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Abstract—This paper attempts to view texture analysis and The processx is reciprocal if for all & € [ko, k1] and
synthesis in image_proqessi_ng as a probl_em of realization p, ¢ (ko, k1)¢ (the complementary interval ofkq, k1),
and_ subspace_lqlenpflcatlon in terms of recnpr_ocal processes namely[k, ko)) it holds thatx(k) andx (k) are conditionally
defined on a finite interval. We discuss modeling of textures lated qi the b d e dx(k
in the framework of acausal stochastic systems and stochastic UNCOIfelated given the boundary va uedko) andx(k1).
realization theory. There is a vast literature on reciprocal processes [5], [6],

Index Terms— Reciprocal processes, image analysis, texture [9], [10]. Throughout this paper symbols like y etc. will
synthesis and recognition, stochastic realization, identification. ~denote the random vector obtained by stacking all (vector)

variables of the process sequentially into a unique/Wign

. INTRODUCTION dimensional column vector. A reciprocal processs said
We shall consider a similar setup for texture analyto be of full rank (or non-singulaj if the Toeplitz matrix
sis as that recently described in [11]. L&{(k,1), k = X :=Exx' is positive definite (i.e. nonsingular).
1,...,N, 1 =0,1,...,m — 1 be the pixel intensity values In order to capture the notion of spatial homogeneity
of an image. We shall group all the intensity values of théi.e. stationarity in the space variable) which we consider
k—th row of the image into am:-dimensional vector as a defining characteristic of textures, we shall restrict
T to stationary processes. Abstractly, one says that a
y(k) == [Z(k,0) ... Z(k,m—1)] stationary processn T if there is a unitary operato/ on
Our goal will be to discuss a class of stochastic models cﬁl such that

the signal{y(k), k = 1,..., N} which seems to be partic- y(k) = U*y(0) E<N (I1.1)
ularly adapted to describe the spatial dynamics (or spatial -
correlation structure) of textured images. These models ajghich obviously implies that the covariance of the process

the simplest class of linear models able to describe “nearasépends only on the difference of the arguments, so that we
neighborhood” interactions with a natural acausal structurgan set

._ , T
Il. RECIPROCAL PROCESSES ON A FINITE INTERVAL R(k —h):=Ey(t+k)y(t+h) . (1.2)

The process{y(k)} is only defined forl < k¥ < N Sincey(t + k + vN) = y(t + k), R(k) is periodic of
but it can be extended periodically on the whole line operiodN. From [9], [10] we quote the following fundamental
integers by setting/(k + vIN) = y(k) for arbitraryv € Z.  representation theorem
In this way it becomes periodic, or equivalently, a process Theorem 2.2:Every stationary reciprocal process @h
on the discrete unit circl&. In this paper all processes will can be represented by a three terms recursion of the following
be vector valued zero-mean second order processes defifiggn
on the discrete unit circleT := {1,...,N} where the
arithmetics is to be interpreted moduld. Subintervals of Mx(k) = F'x(k=1)+ Fx(k+1) +e(k)  (11.3)
T are defined in the obvious way, s@, k1] = {ko, ko +
1,....k1},  (ko,k1) = {ko+1,...,k — 1}, etc. LetH
be some ambient Hilbert space of second-order zero-meB
random variables with the usual inner produyé¢t n) = Ee(k)e(h)" = 0 k| > 1 (I1.4)
E{¢n}, containing all random quantities which we shall
discuss later on. The following definition introduces a naturauch that
generalization of the Markov property to processes defined
on a finite set (and in fact to processes defined on ratherEx(k)e(k)" =1  Ex(k)e(h)' =0  k#h (I.5)
general partially ordered sets).

Definition 2.1: Let x := {x(k),k € T} be a n-
dimensional process anéy, k1] C T an arbitrary interval.

where M, F' are constant matrices)/ is symmetric and
Hsitive definite, ana@ is a locally correlated process, i.e

A technical condition which is needed in the analysis of
reciprocal processes is that the determinant of the matrix
M — FTz=! — Fz should not be identically zero. This is
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white noise{w(k)} andn x n matricesQ = QT > 0 =
Var[w(k)], and B such that

e(k) = w(k) + Bw(k — 1) (11.6)

which can be inverted to get
B=-F'Q!, Q=-F'Q'F+M. (111

The last equation is an algebraic Riccati-type equation which,

Introducing the block-circulant matrix (for circulant matricesby positive definiteness oy, can be shown to have a unique

see [2]),

M, —-F 0 0 -FT

-FT M —-F ... 0 0

_FT _

A | O FT M F ... 8

0 -FT M  —F

—F . -FT M
:= Circ [M, —F, —FT]

(11.7)

it is immediate to see that equation (11.3) can be rewritten in

compact form as
Ax =e.

positive definite solutior) [7], [4]. Hence there is a one-to-
one map(M, F) « (Q, B) mapping the parameters of the
reciprocal descriptor model (11.3) into those of the MA model
(11.6). This fact will be useful in solving the identification
problem later on.

Incidentally, observe that the processon the whole
interval [1, N] can be represented as

e(1) I 0 0O ... B w(1)
e B I 0 .. -

@ =0 B I 0 52)
™| o o .. B 1] Llv®

We now come to the fundamental object of interest in this

Right-multiplying bye ", this equation provides immediately paper.

an expression for the variance of the processamely

Fee' = A

which, in accordance with (Il.4) is block-tridiagonal circu-

lant. It then follows thatx is full rank if and only if A is

invertible. In this case the variance matrix ©ofis
Yi=FExx' =A"! (11.8)

which, as anticipated, clearly implies thaf should also
be positive definite. In other wordshe covariance of a

reciprocal stationary process on the circle must be the

inverse of a block-tridiagonal circulant matrixin fact if
we extract the boundary values, thrgernal processey =
{e(k) | k=2,...,N —1} subordinated by on (1, N), has
exactly a block-tridiagonal covariance

M. -F 0 .. o0
FT M _F ... 0
_ T _
Ag=| & —F M —F " (11.9)
0 ... -FT M _F
N L V'

Using this expression it is easy to see that the parameters OMZ(k)
the MA representation can be expressed in terms of the ori
inal parameters of the descriptor representation (I1.3) (a
conversely). For, from the moving average representati

(11.6) rewritten in matrix form as

e(2) B I 0 .. w(l)
@ | o B I 0 w(l)
o P )

we compute the covariance matrix @f and impose it to be
equal toAg, obtaining

M =Q+ BQB", F=-QB' (11.10)

Definition 2.3: An  m-dimensional stationary process
y :={y(k),k € T} admits a reciprocal realization, if there
is ann-dimensional reciprocal stationary processuch that

y(k)=Cx(k) keT (I.12)

for a suitable constant matrix'.
Hence reciprocal realizations (the models we are interested
in) are of the following form

Mx(k) =
y(k) =

Note that we could easily maké/ = I by substituting
e(k) with a non normalized input process say—'/%e(k)
and by rescaling the other parameters of the realization
accordingly. There is a natural notion ahinimality of
reciprocal realizations and a simple rank test to check it [10]
which however we shall not go through in this short survey.
We shall instead study the structure of the covariance of
processes which admit reciprocal realizations.

First note that the state covariance mabi) := Ex(k+
7)x(k)T also satisfies a three terms recursion

=F'S(k—-1)+FZ(k+1) + Is(k)

F'x(k—1)+ Fx(k+1) +e(k) (1.13)
Cx(k) (1.14)

keT
(1.15)
hered(k) is the usual Kronecker function equal to one if
= 0 and zero otherwise. Introducing; (k) := 3(k — 1)
we can formally rewrite the recursion as

A SsE  | Er CE

which, assumingt’ nonsingular can be solved to get
Yo = 2(0)

[221((%] =2 Eﬂ S = 3 (0) (1.17)
where o {F—lM _F—1FT] 118
I 0 :



In conclusion we see that the covariance function of a prdhat the covariancd is parameterized through/ and L as
cess realizable by a reciprocal realization has the followingiven by formula (11.7).
structure Assume thafl’ independent samples := (z), .., 2(1))
- 2 (201 ot of the procesx are available (ideally, assume tHAtinde-
R(k) =Ey(t+k)y(t)' = [C 0] @ {Zl] c VEk €T pendent sample images of the same texture are available).
(1.19) Then it is possible to write the exact log-likelihood in the
where the expression holds for &l s. Assuming that the form
realization we are using is minimal, and recalling standard 1 T T
results from linear system realization theory, the expressionL (M, F') = log det (A) — TTrace {Z {x(i)} Az
above shows thahe block-Hankel matrix constructed with i=1
the covariances lag$R(k); k = 1,..., N} must have rank (”LZ),
exactly equal to twice the dimension of the state proces¥Nere we have neglected constant terms not depending on

i.e. 2n. A similar conclusion holds in casg is singular, in the parameters. . . . .
which case however we need to bring in the fine structure After some manipulations and grouping of terms in the

of the matrix pencil appearing in (I1.16), see [8] . expressiqn (Il1.2) and using the structure of the matkix
Our main interest in this paper is to solve the inverse prot2n€ obtains

lem of computing the parameters of a (minimal) realization, L(M,F) = logdet(A)+

(C, M, F) from the output covariance dafaR(k)}. —Trace {MTy (z)} + (1n.3)

+Trace {FT (z)}

andT; are given by:

Il1. | DENTIFICATION OF RECIPROCALPROCESSES
In the applications we have in mind, the state vectofnere7o

will generally have smaller dimension than the output and 1IN _ T
hence the matrixC' (which without loss of generality we Ty () = 7 > D) {x(“ (j)} (111.4)
assume with linearly independent columns) will have: m i=1 j=1

columns. In this case it is easy to show that the progess
is itself reciprocal but it is in general asingular reciprocal

and

. . . . T
process. There must hence exista< m matrix C* (any Tz = 250, E;-VZQ 2@ () [ - 1)]
left inverse of C would do) such thak(k) := Ctfy(k) is +2 3 20(1) [m(i)(N)]T
. . . T =1
reciprocal of full rank and the Toeplitz matrik := Eyy " (1.5)
admits a factorizationsf denoting Kronecker product) from (111.3) we can easily see that ha§ andT; are sufficient

T statistics for the parameters\/, F)!. It is a well-known
R=(Iy®C)x(Iy2C) (in-1) fact in statistics thgt the mar(ximurr)l likelihood estimator is a
whereX > 0 is the covariance of am-dimensional full- function of a minimal sufficient statistics, which in our case
rank reciprocal process. A possible way of determining sucire 1y (its upper triangular part) ané,. From the theory of

a C matrix is to compute the numerical range space ofxponential families, it also follows (see [1]) th&§ and Ty
the first block row of the matrixz, say by Singular Value are Maximum Likelihood (and therefore efficient) estimators
Decomposition for their expected values, which are given by

D o1[v," — — 1
[RO0) R(1) R(2) ..]=[0: Uy {01 DJ [VlT] ETy = N$(0)  ET, = N(1)
2 Hence, the maximum likelihood estimators 8f ad L

Here the diagonal matrixD, contains the “small” singular st he expressible as functions of the maximum likelihood
values which describe the “noise” in the data and are to klfstimators of2(0) and (1)

discarded. The “denoised” range space is then approximated

by that of the matrix/; . In this way we choose & matrix $(0) 1= Ty(z) (1) = Ti(z) (111.6)
with orthonormal columns and a very convenient left inverse N N
to choose is jusC* = U’ In fact the problem of estimatingM, F) from $(0) and

For the rest of the section we shall concentrate on thg 1) js a classicalCovariance Selection Problenfror de-
problem (which we have been reducing our original problemjis we shall refer the reader to the seminal paper [3].
to) of computing (i.e. estimating) the parametg¥s, F) of & £rom Dempster's covariance selection theory it follows that
secpnd—order descriptor model (I1.3) of an observed full-rank problem can be reformulated as that of completing
reciprocal process. S the covariances:(0), 3(1) with a sequence of estimates

Under the assumption of a Gaussian distributionsfpr 2(2)’ ...i(N — 1) in such a way that the (block-circulant)

. S . a 2 T a B T .
palz) = 1 exp <;$7Ax>7 estimate® = Circ [E(O),E(l) o, B(N = 1) } admits

/(@r)"Ndet (A1)
. . . INote that the matrix\/ is symmetric. Therefore, strictly speaking, only
the estimation of the model parametéid, F') can be castin e ypper triangular part dfy () in (I11.4) is a sufficient statistics]Tp

the framework of maximum likelihood estimation. Observebeing symmetric.




an inverseA = ! which has zero elements exactly in the Estimated parameters M, F, vs. itereion i
positions where\ in (11.7) is zero. ‘

It is shown in [3] that this completion problem has a
unique solution. The only viable numerical scheme (to the
best of our knowledge) to compute the solution turns out still
to be Dempster’s original iterative algorithm. This algorithm, 15y
starting from any (positive definite) estimateXf converges
to the unique matrix> which 1}

« has (0) and (1) in positions (i,7) and (i,i — 1) '

respectively 05l ML

« the inverseb—! = A is of the form (I1.7) where the x ML

n blocks in position(1,1) and(1,2) are the maximum | —M
likelihood estimators of\/ and —F' respectively.

For the purpose of exposition we report a simple (scalar,

i.e. n = 1) example whereV = 15, T = 30, M = 1.25 B

F = —0.25. The process has been generated takihg

independent samples from a Gaussian random vector with T T e s 1 b 1w 1 13
covariance matrixz = A~!. In figure 1 we report a view of Iteration number i

the likelihood as a function oB and @ and in figure 2 the

values of the estimated parameté\f’s and F; estimated at Fig. 2.

the i-th iteration of the algorithm. As predicted the solutions
converge to the maximum likelihood estimates (dotted line,

My and Fyrp).
ME mL) figure 3 we show, for the same values/dfand F' chosen in

the previous example, hol(0) andX(1) vary as a function

Lilekinood Function A \ .
of N. Itis apparent that a& increases their values converge.
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Fig. 1. Likelihood Function
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Unfortunately, Dempster’s iterative algorithm used above
?s computationally intensi\(e; in particular it requires repeategig. 3. Covariance matrice&(0) and $(1) for fixed values of
inversion of matrices of siz&)(V * n). It does not seem to j7 — 195 F = —0.5, as N ranges in the interval, 18].
be useful for real size images.

We may therefore have to resort to approximations. To this
purpose, it should be stressed that the length of the intervalWe can describe this fact by saying that enlarging the time
N is a parameter playing and essential role in the modelingorizon NV, the effect of the boundary condition vanishes. For
problem we are addressing. Note in fact, that for fixed this reason, provided is large enough, one may hope that
and F, the correspondin@(0), (1) vary with N. It is re- an approximate, but yet accurate estimatdfandF, could
markable (but not surprising) that this dependence generalhg found by just resorting to algebraic techniques which
decreases (and vanishes asymptotically)Naincreases. In use the asymptotic valueﬁ(o) and 2(1) corresponding



to “large” N. In fact it will be argued in the following Note that hereV is rather small = 10) as compared to
section that in the limitvV=— oo the map relating M, F')  the number of rows of a typical imageV(= 170 in the
and (X(0),%(1)) does not depend odv. We shall take example of Figure 5).
advantage of this fact to obtain a simple algorithm which

yields (approximate) maximum likelihood estimatavs, .

IV. THE STATIONARY INFINITE-INTERVAL
APPROXIMATION 187

As shown in [7], (stationary) reciprocal processes defined L6y

on the whole time axiZZ (i.e. N = oo) are (stationary) 147
Markov. This means that the model parameters of a recip- 1o}
rocal process defined on the whole line are in one-to-one

correspondence with the parametersind R = Var{v} of 61 02 03 04 05 06 07 08 08 1
a standard stationary Markov model Stablepole o the spectrum
x(t+ 1) = Ax(t) + v(t) (IV.1) 0
-0.2
of the same process. This should not be surprising since, also o4
for Markov processes there is a one to one correspondence '
between the paifA, R) and the two covariances(0), 3(1) 08¢
given by: -0.8}
A = 2(1)2(0)71 _:(LJ.]. 0%2 Of3 0%4 055 0i6 0%7 OiB 0%9 1
R = %(0)—AX(0)AT =%(0) — 2(1)X(0)"12(-1) Stable pole of the spectrum

(IV.2)

Hence by L_'S'ng using equation _(I\/_.2)_and_th_e one-to-on@lg. 4. True parameterd/ and F' (solid lines) vs. their approxima-
map attaching(M, F') to (A, R), it is in principle easy tons obtained assuming “large” (dotted lines) as a function of

to determine the (asymptotic) estimatdi®/, /') from the the spectrum pole. The approximation becomes worst as the pole
covariance estimates(0), ¥(1). becomes closer to the unit circle.

For reasons of space we shall not enter into the derivation
of these maps; for our purposes suffices it to say that there
exist functions¥ ,, and ¥ by which, the model parameters
M and F' of a reciprocal process on the line, can be
computed as

M = Uy (£(0),5(1)) F=Tp(S(0),2(1)); (IV.3)

explicit expressions fol,; and ¥ may be found in the
Appendix.

As discussed at the end of the previous Section, wken
is“large” 2 one may hope that

M, =W (3(0), (1) Fu = Up(3(0),5(1));  (IV.4)

produce approximate estimataks,, ¥, which are close to
being maximum likelihood.

Further work is needed to explore the propertiesl\&j;,
F,. We shall just illustrate how this approximation behaves
for a fixed time horizonN as a function of the roots of
(M — FTz71 — Fz) with a simple example.

We shall consider a scalar reciprocal process defined @ 5 comparison between original (bottom) and synthesized (top)
the interval[0, 10] and vary the parameters so that the stablgxture (River sequence).
root of (M — F" 2= — F'z) ranges in the intervdD.1,0.95].
We plot in Figure 4 the “true " parameterd and F' (solid
lines) and the corresponding parameters obtained g0 V. EXPERIMENTS
and (1) (which correspond to havingy = oo) obtained
through equations (IV.3). As expected the approximatio
becomes worse as the pole becomes closer to the unit cir

We have tested the approximate technique proposed in this
aper on a real texture; the data used for identification is the
ver” sequence which can be downloaded from the web

2Here “large” should be compared with process dynamics, i.e. the stabfit€ ftp:/whitechapel.media.mit.edu/pub/szummer/temporal-
roots of M — FT 2= — Fz. texture/



We have first identified the parametevs and F' using the and the noise variance

algorithm described in Section 1V, as if the image sequence
was formed by i.i.d. samples. Then we have synthesized a

Var{d(t)} =P - F_AT —F. A

new image which matches the second order statistics of flfom which

reciprocal process described by the identified paraméiers
and F'. Figure 5 shows a synthesized image (top) compared
to an image from the data sequence (bottom).

VI. TEXTURE SMOOTHING

Besides data compression, synthesis and recognition, the
reciprocal models (I1.13) are extremely useful for data
smoothing (i.e. acausal filtering). The acausal filtering prob-
lem consists in extracting a minimum error variance estimate
of the image signalCx(k) from observations affected by

additive white noisg{w(k)}, (1]
Mx(k) = FTx(k—1)+Fx(k+1)+e(k) (V1)
y(k) = Cx(k)+ w(k) (VI1.2)

(4]
whereE {w(k)e(h)"} = 0 for all k&,h € T. The estimate
x(k) = E[x(k) | y] can be computed efficiently by either
Double sweeplgorithms of the Rauch-Tung-Striebel type [
or by causal-anticausal decomposition filters. No Riccatiyg
equation is required to be solved for computing the filters.

We refer to [9, Sect. VI] for details. [71

VIlI. CONCLUSIONS AND FURTHER WORK (8]
In this paper we have just touched upon a simple instance
of the problem of modeling and identification of stationary [g;
processes admitting a reciprocal realization. Much remains
to be done both at a general theoretical level to cover trEO]
(general) case whene is itself not reciprocal and also at the
practical level of assessing the usefulness of the proceduiey
delineated in this paper for Texture analysis and synthesis.

APPENDIX

In this appendix we report the expressions of the maps
W, and ¥y in (IV.3). For ease of exposition we first recall
that the reciprocal model (11.3) can be also written in the
form

x(t) =F_x(t—1)+ Fyx(t+1)+d(t)

where the matrice$’_ and F;. and the noise sequendgt)
are related ta\/, F' ande(t) by the relations

F. = M7'FT
F, = M™'F (A1)
d(t) M~1le(t)

Hence the noisel(¢) is still a first order MA process with
varianceVar{d(t)} = M.

Defining, for ease of notatior? := 3(0) !, the matrices
F_ and F, can be computed fromi := »(1)X(0)~! =
Y(1)P as

Fo=(P—ATPA)A(P—ATATPAA)"

Fy=(P—APAT) AT (P~ AAPATAT) ™

M=(P-F AT —F,A)""

The matrix ' consequently can be computed inverting
(A1)

MF,

(P—F_ AT —F A"

(P~ APAT) AT (P — AAPATAT)™
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