspaces A ⊆ U∨Y, B ⊆ U∨Y, A∩B = {0},
E‖B[· | A] shall denote the oblique projection onto A

along B (see [16]) and can be computed by the formula:
E‖B [a|C] = Σac|bΣ−1

cc|bc.
For column vectors formed by stacking past and/or fu-

ture random variables we shall use the notation: y[t,s] :=[
y>(t) y>(t + 1) . . . y>(s)

]>
. Finite block Hankel

data matrices will be denoted using capitals, i.e. Y[t,s] :=[
Y >

t Y >
t+1 . . . Y >

s

]>
Spaces generated by finite tails, i.e. spaces generated by

the rows of finite block Hankel data matrices, will be denoted
with the same symbol used for the matrix itself. Sample
covariances will be denoted with the same symbol used for
the corresponding random variables with a “hat” on top. For
example, given finite sequences At := [at, at+1.., at+N−1]
and Bt := [bt, bt+1.., bt+N−1] we shall define the sample
covariance matrix

Σ̂ab :=
1
N

N−1∑

i=0

at+ib
>
t+i.

Under our ergodic assumption lim
N→∞

Σ̂ab
a.s= Σab.

The orthogonal projection onto the row space of a matrix
shall be denoted with the symbol Ê; for instance, given
a matrix Ct := [ct, ct+1, .., ct+N−1], Ê[·|Ct] will be the
orthogonal projection onto the row space of the matrix Ct;
the symbol Ê[At|Ct] shall denote the orthogonal projection
of the rows of the matrix At onto the row space of Ct, and
is given by the formula Ê[At|Ct] = Σ̂acΣ̂−1

cc Ct.
As above, given a matrix Ct, we define the projection

errors Ãt := At − Ê[At|Ct] and B̃t := Bt − Ê[Bt|Ct]. The
sample covariance (conditional sample covariance) of the
projection errors is denoted with the symbol Σ̂ab|c := Σ̂ãb̃

and computed by the formula Σ̂ab|c := Σ̂ab− Σ̂acΣ̂−1
cc Σ̂cb.

We shall denote with Ê‖U[t,T ]
[·|Z[t0,t)] the oblique projec-

tion along the space generated by the rows of future inputs
U[t,T ] onto the space generated by the rows of the joint past

6Zero mean.

Z[t0,t). As above, the oblique projection can be computed as
Ê‖Bt

[At|Ct] = Σ̂ac|bΣ̂−1
cc|bCt.

For future reference we also define the extended observ-
ability matrix

Γ̄>ν :=
[

C> Ā>C>
(
Ā>

)2
C> . . .

(
Ā>

)ν−1
C>

]
.

(II.3)

III. ALGORITHMS

It is well known [31], [11] that identification using sub-
space methods can be seen as a two step procedure as
follows:

a) Construct a basis X̂t for the state space via suitable
projection operations on data sequences (Hankel data
matrices)

b) Given (coherent) bases for the state space at time t
(X̂t) and t + 1 (X̂t+1) solve

{
X̂t+1 ' AX̂t + BÛt + KEt

Yt ' CX̂t + Et
(III.1)

in the least squares sense
Different subspace algorithms have different implementa-

tions of the first step while the second remains the same
for virtually all algorithms7. For this reason we compare
algorithms on the basis of step 1). We shall identify proce-
dures which are (asymptotically) equivalent, modulo change
of basis, as the first step is concerned.

A. PBSID algorithm

The construction of the state space using the PBSID
algorithm, introduced in [12] under the name “whitening
filter”, involves several oblique projections. The projection
of each (block) row Yt+h, 0 = 1, .., ν, can be seen as a long
ARX model as follows

Ŷt+h := Ê
[
Yt+h | Z[t0,t+h)

]
=

= Ψ̂h,1Zt+h−1 + · · ·+ Ψ̂h,t+h−t0Zt0

(III.2)

from which the oblique projections8

Ŷ P
t+h := Ê‖Z[t,t+h)

[
Yt+h | Z[t0,t)

]
=

=
∑t−t0+h

i=h+1 Ψ̂hiZt+h−i ' CĀh−1Xt

(III.3)

The last approximate equality has to be understood in the
sense that, asymptotically in N ,

ŷP (t + h) := E‖Z[t,t+h)

[
y(t + h) | Z−t

]
= CĀh−1x(t)

(III.4)
holds. Then one stacks all the predictors

Ŷ P
[t,T−1] :=




Ŷ P
t

Ŷ P
t+1
...

Ŷ P
T−1


 ' Γ̄νXt.

7In this paper we shall not be concerned with algorithms based on the
so-called “shift invariance” method.

8The superscript P reminds that the quantity has to do with the “predictor-
based” algorithm.



From the Singular Value Decomposition

W−1Ŷ P
[t,T−1] = PDQ> = [PnP̃n]

[
Dn 0
0 D̃n

] [
Q>

n

Q̃>
n

]
,

(III.5)
where W is a weighting matrix which can be chosen
appropriately, an estimate of the observability matrix Γ̄ν is
obtained discarding the “less significant” singular values (i.e.
pretending D̃n ' 0) from ˆ̄Γν = WPnD

1/2
n and consequently

a basis for the state space

X̂PBSID
t := D−1/2

n P>n W−1Ŷ P
[t,T−1]. (III.6)

Similarly one construct a basis X̂PBSID
t+1 for the state at

time t+1 and an estimate of the innovation sequence Êt :=
Yt − E[Ŷ P

t |X̂PBSID
t ].

B. “Optimized” PBSID Algorithm

The optimized version of PBSID introduced in [4] differs
from the original PBSID algorithm in the computation of
the predictors (III.2); in fact in the optimized algorithm the
estimation of the predictors Ŷt+h is formulated as a weighted
least squares problem as described in this Section.

Let us first recall that

Yt+h = CĀhXt + Et+h+
+

∑h
i=1 CĀi−1 (KYt+h−i + BUt+h−i)

= CĀhKZ[t0,t)+
+

∑h
i=1 CĀi−1 (KYt+h−i + BUt+h−i)+

+Et+h + oP (1/
√

N)
:= ΞhZ[t0,t) +

∑h
i=1 ΨhiZt+h−i + oP (1/

√
N)

(III.7)
where the last equality defines the matrices Ξh and Ψhi.
Stacking the data and using (III.7) (discarding oP (1/

√
N)

terms) we obtain:



Yt

Yt+1

...
YT




·=




Ξ0

Ξ1

...
Ξν


 Z[t0,t)+

+




0 0 . . . 0
Ψ11 0 . . . 0

...
...

. . .
...

Ψνν . . . Ψν1 0


 Z[t,T ] +




Et

Et+1

...
ET




(III.8)
Observe that the lower triangular matrices in (III.8) are
Toeplitz, since Ψij = CĀj−1[K B], ∀i, j. The projection
in (III.2) is equivalent to solving (III.8) “row by row”; hence
the Toeplitz structure is not preserved after estimation, i.e.
Ψ̂ij 6= Ψ̂i′j , almost surely when i 6= i′.

This is equivalent to solving the least squares problem
obtained vectorizing (III.8):

Y :=




vec (Yt)
vec (Yt+1)

...
vec (YT )



·=SP ΩP +




vec (Et)
vec (Et+1)

...
vec (ET )


 = SP ΩP + E

(III.9)

where the matrix SP has the form

SP =




(Z>[t0,t) ⊗ I) 0 . . . 0
0 (Z>[t0,t+1) ⊗ I) . . . 0
...

...
. . .

...
0 0 . . . (Z>[t0,T ) ⊗ I)




(III.10)
and ΩP is given by

ΩP =
[
vec> (Ξ0) vec> (Ξ1) vec> (Ψ11) . . .

. . . vec> (Ξν) . . . vec> (Ψν1)
]>

.
(III.11)

Finding an “optimal” solution Ω̂Popt (Markov estimator) of

Y = SP ΩP + E, (III.12)

where oP (1/
√

N) terms have been neglected, gives an
estimator Ω̂Popt of ΩP which has the smallest asymptotic
variance among all linear (asymptotically unbiased) estima-
tors based on (III.9). Incidentally, this has allowed to show
in [4] that this “optimized” version yields, asymptotically, a
lower variance of the estimators of any system invariant as
compared to the standard PBSID and, more importantly, to
the classical CCA algorithm [21], [30].

To this purpose it is very useful to observe that the “noise
term” E can be written in the form

E> =
[

e>t e>t+1 . . . e>t+N−1 . . . et+N−1

]
L>

(III.13)
where L is a “selection9 matrix” of size pNν × p(ν + N).
We refer the reader to the paper [4] for an explicit expression
of L; suffices it to remind that L has full column rank. We
shall later use the specific structure of the column space of
L and of its left kernel.

Equation (III.13) shows that indeed E has a singular
covariance matrix R = Var {E} = L (I ⊗ Λ) L>.

In the paper [4] it is shown how (III.12) can be converted
into a least squares problem with full rank noise covariance
and equality constraints (see also [27], [29], [16]). Remark-
ably, as we shall see in the next Section, this is equivalent to
estimating a long VARX model of length t− t0, using data
in the interval [t0, T + N ].

Using the estimator Ω̂Popt , the oblique projections Ŷ P
t+h

(III.3) can be substituted with Ŷ
Popt

t+h = Ξ̂Popt

h Z[t0,t) in the
SVD step (III.5); hence an estimator for the state shall be
given by

X̂
Popt

t :=
(
ˆ̄ΓPopt

ν

)−L




Ŷ
Popt

t

Ŷ
Popt

t+1
...

Ŷ
Popt

T−1




. (III.14)

Also the “shifted” oblique projections used for the computa-
tion of the state at time t + 1 (see (III.6)) can be substituted

9We call “selection matrix” a matrix formed with zeros and ones in which
each row all entries are zero except for one.



by

X̂
Popt

t+1 :=
(
ˆ̄ΓPopt

ν

)



Ξ̂Popt

1 Ψ̂Popt

11

Ξ̂Popt

2 Ψ̂Popt

22
...

...
Ξ̂Popt

ν Ψ̂Popt
νν




Z[t0,t+1). (III.15)

Similarly an estimator of the innovation sequence Et can be
found by Ê

Popt

t := Yt − Ê
[
Y

Popt

t |X̂Popt

t

]
.

IV. MAIN RESULT

The main result of this paper can be summarized as
follows:

Theorem 4.1: Consider the VARX model

yt =
t−t0∑

i=1

Φizt−i + et (IV.1)

and denote with Φ̂i the estimators of the coefficients in (IV.1)
obtained solving

Y ν+N
t '

t−t0∑

i=1

ΦiZ
ν+N
t−i (IV.2)

in the least squares sense.
The “optimally-weighted” solution to (III.12), i.e. the one

that yields the least asymptotic variance of the estimators
Ω̂Popt among all linear, asymptotically unbiased estimators
of ΩP based on the regression (III.12), is equivalent to
estimating the VARX model (IV.1) in the sense that:



Ξ̂Popt

0

Ξ̂Popt

1
...

Ξ̂Popt
ν




=




Φ̂t−t0 . . . Φ̂T−t0 . . . Φ̂1

0 Φ̂t−t0 . . . . . . Φ̂2

...
...

. . .
...

...
0 . . . Φ̂t−t0 . . . Φ̂ν+1




(IV.3)
and

Ψ̂Popt

ji = Φ̂i (IV.4)
Proof: See [7].

Remark IV.1 It is worth mentioning that, with the “optimally
weighted” (Markov) estimator of the coefficients Ξi, Ψij , the
estimate of the lower triangular matrix in (III.8) is indeed
Toeplitz (see eq. (IV.4)). As a side, note the idea of imposing
the Toeplitz structure was first put forward in [25]. However,
this structure is here the results of an “optimally weighted”
procedure rather that an a priori constraint imposed when
designing the estimation algorithm. It is also interesting to
note that the estimate of the VARX coefficients weighting
the “far” past (i.e. Ψji for i > t − t0 in (III.2)) are set to
zero by the “optimal” estimator (i.e. Ψ̂Popt

ji = 0 for i >
t− t0). This is reasonable since, according to Assumption 1,
for i > t− t0 the Ψji’s go to zero faster than 1/

√
N ; on the

contrary, estimating these coefficients would lead to errors
which are of order 1/

√
N in probability. This also brings up

the question of choosing the length of the past horizon t−t0;
the analysis of this paper gives, together with the results in
[14], a more theoretically sound foundation to the (usually
adopted) practice of determining t− t0 using standard order

selection criterions [23], [18], [29] for vector autoregressive
models (see, e.g. [1]). ♦

Using the result of Theorem 4.1 the “optimized” PBSID
algorithm can be implemented as follows:

a) Estimate the VARX model (IV.1) as described in
(IV.2); this may include estimation of the appropri-
ate t − t0 using standard criterions for VARX order
estimation.

b) Use the estimated coefficients as described in formulas
(IV.3) and (IV.4) to form the predictors

Ŷ
Popt

t+h =
t−t0+h∑

i=h+1

Ψ̂Popt

hi Zt+h−i =
t−t0∑

i=h+1

Φ̂iZt+h−i;

the state sequences X̂
Popt

t and X̂
Popt

t+1 are then obtained
as described in formulas (III.14) and (III.15).

This implementation has a much lower computational com-
plexity w.r.t. the implementation described in [4] which
involves solving the least squares problem (III.12) directly.

In fact, step a) above involves the estimation of a VARX
model of length t − t0 (which, according to Assumption 1,
is O(log(N))); solving (IV.2) has complexity O(N(logN)2)
(see [16] pag. 248). The order and state estimation (step
b) above) can be performed on the “squared” version of
the matrix Ŷ

Popt

[t,T−1]. This second step is common to all
subspace algorithms. Instead step a) has the same “order”
of complexity than, e.g., CCA and PBSID; however both
these algorithms essentially estimate ν long ARX models,
increasing the complexity of the first step roughly by a factor
ν.

Hence the implementation described above of the “opti-
mized” PBSID compares favorably to a variety of subspace
procedures (among which PBSID or CCA) as far computa-
tional complexity is concerned while, according to Theorem
5.3 in [4], yielding lower asymptotic variance than CCA. We
remind also that the “optimized” PBSID algorithm works
(i.e. is consistent) regardless of the presence of feedback.

These considerations make the algorithm described above
a strong alternative to standard used methods for a variety
of reasons, among which computational complexity and
asymptotic statistical properties (it is consistent also in closed
loop and gives lower variance than the original PBSID and
CCA).

V. SIMULATION RESULTS

We consider the first order ARMAX model

y(t)− 0.5y(t− 1) = u(t− 1) + e(t) + 0.5e(t− 1)

The input is unit variance white noise passed through the
filter Hu(z)

Hu(z) =
z2 + 0.8z + 0.55
z2 − 0.5z + 0.9

.

We report results concerning the asymptotic variance and
the sample variance estimated over 100 Monte Carlo runs
multiplied by the number N = 1000 of data points used
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Fig. 1. ARMAX of order 1: Asymptotic Variance (and its Monte Carlo esti-
mate) vs. normalized frequency (ω ∈ [0, π]) Solid with triangles (4) PEM,
dashed-dotted with stars (∗): CCA, dotted with crosses (+):“predictor-
based” algorithm (PBSID), dashed with circles (o): “optimized” PBSID
algorithm described on page 5, second column; dotted: asymptotic variance
for PBSID, solid (red): Cramér Rao lower bound.

in each experiment of the deterministic transfer function
F (z) = 1

z−0.5 It has been checked that the original algorithm
presented in [4] and its alternative implementation presented
in this paper give indeed the same result. In particular
conditions (IV.3) and (IV.4) have been verified to hold for the
estimated coefficients of the “optimized” PBSID described
in [4].

We have chosen this simple example, which was used
also in [4], since it contains all the essential features of the
“optimized” method i.e.: (i) it is not efficient for increasing
T − t as instead claimed in [22] and (ii) it gives (strictly)
lower asymptotic variance than CCA. Of course this example
is performed in “open loop” to allow the comparison with
CCA. In this example the original PBSID and the “opti-
mized” version have the same asymptotic behavior. However,
there is no proof, at the moment, that this can be generalized.

VI. CONCLUSIONS

In this paper we have shown that the “optimally weighted”
projection in the optimized PBSID algorithm introduced
in [4] is equivalent to estimating a single VARX model.
Together with the results of [14], [20], [4], [5] this indeed
shows the fundamental role played by VARX models in
subspace identification.

This observation has important implications concerning
computational complexity and, hopefully, also for the anal-
ysis of subspace methods.
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