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E
conomic time series display features such as trend, 
seasonal, and cycle that we do not observe directly 
from the data. The cycle is of particular interest to 
economists as it is a measure of the fl uctuations in 
economic activity. An unobserved components model

attempts to capture the features of a time series by assum-
ing that they follow stochastic processes that, when put to-
gether, yield the observations. The aim of this article is thus 
to illustrate the use of unobserved components models in 
economics and fi nance and to show how they can be used 
for forecasting and policy making. 

Setting up models in terms of components of interest 
helps in model building; see the discussions in [1] and [2]
for a comparison with alternative approaches. A detailed 
treatment of unobserved components models is given in 
[3]. The statistical treatment of unobserved components 
models is based on the state-space form. The unobserved 

components, which depend on the state vector, are related 
to the observations by a measurement equation. 

The Kalman filter is the basic recursion for estimating 
the state, and hence the unobserved components, in a linear 
state-space model (see “Kalman Filter”). The estimates, 
which are based on current and past observations, can be 
used to make predictions. Backward recursions yield 
smoothed estimates of components at each point in time 
based on past, current, and future observations. 

A set of one-step-ahead prediction errors, called innova-
tions, is produced by the Kalman filter. In a Gaussian 
model, the innovations can be used to construct a likeli-
hood function that can be maximized numerically with 
respect to unknown parameters in the system; see [4]. Once 
the parameters are estimated, the innovations can be used 
to construct test statistics that are designed to assess how 
well the model fits. The STAMP package [5] embodies a 
model-building procedure in which test statistics are pro-
duced as part of the output. 
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We begin by describing the application of state-space 
methods to two economic time series, the rate of inflation 
and the national income in the United States. The goal of 
this article is to show how simple models are able to cap-
ture long-term and short-term movements that have an eco-
nomic interpretation. We then illustrate the modeling of a 
component that allows seasonal patterns to evolve over 
time. Multivariate models are considered next. The joint 
modeling of two or more time series offers several advan-
tages and insights. In particular, common factors in trends 
and cycles can be identified and estimated. For illustration, 
we consider a model of inflation and national income. 

One of the attractions of the state-space form is that it 
allows data irregularities to be handled. Data irregularities 
often occur in economic time series, where observations 
may be missing, obtained at mixed frequencies, revised, or 
collected from a survey. We discuss a multivariate example 
involving the estimation of the underlying change in the 
level of unemployment. 

In the 1990s, rapid developments in computing power 
led to significant advances in the statistical treatment of 

nonlinear and non-Gaussian models. Classical and Bayes-
ian approaches moved closer together because both draw 
on computer-intensive techniques, such as Markov chain 
Monte Carlo methods and importance sampling (see 
“Importance Sampling”). In the present article we apply 
nonlinear models to financial data to demonstrate what 
they can achieve. For example, the prices of many financial 
assets depend on the volatility, that is, the variance, of stock 
returns. Volatility changes over time but is not directly 
observable from daily returns. We thus use a nonlinear 
unobserved components model to estimate volatility from 
the data. 

UNIVARIATE LINEAR MODELS

The Rate of Inß ation
Informed economic policy draws on knowledge of the 
growth rates of time series of key indicators. When the time 
series observations Yt for t 5 1, c, T are expressed in log-
arithms, the underlying growth rate of the series is the 
change in the level. The first differences of the time series 

Kalman Filter

Consider a linear Gaussian state-space model of which the 
local level model (1), (2) is a simple example. The Kalman 

filter is a recursive algorithm that computes the minimum mean 
square estimate (MMSE) of the state vector based on past ob-
servations. In the local level model (1), (2), the Kalman filter 
evaluates the MMSE of the level, m|t |t2 1 5 E 1mt|y1, c, yt2 12,  
together with its mean square error, for t 5 2, c, T.  The likeli-
hood function of the  model can be obtained from the prediction 

errors vt 5 yt 2 m|t|t2 1 for t 5 2, c, T.  The algorithm can further 
deal with unknown initial conditions, fixed regression effects, 
missing values, and forecasting. Related smoothing algorithms 
have been developed for evaluating MMSEs of mt  based on all 
observations y1, c, yT.  When the Gaussian assumption is not 
valid, the methods produce minimum mean square linear esti-
mators. Reviews of the Kalman filter and related methods are 
presented in [1] and [3]. 

Importance Sampling

Importance sampling is a Monte Carlo simulation technique for nu-
merically evaluating integrals. In the context of nonlinear and non-

Gaussian state-space analysis, we need to evaluate integrals that 
appear in formulas for likelihood functions and in conditional expec-
tations. Consider the non-Gaussian density p 1 y |u 2 5 q

T

t5 1
 p 1 yt|ut 

2,  
where p 1 yt 

|ut 
2 is given by (29) and y 5 1 yr1 , c, yrT 

2 r and 
u 5 1ur1 , c, urT 

2r. The likelihood function is 

 p 1 y 2 5 ep 1 y, u2 d u 5 ep 1 y |u2 p 1u2 d u.

The Monte Carlo estimator p̂ 1 y 2 5 M2 1
a

M

i5 1
 p 1 y |ui 2,  with 

ui , p 1u2  for i 5 1, c, M  is not efficient since most draws ui  
do not support y.  Therefore, we introduce an importance den-
sity g 1u|y 2  to obtain 

 p 1 y 2 5 3
p 1 y, u2
g 1u|y 2

 g 1u|y 2d u 5 g 1 y 23
p 1 y, u2
g 1 y, u2

 g 1u|y 2 d u.

In practice we let g 1u|y 2  be Gaussian. The densities g 1 y, u2  
and g 1 y 2  are therefore also Gaussian. For the purpose of nu-
merically evaluating p 1 y 2,  a Gaussian approximating model 
relating y  to u is constructed. The evaluation of g 1 y 2  as the 
likelihood function of the approximating model is carried out 
by the Kalman filter. The importance sampling estimator of the 
likelihood function is then given by 

 p̂ 1 y 2 5 g 1 y 2 M2 1
a
M

i5 1
 
p 1 y, ui  2

g 1 y, ui  2
, 

where ui , g 1u|y 2  is computed using a simulation smoothing 
algorithm. To obtain an effective importance density, we re-
quire an accurate approximation of the nonlinear non-Gaussian 
model. An approximating model can be obtained by choosing 
g 1u|y 2  such that its fi rst moment equals the mode of p 1u|y 2.  The 
details are discussed in [1] and [16].
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