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Asymptotic variance of closed-loop subspace

identification methods.
Alessandro Chiuso

Abstract

In this paper the asymptotic properties of a version of the “innovation estimation” algorithm by Qin

and Ljung as well as of a version of the “whitening filter” based algorithm introduced by Jansson are

studied. Expressions for the asymptotic error as the sum of a “bias” term plus a “variance” term are

given. The analysis is performed under rather mild assumptions on the spectrum of the joint input-output

process; however, in order to avoid unnecessary complications, the asymptotic variance formulas are

computed explicitly only for finite memory systems, i.e. of the ARX type. This assumption could be

removed at the price of some technical complications; the simulation results confirm that when the past

horizon is large enough (as compared to the predictor dynamics) the asymptotic expressions provide a

good approximation of the asymptotic variance also for ARMAX systems.

Index Terms

Subspace Identification, Closed-Loop Identification, Asymptotic Variance

I. I NTRODUCTION

Assessing the quality of estimated models is undoubtedly a central issue in system identification,

see [36], [41]. Statistical properties are also fundamental tools to study the relative performance of

different approaches and constitute a starting point for optimizing choices of various user parameters.

While for classical prediction error methods (PEM hereafter) there are well established results concerning

asymptotic statistical properties of the estimators both for open (see [36], [41]) and closed loop (see [20],

This work has been supported in part by theRECSYSproject of the European Community and by the national project

Identification and adaptive control of industrial systemsfunded by MIUR.

Alessandro Chiuso is with the Department of Information Engineering, University of Padova, Via Gradenigo 6/A, 35131

Padova, Italy, ph. +39-049-8277709, fax. +39-049-8277699, e-mail:chiuso@dei.unipd.it

July 14, 2005 DRAFT



2

[21]) operating conditions, the same does not hold for the so called “subspace methods”. This class of

methods has been introduced in the last decades by several authors; see for instance [38], [33], [49],

[50], [48], [43], [44], [51], [39] and references therein.

The asymptotic properties of subspace identification methods operating in open loop have been recently

studied by several researchers (see [52], [1], [31], [6], [7], [29], [4], [13], [15], [14] and references therein)

and the field may be considered, even though not yet mature, quite developed. Some of these results

allowed to perform comparison between different subspace methods as in [6], [29], [8], [26], [14] and

also in some cases to show the link with prediction error methods (see [8], [2]).

Unfortunately the analysis for the open loop case cannot be directly applied to data involving feedback.

Several complications arise, first of which the fact that most subspace algorithms do not deliver consistent

estimators when applied to closed loop data. In fact the presence of stochastic feedback (see [25] for a

formal definition) has always been recognized to be an obstacle for subspace methods to work properly

and various attempts have been made in the last decades to extend existing subspace algorithms to deal

with data involving feedback (see for instance [42], [47], [37], [18], [46]). We stress that in many practical

cases feedback is present also if one cannot directly recognize physical controllers which “close the loop”;

therefore it is of great interest to have algorithms which work without any specific assumption on the

feedback structure.

For these reasons much work remains to be done and closed loop subspace algorithms, together with

their asymptotic properties, have been indicated as an “important and open research question” also by D.

Bauer in the Semiplenary Lecture given at the recent International Symposium on System Identification

(see [3]).

Very recently two subspace methods (see [40], [30]) have been proposed which may be regarded,

in our opinion, as a significant step towards a satisfactory subspace identification algorithm working

with closed-loop data. These algorithms may be seen as implementation of some stochastic realization

procedures introduced in the recent works [12], [11]. Using these tools we have analyzed in [17] the

consistency of these algorithms. Independently a similar analysis has been developed in [34] for the

algorithm first introduced in [40].

In this paper we study the asymptotic behavior of a version of the estimators obtained by the algorithm

introduced by Qin and Ljung in [40] (referred to as “innovation estimation” later on) and by the version of

the algorithm by Jansson as analyzed in [17] (referred to as “whitening filter” later on)1. In particular we

1For a motivation of this terminology we refer to the original works [40], [30] or to the paper [17].
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derive asymptotic variance formulas under a simplifying assumption which guarantees that the estimators

are asymptotically unbiased2 and provide tools to deal with the general case. We consider a version of

Qin-Ljung which uses the so-called “state approach” [5], partly motivated by the results obtained in [10]

concerning optimality of this approach in certain particular cases.

The original algorithm by Jansson [30] requires that a window of Markov parameters be preliminarily

estimated. This two steps procedure seems to require a separate analysis and will be addressed in future

work; in this paper we stick to procedures whichdo not require anya priori knowledge or preliminary

estimation step.

The structure of the paper is as follows: In Section II we state the problem, recall some preliminary

results and set up notations.

In Section III we provide a brief summary of the algorithms we study.

After this introductory part we analyze the algorithm by Qin and Ljung as a “prototypical” example of

subspace algorithm to illustrate the main ideas which allows to derive the asymptotic variance formulas.

The very same ideas would apply to virtually any subspace algorithm.

Section IV contains a description of the main ideas which allow to derive the asymptotic distribution

of the errors.

In Section V we show how errors originate when working with data sequences of finite length (N

finite).

In Section VI we obtain recursions involving the estimated state with finite sequences.

In Section VII we introduce approximations of the error terms which are used in Section VIII to

compute the asymptotic distribution.

Section IX contains some experimental results comparing the asymptotic variance computed using the

formulas of this paper with the sample variance obtained from Monte Carlo simulation. As a demonstrating

example we shall consider the identification of a first order ARX and a first order ARMAX systems with

a proportional controller.

Section X contains some conclusions and open questions for future research.

Most technicalities together with the analysis of the “whitening filter” approach are postponed to

Appendices.

Unfortunately the paper turns out to be rather technical and requires some effort to be read. Nevertheless

we believe the analysis reported is worth the effort both from the practical side, as it allows to assess

2Asymptotically in the number of dataN while keeping fixed the past horizont− t0. See later on for details.
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quality of estimated models, and from the theoretical one, as it constitutes a step towards understanding

and hopefully optimizing these kind of identification procedures.

The paper has been structured in a way so that, hopefully, the complicated but seemingly unavoidable

notation is gradually introduced bringing the reader step by step to the proof of the main results.

The reader not interested in the details of the derivation may just read Sections II and III, learn about

the general ideas in Section IV, understand Propositions 5.3, 6.1 keeping track of the notation, understand

the linearizations in Section VII summarized in Propositions 7.1 and study the notation of Section VIII

which contains the main result stated in Theorem 8.1. A parallel derivation for the “whitening filter” may

be found in Appendix B

II. BASIC NOTATION AND PRELIMINARIES

Let {y(t)}, {u(t)} be jointly (weakly) stationary second-order ergodic stochastic processes of dimen-

sion p andm respectively, which are representable as the output and input signals of a linear stochastic

system in innovation form




x(t + 1) = Ax(t) + Bu(t) + Ke(t)

y(t) = Cx(t) + Du(t) + e(t)
t ≥ t0 (1)

where in general there may be feedback from{y(t)} to {u(t)} [25], [9], [23], [22]. Without loss of

generality we shall assume that the dimensionn of the state vectorx(t) is as small as possible, i.e. the

representation (1) is minimal. For identifiability reasons [23], [22] we assume thatD = 0, i.e. there is

no direct feedthrough from3 u to y. Under this assumption the feedback (if any) can be quite general.

For future reference we definēA := A−KC.

The white noise processe, the innovation ofy given the joint past ofy,u, is defined as the (linear)

one step ahead prediction error ofy(t) given the joint (strict) past ofu andy up to timet. We do not

make any assumption on the correlation structure ofu ande; it is well known thate(t) is uncorrelated

with u(s), −∞ < s < ∞ if and only if there is no feedback fromy to u.

Our aim is to identify the system parameters(A,B, C), or equivalently the transfer functionF (z) =

C(zI − A)−1B, starting from input-output data{ys, us}, s ∈ [t0, T + N ], generated by the system (1)

without any a priori knowledgeof the (possible) feedback fromy to u. This is in contrast with the so-

called joint input-output identification, where a full model of the joint input-output process is sought. Joint

3We shall use interchangeably the notation{u(t)} and the simpler symbolu to denote the random process, i.e. the collection

of random variablesu(t), t ∈ Z.
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input-output identification is well-established but needs an assumption of linearity (and time invariance)

of the feedback channel and requires to work with more complex (joint) models. Also, obtaining the

parameters(A,B, C) of the direct chain transfer function from the joint identified model requires in

general to solve a nontrivial model reduction problem, see e.g. [32].

In most of this paper we shall deal with random fluctuations due to finite sample length (e.g. approx-

imating expectations with finite time averages, etc.).

We shall use the standard notation of boldface (lowercase) letters to denote random variables (or semi-

infinite tails). Lowercase letters denote sample values of a certain random variable. For example we shall

denote withy(t) the random vector denoting the output or equivalently the semi-infinite tail (ap ×∞
matrix) [yt yt+1, . . . yt+k . . . ] whereyt is the sample value ofy(t). It can be shown (see [35], [16]) that

the Hilbert spaces of random variables of second order stationary and ergodic process and the Hilbert

space of semi-infinite tails containing sample values of the same process are isometrically isomorphic

and therefore random variables and semi-infinite tails can be regarded as being the same object. For this

reason we shall use the same symbol without risk of confusion.

We shall instead use boldface letters with a subscriptN to denote the finite tails of lengthN .

For instanceyN (t) := [yt yt+1, . . . yt+N−1], uN (t) := [ut ut+1, . . . ut+N−1] and zN (t) :=

[y>N (t) u>N (t)]>. These are the block rows of the usualdata Hankel matriceswhich appear in subspace

identification.

Our N parameter isj in the notation of [44].

Still, in order to deal with realistic algorithms which can only regress on a finite amount of data, we

shall keepfinite past and future horizons(which play a similar role to the “i” parameter of [44]) in

subspace identification. This setting we shall describe as using data from afinite observation interval

later on. In fact, in this paper finite (and generally fixed) past and future horizons will hold even when

the sample sizeN is let going to∞ ( j → ∞) for the purpose of asymptotic analysis. Because of this

intrinsic limitation, the effect of initial conditions has to be taken into account and will play an important

role as we shall see.

For −∞ ≤ t0 ≤ t ≤ T ≤ +∞ we define the Hilbert spaces of scalar zero-mean random variables

U[t0, t) := span {uk(s); k = 1, . . . ,m, t0 ≤ s < t }
Y[t0, t) := span {yk(s); k = 1, . . . , p, t0 ≤ s < t }

where the bar denotes closure in mean square, i.e. in the metric defined by the inner product〈 ξ, η 〉 :=

E{ξη}, the operatorE denoting mathematical expectation. These are thepast spacesat time t of the

processesu andy. Similarly, let U[t, T ], Y[t, T ] be the future input and output spaces up to timeT .

July 14, 2005 DRAFT



6

The joint future, Z[t, T ] and joint pastZ[t0, t) spaces are defined asU[t, T ] ∨ Y[t, T ] andU[t0, t) ∨ Y[t0, t)

respectively, the∨ denoting closed vector sum. By convention the past spaces do not include the present.

When t0 = −∞ we shall use the shorthandsU−t , Y−t for U[−∞, t), Y[−∞, t), and Z−t := U−t ∨ Y−t .

Subspaces spanned by random variables at just one time instant (e.g.U[t, t ], Y[t, t ], etc) are simply

denotedUt, Yt, etc. while for the spaces generated byu(s) andy(s), −∞ < s < ∞ we shall use the

symbolsU, Y, respectively.

With a slight abuse of notation, given a subspaceA ⊆ U ∨ Y, we shall denote withE[· | A] the

orthogonal projection ontoA; in the Gaussian case the linear projection coincides with conditional

expectation, i.e.E[· | A] = E[· | A].

We adopt the notationΣab := E
[
ab>

]
to denote the covariance matrix between the random vectors4

a andb. In the finite dimensional case the orthogonal projection of the random variablea onto the space

spanned by the vectorc, i.e. C := span{c}, will be given by the usual formula5

E[a|C] = ΣacΣ−1
cc c. (2)

Whena is a random vector,E [a | C] denotes the orthogonal projection of the components ofa onto C.

Given a subspaceC we define the projection errors̃a := a−E[a|C] andb̃ := b−E[b|C]; the symbol

Σab|c (or sometimes alsoΣab|C) will denote projection error covariance (conditional covariance in the

Gaussian case)Σab|c := Σãb̃ = Σab − ΣacΣ−1
cc Σcb. Given two subspacesB ⊆ U ∨ Y, C ⊆ U ∨ Y, with

trivial intersectionB∩C = {0}, E‖B[· | C] shall denote the oblique projection ontoC alongB (see [24],

[16]). If b andc are basis forB andC respectively the oblique projectionE‖B [a|C] can be computed

using the formula:

E‖B [a|C] = Σac|bΣ−1
cc|bc. (3)

For column vectors formed by stacking past and/or future random variables (or semi-infinite Hankel

matrices) we shall use the following notation:y[t,s] :=
[

y>(t) y>(t + 1) . . . y>(s)
]>

. Similarly

the (finite) Hankel data matrices will be denoted as
(
y[t,s]

)
N

:=
[

y>N (t) y>N (t + 1) . . . y>N (s)
]>

For ease of notation we shall reserve the special symbols for the finite (future) Hankel data matrices:

y+
N :=

(
y[t,T−1]

)
N

y+
N

:=
(
y[t+1,T ]

)
N

. (4)

The same notation shall be used for all signals involved (e.g.u+
N , z+

N etc.). Spaces generated by finite

tails, i.e. row spaces generated by finite Hankel data matrices, will be denoted with capital letters (in

4Zero mean.

5ProvidedΣcc is invertible.
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lieu of script capitals) with the appropriate subscripts. For instanceU[t0,t) will be the space generated

by the rows (lengthN vectors) of the matrix
(
u[t0,t)

)
N

. Sample covariances will be denoted with the

same symbol used for the corresponding random variables with a “hat” on top. For example, given finite

sequencesaN (t) := [at, at+1.., at+N−1] and bN (t) := [bt, bt+1.., bt+N−1] we shall define the sample

covariance matrix

Σ̂ab :=
1
N

N−1∑

i=0

at+ib
>
t+i.

Under our ergodic assumptionlim
N→∞

Σ̂ab
a.s= Σab.

The orthogonal projection onto the row space of matrix shall be denoted with the symbolÊ; for

instance, given a matrixcN (t) := [ct, ct+1, .., ct+N−1], Ê[·|Ct] will be the orthogonal projection onto the

spaceCt generated by the rows ofcN (t); the symbolÊ[aN (t)|Ct] shall denote the orthogonal projection

of the rows of the matrixaN (t) onto the spaceCt, and is given by the formula

Ê[aN (t)|Ct] = Σ̂acΣ̂−1
cc cN (t) (5)

As above, given a matrixcN (t), we define the projection errors̃aN (t) := aN (t) − Ê[aN (t)|Ct] and

b̃N (t) := bN (t)−Ê[bN (t)|Ct]. The sample covariance (conditional sample covariance) of the projection

errors is denoted with the symbolΣ̂ab|c := Σ̂ãb̃ and computed by the formula

Σ̂ab|c := Σ̂ab − Σ̂acΣ̂−1
cc Σ̂cb.

The symbolÊ‖Bt
[·|Ct] will denote the oblique projection along the spaceBt onto the spaceCt [24]. As

above, the oblique projection can be computed using the formula:

Ê‖Bt
[aN (t)|Ct] = Σ̂ac|bΣ̂−1

cc|bcN (t). (6)

The difference between population and sample covariance matrices shall be denoted with a “tilde”, for

instance

Σ̃ab := Σ̂ab − Σab Σ̃ab|c := Σ̂ab|c − Σab|c

All through this paper we shall assume that the joint process is “sufficiently rich”, in the sense thatZ[t0, T ]

admits the direct sum decomposition

Z[t0, T ] = Z[t0, t) + Z[t, T ], t0 ≤ t ≤ T (7)

the + sign denoting direct sum of subspaces. The symbol⊕ will be reserved fororthogonaldirect sum.

Various conditions ensuring sufficient richness are known. For example, it is well-known that for a full-

rank purely non deterministic (p.n.d.) processz to be sufficiently rich it is necessary and sufficient that

the determinant of the spectral density matrixΦz has no zeros on the unit circle [28].
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This we formalize with the following assumption:

Assumption 2.1:The joint processz(t) is a full rank (purely non deterministic) stochastic process

whose spectral density matrixΦz is strictly positive on the unit circle

Φz(ejω) > cI c > 0, ω ∈ [0, 2π]

Note that, for the joint spectrum to satisfy Assumption 2.1, reference signals such as sums of sinusoids

are in general not allowed. This assumption can be relaxed since only full rank of the Hankel data matrix

Z[t0,T ] is required. This condition of course can be checked directly on the data.

We believe entering into the details of such aspects (as done for instance in the book [27]), is outside

of the scope of this paper and therefore we prefer to work under Assumption 2.1.

With the notation introduced above the innovatione(t), i.e. the one step ahead prediction error ofy(t)

based on the joint pastZ−t is written in the form

e(t) := y(t)− E
[
y(t) | Z−t

]
. (8)

We shall use the symbolEt to denote the space generated by the components ofe(t).

We define the innovation process ofu based on the joint past

w(t) := u(t)−E
[
u(t) | Z−t ∨ Yt

]
t ∈ Z

Let us define the transient innovations

ê(t) := y(t)−E[y(t) | Z[t0,t)]. (9)

and

ŵ(t) := u(t)− E[u(t) | Z[t0,t) ∨ Yt]. (10)

We use the “hat” notation on random vectorsê(t) (and similarly forx̂(t) etc.) to remind that this random

vector are associated with the transient Kalman filter and are a function of the initial time instantt0;

they should not be confused with the stationary innovatione(t). For t− t0 →∞ ê(t) tends toe(t) (in

mean square). Define also the transient Kalman statex̂(t) := E
[
x(t) | Z[t0,t)

]
. The spaces generated by

the transient innovations are defined as

Êt := span{ê(t)}, Ŵt := span{ŵ(t)}; (11)

we also introduce

ĝ(t) :=


 ê(t)

u(t)


 Ĝ[t,s] = Ê[t,s] ∨ U[t,s]. (12)
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Furthermore, recall that, given sequence of random variablesw(N), we say that
√

Nw(N) is asymp-

totically normal if
√

Nw(N) converges in distribution to a normal random variable. The variance of this

normal random variable is calledasymptotic varianceof
√

Nw(N).

The symbol
·= shall denote equality up to terms of ordero( 1√

N
) in probability, whileO(1/

√
N) will

be used for terms which are of the order of1/
√

N in probability. We shall also denote withvec(A) the

column vector obtained by stacking one on top of the other the columns of the matrixA. The superscript

−L shall denote a matrix left inverse; particular choices of left inverses will be made later on.

A. Some preliminary results

For future reference we report the following proposition from [17] without proof:

Proposition 2.1:Define

x̃(t) := E
[
x(t) | Z[t0,t+1)

]− x̂(t) (13)

Then the following representation holds:

x̂(t + 1) = Ax̂(t) + Bu(t) + Kê(t) + Āx̃(t) (14)

y(t) = Cx̂(t) + ê(t) (15)

Lemma 2.2:The projection errorĀx̃(t) can be expressed as

Āx̃(t) = Āt−t0+1
(
E

[
x(t0) | Êt

]
+ E

[
x(t0) | Ŵt

])
. (16)

Remark II.1 Equation (16) guarantees that the term̄Ax̃(t) vanishes when̄A is nilpotent, i.e.Āt−t0 = 0.

This happens when the “true” system is of the ARX type. Note that virtually non assumptions on the

feedback mechanism have been made so far, besides that it should guarantee that the joint process is

second order stationary. ♦

Under the simplifying assumption that feedback is generated through a finite dimensional linear system,

i.e. 



s(t + 1) = F s(t) + Gy(t) + Lw(t)

u(t) = Hs(t) + Jy(t) + w(t)
t ≥ t0 (17)

the expressions in (16) can be made more explicit.

Lemma 2.3:Assume that feedback is generated according to (17) and defineF̄ := F −LH. Let also

Λe := Var{e(t)}, Λw := Var{w(t)} and6

Λe(t− t0) := Var{ê(t)} = Λe + CĀt−t0Σx(t0)x(t0)|Z[t0,t)

(
Ā>

)t−t0
C>

6In this lemma we keep the time indexes also as subscripts of covariance matrices to avoid confusion.
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Λw(t− t0) := Var{ŵ(t)} = Λw + HF̄ t−t0Σs(t0)s(t0)|Z[t0,t)∨Yt
(F̄>)t−t0H>;

then the two projections in (16) can be written as:

E
[
x(t0) | Êt

]
= Σx(t0)x(t0)|Z[t0,t)

(Ā>)t−t0C>Λ−1
e (t− t0)ê(t) (18)

and

E
[
x(t0) | Ŵt

]
= Σx(t0)s(t0)|Z[t0,t)∨Yt

(F̄>)t−t0H>Λ−1
w (t− t0)ŵ(t) (19)

Remark II.2 Note that, under the finite dimensionality assumption of the feedback channel, the projection

E
[
x(t0) | Ŵt

]
vanishes when̄F is nilpotent, i.e. the subsystem (17) generating the feedback signal is

of the ARX type. This fact will be useful in the analysis if the “innovation estimation” algorithm. From

now on weshall not make the assumption that feedback is generated according to (17), unless explicit

reference to the matrix̄F is made. The reader may just think that, if the feedback is not generated

according to (17), any condition required on̄F is not satisfied. ♦

In this paper we shall also make use of the “inverse” model of (14). The following lemma has been

proved [17] (see eq. (4.20) and (4.21)).

Lemma 2.4:Let K(t) be a suitably defined time-varying gain.7 Then the following holds:

x̂(t + 1) = (A−K(t)C)x̂(t) + Bu(t) + K(t)ê(t)− B̃(t)ŵ(t) (20)

ê(t) = −Cx̂(t) + y(t) (21)

whereB̃(t) → 0 when at least one of̄At−t0 → 0, F̄ t−t0 → 0 holds andK(t) → K when Āt−t0 → 0.

We define, for convenience of notation̄A(t) := A − K(t)C, Φ(t, s) :=
∏s−1−t

i=0 Ā(s − i − 1) where

Φ(t, t) := I and

Γ̄(t, s) :=
[

C> Φ>(t, t + 1)C> . . . Φ>(t, s)C>
]>

.

III. SUMMARY OF THE ALGORITHMS

In this section we summarize the algorithms that will be analyzed in the rest of the paper. We analyze

a version of the algorithms which uses the so called “state” approach [4], which refers to the fact that the

state matrices are estimated solving a least squares problem starting from the estimated state sequences

(see eq. (27) and (33)). To avoid confusion we shall reserve the symbolξ̂N for the state estimate provided

by the algorithm by Qin and Ljung and̂ζN for those obtained by the algorithm based on the whitening

7Since in this paper we are not interested in modeling the stochastic part, it suffices to note thatK(t) → K as Āt−t0 goes

to zero (see [17] for details).
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filter. As we shall see these state estimators correspond to different choice of basis. Therefore we shall

denote withAql
N , Bql

N , Cql
N ,Kql

N the state matrices in the basis

T̂N := Γ̂−L
N Γ (22)

which follows from (26), i.e.Aql
N := T̂NAT̂−1

N etc. Similarly Awf
N , Bwf

N , Cwf
N ,Kwf

N shall be the state

matrices expressed in the basis

ˆ̄TN := ˆ̄Γ−L
N Γ̄ (23)

which follows from (32), i.e.Awf
N := ˆ̄TNA ˆ̄T−1

N etc. The superscriptsql and wf stand for “Qin-Ljung”

and “whitening filter” respectively while the subscriptN reminds that the basis in (26) and (32) depend

on the data lengthN . This observation will be crucial in the rest of the paper. In fact we shall compare

the estimated system matrices with the “true” ones in a certain “data dependent” basis corresponding to

(22) and (23).

A. The “innovation estimation” by Qin and Ljung

The basic steps of the algorithm in [40] are as follows:

1) Construct the future innovationŝeN (s) = yN (s)− Ê[yN (s) | Z[t0,s)], s = t, .., T . DefineĝN (t) :=

[ê>N (t) u>N (t)]> and denote withĜ[t1,t2] the space generated by the rows of the matrix
(
ĝ[t1,t2]

)
N

.

2) Estimate the (extended) observability matrix from factorization (weighted SVD) of

W−1Ê‖Ĝ[t,T−1]

[
y+

N | Z[t0,t)

]
= USV ' UnSnV >

n (24)

whereW is a weighting matrix which is usually introduced in subspace identification [45]. The

matricesUn, Vn, denote respectively the firstn columns of the matricesU andV , wheren is the

number of “significant” singular values retained inSn which is then-dimensional upper left block

of S. The same notation will be used throughout.

An estimate of the observability matrix is obtained discarding the “less significant” singular values

(i.e. pretendingS̃n ' 0) from

Γ̂N = WUnT̂ (25)

whereT̂ can be any non-singular matrix providing a choice of basis. It will be useful for the analysis

reported in this paper to make specific choices ofT̂ which shall guarantee that the estimated system

matrices converge regardless of the possible ambiguities8 in the SVD (24).

8Due to orientation of singular vectors and multiple singular values (if any).
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Of course when implementing the algorithms and also when computing the variance formulas, the

specificT̂ will not matter. Typical choices of̂T are T̂ = I or T̂ = S
1/2
n

3) Introducing the (W-weighted) left inversêΓ−L
N :=

(
Γ̂>NW−>W−1Γ̂N

)−1
Γ̂>NW−>W−1 = T̂−1U>

n W−1

construct basis for the state space as follows :

ξ̂N (t) := Γ̂−L
N Ê‖Ĝ[t,T−1]

[
y+

N | Z[t0,t)

]
ξ̂N (t + 1) := Γ̂−L

N Ê‖Ĝ[t+1,T ]

[
y+

N
| Z[t0,t+1)

]
(26)

4) Solve in the least squares sense




ξ̂N (t + 1) ' Aql
N ξ̂N (t) + Bql

NuN (t) + Kql
N êN (t)

yN (t) ' Cql
N ξ̂N (t) + êN (t)

(27)

to obtainÂql
N , B̂ql

N , Ĉql
N , the estimators ofAql

N , Bql
N , Cql

N usingN data points.

As shown in [17]ξ̂N (t) is an (asymptotically) biased estimator ofT̂N x̂N (t) := Ê
[
T̂NxN (t) | Z[t0,t)

]
.

As a consequence also the equations (27) should be regarded as only “approximately” satisfied.

As mentioned above, for the purpose of analysis, it is useful to make a specific choice ofT̂ so that

the data dependent basiŝTN = Γ̂−L
N Γ = T̂−1U>

n W−1Γ converges almost surely to a non-singular matrix

T∞, which without loss of generality can be chosen equal to the identity matrix.

For instance a straightforward (but not realizable) choice is of course

T̂ = U>
n W−1Γ (28)

which guarantees that̂TN = I.

There are many other possible choices ofT̂ which serve to this purpose, among which the one proposed

in [8]; it also possible to choosêT without knowledge of the true system parameters (Γ in (28)). We

stress however that this choice is inessential for the implementation of both algorithms and variance

formulas and is just needed here for the purpose of analysis. Given this for granted, in order to simplify

exposition we prefer not to stick to a specific choice ofT̂ and rather make the following assumption:

Assumption 3.1:For the purpose of analysis we assume thatT̂ in (25) has been chosen so thatT̂N in

(22) converges to a non singular matrixT∞ asN goes to infinity.

B. “Whitening filter”-based algorithm

We analyze a version of the algorithm introduced in [17]. A conceptually similar algorithm, but with

an implementation differing in the preliminary estimation of certain Markov parameters which are used

in place of the oblique projection, has been introduced in [30]. The basic steps are as follows:
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1) Construct the oblique predictorŝyN (t+k|t−1) = Ê‖Z[t,t+k)
[yN (t+k) | Z[t0,t)], k = 0, .., T − t−1

and ŷN (t + k|t) = Ê‖Z[t+1,t+k)
[yN (t + k) | Z[t0,t+1)], k = 1, .., T − t.

2) Estimate the predictor (extended) observability matrixΓ̄(t, T − 1) from factorization (weighted

SVD) of

W̄−1




ŷN (t|t− 1)

ŷN (t + 1|t− 1)
...

ŷN (T − 1|t− 1)




= Ū S̄V̄ ' ŪnS̄nV̄ >
n (29)

letting

ˆ̄ΓN = W̄ Ūn
ˆ̄T (30)

Also for the “whitening-filter” algorithm for instance the choice

ˆ̄T := Ū>
n W̄−1Γ̄ (31)

whereΓ̄ is the “true” (but unknown) predictor observability matrix, guarantees thatˆ̄TN = I. Also

in this case we shall not stick to a specific̄̂T but rather work under an assumption similar to

Assumption 3.1.

3) Defining the left inversê̄Γ−L
N :=

(
ˆ̄Γ>NW̄−>W̄−1 ˆ̄ΓN

)−1 ˆ̄Γ>NW̄−>W̄−1, construct basis for the state

space as follows:

ζ̂N (t) := ˆ̄Γ−L
N




ŷN (t|t− 1)

ŷN (t + 1|t− 1)
...

ŷN (T − 1|t− 1)




ζ̂N (t + 1) := ˆ̄Γ−L
N




ŷN (t + 1|t)
ŷN (t + 2|t)

...

ŷN (T |t)




(32)

4) Solve in the least squares sense




ζ̂N (t + 1) ' Awf
N ζ̂(t) + Bwf

N u(t) + Kwf
N êN (t)

yN (t) ' Cwf
N ζ̂N (t) + êN (t)

(33)

to obtainÂwf
N , B̂wf

N , Ĉwf
N , the estimators ofAwf

N , Bwf
N , Cwf

N usingN data points.

As discussed in [17]̂ζN (t) is a biased estimator of̄̂TN x̂N (t). As a consequence also the equations

(33) should be regarded as only “approximately” satisfied. As we shall see there is one more difficulty

in this case related to the fact thatΓ̄(t, T − 1) is not equal toΓ̄(t + 1, T ) for finite t − t0 unlessĀ is

nilpotent.
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IV. OUTLINE OF THE DERIVATION

This section is meant to provide a very “high level” description of the main steps which allow to

derive the asymptotic distribution of the errors as well as a critical discussion of the “changing basis”

approach.

As should be clear from the description in the previous section, both algortihms9 are based on the two

steps:

1) construct matrices which form basis for the state space at timet andt+1 as done in (26) and (32)

2) solve the state equation in the least squares sense to obtain the system matrices as done in (27)

and (33).

Our strategy to obtain the asymptotic formulas follows the two steps above. For simplicity of presen-

tation from now on we refer to the “innovation estimation” algorithm; the discussion and parallel results

for the “whitening filter” approach are postponed to Appendix B. Recall that for the purpose of analysis

we shall always work under Assumption 3.1 which guarantees thatT̂N converges almost surely to a

non-singularT∞.

1) First we derive exact expressions for the estimated state sequences of the form:

ξ̂N (t) := T̂N x̂N (t) + ∆xN (t)

ξ̂N (t + 1) := T̂N x̂N (t + 1) + ∆xN (t + 1)
(34)

which express the estimated state sequencesξ̂N (t) and ξ̂N (t+1) as a non-singular change of basis

of the “true” Kalman state (finite tail) plus perturbation terms∆xN (t) and∆xN (t+1); these terms

shall include both a “bias” as well as a “variance” part and will be analyzed at the beginning of

Section VI.

2) Then, in Proposition 6.1, we derive “state-like” recursions forξ̂N (t) and ξ̂N (t + 1) which involve

the true state matrices in the data dependent basisT̂N of the form





ξ̂N (t + 1) = Aql
N ξ̂N (t) + Bql

NuN (t) + Kql
N (t)êN (t)+

+∆xN

yN (t) = Cql
N ξ̂N (t) + êN (t)+

+∆yN

(35)

where∆xN and∆yN are error terms.

9Virtually all subspace algorithms based on the so called “state approach” [5] follows the same lines.
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3) From equations (35) it will be easy to obtain expressions for the errors:

√
NÃql

N :=
√

N(Âql
N −Aql

N )
√

NB̃ql
N :=

√
N(B̂ql

N −Bql
N )

√
NC̃ql

N :=
√

N(Ĉql
N − Cql

N ) (36)

which express the estimation error in the data depend basisT̂N . This will be done in Proposition

6.2

In order to derive the asymptotic distribution of (36) we shall need to derive asymptotic equivalent

versions of these error terms via linearization, which is a standard tool in asymptotic analysis [19].

See sections VII and VIII.

4) The asymptotic distribution of any system invariantg(θ) which depends differentiably on the system

parametersθ =
(
vec>(A), vec>(B), vec>(C)

)>
can be found by using well-known linearization

techniques [19].

Some remarks are now in order, especially concerning point 3). The errors are expressed in a data

dependent basis, which means that the estimators (sayÂql
N ) are confronted with the “moving targets”

(sayAql
N ).

Under Assumption 3.1̂TN converges and therefore also the moving targetsAql
N , Bql

N , Cql
N converge;

this will be needed in the proof.

When it comes to computing asymptotic distribution of (say) transfer function estimators

F̂ ql
N (z) = Ĉql

N

(
zI − Âql

N

)−1
B̂ql

N

of F (z) = Cql
N

(
zI −Aql

N

)−1
Bql

N the simple linearization (see for instance [29], [13]):

F̂ ql
N (z)− F (z) ·= (Ĉql

N − Cql
N )(zI −Aql

N )−1Bql
N + Cql

N (zI −Aql
N )−1(B̂ql

N −Bql
N )+

+Cql
N (zI −Aql

N )−1(Âql
N −Aql

N )(zI −Aql
N )−1Bql

N
·=

·= (Ĉql
N − Cql

N )(zI − Âql
N )−1B̂ql

N + Ĉql
N (zI − Âql

N )−1(B̂ql
N −Bql

N )+

+Ĉql
N (zI − Âql

N )−1(Âql
N −Aql

N )(zI − Âql
N )−1B̂ql

N

(37)

shows that indeed, as system invariants are concerned, errors around a “moving target” do the job. Note

in fact that the linearization above makes sense as long as(Âql
N − Aql

N ) = O(1/
√

N), (B̂ql
N − Bql

N ) =

O(1/
√

N) and (Ĉql
N − Cql

N ) = O(1/
√

N) in probability, which indeed holds true.

Furthermore, as already mentioned, the specific basisT̂ does not matter when it comes to compute

invariants. When computing in practice the asymptotic variance from data, one will just use the estimated

quantities, which will be obtained from realizable choice ofT̂ (usually T̂ = I or T̂ = Ŝ
1/2
n ). This can

be easily seen rewriting equation (37) using different choice of basisT̂ .
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V. FINITE DATA MODELS

In order to compute the error terms∆xN and ∆yN in (35) we need to consider the finite data

counterparts of state update equations found in Section II and taken from [17].

We recall from the previous section that the transient innovationêN (t) is given by10

êN (t) := yN (t)− Ê[yN (t) | Z[t0,t)] (38)

and the transient Kalman statêxN (t) := Ê
[
xN (t) | Z[t0,t)

]
. Similarly we define

ŵN (t) := uN (t)− Ê[uN (t) | Z[t0,t) ∨ Yt] (39)

The spaces generated by the transient innovations shall be denoted

Êt := span{êN (t)}, Ŵt := span{ŵN (t)}. (40)

Define also

ε̂N (t) := Ê[eN (t) | Z[t0,t)]; (41)

note thatε̂N (t) goes to zero asN goes to infinity.

Remark V.3 This projection residual is the source of errors due to “finite tails”, i.e. approximation of

expected values with with finite sums. ♦

The following proposition is the analogous of Proposition 2.1 and is the fundamental tool to study

asymptotic properties.

Proposition 5.1:Define

x̃N (t) := Ê
[
xN (t) | Z[t0,t+1)

]− x̂N (t) (42)

Then the following representation holds:

x̂N (t + 1) = Ax̂N (t) + BuN (t) + KêN (t) + (43)

+Kε̂N (t) + Āx̃N (t)

yN (t) = Cx̂N (t) + êN (t) + ε̂N (t) (44)

Proof: The proof is basically the same as that of Proposition 2.1 and can easily be adapted from

the proof found in [17].

10Note thatêN (t) is not the truncation of̂e(t); as a mnemonic rule the reader may think that truncation of sequences is done

beforeprojection is taken. Therefore firsty(t) is truncated toyN (t) and thenprojected onto the finite past̂E
[
yN (t) | Z[t0,t)

]
.

Recall that the “hat” on̂eN (t) reminds that this is atransient innovation (finitet0).

July 14, 2005 DRAFT



17

Lemma 5.2:The projection error̃xN (t) satisfies

Āx̃N (t) = Āt−t0+1
(
Ê

[
xN (t0) | Êt

]
+ Ê

[
xN (t0) | Ŵt

])

= Θ̂têN (t) + Ψ̂tŵN (t)
(45)

Furthermore there exist constantsα and β so that11 ‖Θ̂t‖
a.s≤α‖Āt−t0‖ and ‖Ψ̂t‖

a.s≤β‖Āt−t0‖. If the

feedback is generated according to (17) then also‖Ψ̂t‖ = O
(
‖Āt−t0‖ ·

(
‖F̄ t−t0‖+ 1√

N

))
in probability

holds. Of course asN →∞ we obtain exactly the expressions of Lemmas 2.2 and 2.3.

Proof: Again the proof follows the same lines of Lemmas 2.2 and 2.3 and can be adapted from

[17].

Remark V.4 Lemma 5.2 implies that, as in the ideal case of infinite data (N = ∞) of Lemma 2.2, the bias

term disappears if̄A is nilpotent. To be precise, as in the infinite data setup (see [17]),‖Āt−t0‖‖F̄ t−t0‖ = 0

is a sufficient condition forÂql
N , B̂ql

N , Ĉql
N obtained by the Qin-Ljung algorithm [40] to be consistent

estimators ofAql
N , Bql

N , Cql
N . In other words the “innovation estimation” algorithm is consistent if at least

one of the two conditions is verified:

1) the “true” system is of the ARX type

2) feedback is generated according to (17) andF̄ t−t0 = 0 i.e. it is of the ARX type.

Note that, if Āt−t0 6= 0, the bias due tôΨt is O(1/
√

N) in probability; therefore this term cannot be

neglected when it comes to compute variance12. This would introduce some complications in the formulas

and therefore, for the purpose of exposition, we shall always make the assumption thatĀt−t0 = 0 also

for the algorithm by Qin and Ljung. ♦

Using the results of Proposition 5.1 and Lemma 5.2 it is convenient to rewrite the state recursions

directly in terms ofŵN (t), êN (t), and ε̂N (t).

Proposition 5.3:Let K(t) := K + Θ̂t; then the truncated Kalman statex̂N (t) satisfies the recursion

x̂N (t + 1) = Ax̂N (t) + BuN (t) + K(t)êN (t) + (46)

+Kε̂N (t) + Ψ̂tŵN (t)

yN (t) = Cx̂N (t) + êN (t) + ε̂N (t) (47)

11‖ · ‖ denotes any matrix norm; we use here the Frobenius norm.

12The author would like to thank an anonymous reviewer for pointing out this fact which had been overlooked in a preliminary

version of the manuscript.

July 14, 2005 DRAFT



18

which can be written in “predictor form” as follows:

x̂N (t + 1) = Ā(t)x̂N (t) + BuN (t) + KyN (t) + (48)

−Θ̂tε̂N (t) + Ψ̂tŵN (t)

yN (t) = Cx̂N (t) + êN (t) + ε̂N (t) (49)

where we recall that̄A(t) := A−K(t)C.

Proof: The proof consist in a simple algebraic manipulation of (43), (44) and (45).

Using the machinery developed so far, and in particular equations (46) and (47) we have basically

proved the following technical lemma.

Lemma 5.4:Let ν := T − t and define the matrices

Ĥw(t, T − 1) :=




0 0 . . . 0

CΨ̂t 0 . . . 0
...

...
...

...

CAν−3Ψ̂t . . . CΨ̂T−2 0




Hs :=




I 0 . . . 0

CK I . . . 0
...

...
...

...

CAν−3K . . . CK I




and

Ĥe(t, T − 1) :=




I 0 . . . 0

CK(t) I . . . 0
...

...
...

...

CAν−3K(t) . . . CK(T − 2) I




Hu :=




0 0 . . . 0

CB 0 . . . 0
...

...
...

...

CAν−3B . . . CB 0




.

Let us also define
bN (t) := Ĥw(t, T − 1)ŵ+

N

bN (t + 1) := Ĥw(t + 1, T )ŵ+
N

(50)

and
vN (t) := Hsε̂

+
N

vN (t + 1) := Hsε̂
+
N

(51)

Then the future output sequencesy+
N := [yN (t)>,yN (t + 1)>, . . . ,yN (T − 1)>]> can be decomposed

as follows:

y+
N = Γx̂N (t)− bN (t) + vN (t) + He(t, T − 1)ê+

N + Huu+
N

(52)

and similarly

y+
N

= Γx̂N (t + 1)− bN (t + 1) + vN (t + 1) + He(t + 1, T )ê+
N + Huu+

N
(53)
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Remark V.5 We would like to recall at this point thatbN (t), and vN (t) are finite tails formed with

sample values of a random process and therefore are subject to random fluctuations. However, we shall

call bN (t) “bias term” as it converges to zero as‖Āt−t0‖
(
‖F̄ t−t0‖+ 1/

√
N

)
does, while we shall call

“variance term” the other as it originates solely from approximation of expectations with finite sums.

It is common use in the subspace identification literature to assume thatt − t0 goes to infinity “fast

enough” (see for instance the assumptions in [8]) asN →∞ so that the bias term can be neglected in

the asymptotic variance computation. This approach would involve some technical complications which

would make the paper even harder to access. We prefer therefore to follow a different line of thought:

we will decompose the bias termbN (t) in its asymptotic valueb∞(t) plus a random fluctuation∆bN (t)

which will contribute to the asymptotic variance. In the simplifying assumption that at least one ofĀ,

F̄ is nilpotent we have thatb∞(t) = 0 and the more classical kind of results are obtained. ♦

VI. STATE ESTIMATION WITH FINITE SEQUENCES

The first step in subspace identification is the construction of the state; we have seen in Section III

that it basically consists of an oblique projection followed by a truncation step using the SVD.

Our program now, as outlined in Section IV, is to compute the terms∆xN (t), ∆xN (t + 1) in (34)

The state sequenceŝξN (t) and ξ̂N (t + 1) are constructed according to (26). From equations (52) and

(53) we can see how the error termsbN and vN affect the state estimators. DefininĝTN := Γ̂−L
N Γ a

simple manipulation shows in fact that

ξ̂N (t) = T̂N x̂N (t) + ∆xN (t) (54)

and

ξ̂N (t + 1) = T̂N x̂N (t + 1) + ∆xN (t + 1) (55)

where

∆xN (t) := −Γ̂−L
N Ê‖Ĝ[t,T−1]

[
bN (t) | Z[t0,t)

]
+ Γ̂−L

N Ê‖Ĝ[t,T−1]

[
vN (t) | Z[t0,t)

]

and

∆xN (t + 1) := −Γ̂−L
N Ê‖Ĝ[t+1,T ]

[
bN (t + 1) | Z[t0,t+1)

]
+ Γ̂−L

N Ê‖Ĝ[t+1,T ]

[
vN (t + 1) | Z[t0,t+1)

]
.

Remark VI.6 [Non singularity13 of T̂N ]

13The author is indebted to an anonymous reviewer for suggesting this remark.
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The data dependent change of basisT̂N needs to be non singular of course. This is guaranteed if, given

Γ̂N estimated from (24),̂Γ>NW−>W−1Γ is non singular; this certainly holds forN large enough when

the column space ofΓ is estimated consistently. Unfortunately this is not the case here since the bias

termbN (t) in (52) does not vanish forN →∞. As we have seen the magnitude ofb∞(t) decreases as

Āt−t0 and F̄ t−t0 do and therefore one way to guarantee that the effect ofbN (t) is negligible is to chose

t − t0 large enough. In any case this question deserves further analysis which we postpone to future

work. ♦

These decompositions are the starting point for obtaining recursions forξ̂N (t) involving the system

parameters. The result, which we summarize in the next Proposition, follows from (54), (55) and

Proposition 5.3.

Proposition 6.1:Let Aql
N := T̂NAT̂−1

N , Bql
N := T̂NB, Cql

N := CT̂−1
N , Kql

N := T̂NK, Āql
N := Aql

N −
Kql

NCql
N be the state matrices in the (data dependent) basisT̂N and

(∆bx)N := Γ̂−L
N Ê‖Ĝ[t+1,T ]

[
bN (t + 1) | Z[t0,t+1)

]
+

−Aql
N Γ̂−L

N Ê‖Ĝ[t,T−1]

[
bN (t) | Z[t0,t)

]− T̂N Ψ̂tŵN (t)

(∆vx)N := Γ̂−L
N Ê‖Ĝ[t+1,T ]

[
vN (t + 1) | Z[t0,t+1)

]
+

−Aql
N Γ̂−L

N Ê‖Ĝ[t,T−1]

[
vN (t) | Z[t0,t)

]
+ Kql

N ε̂N (t)

(∆by)N := −Cql
N Γ̂−L

N Ê‖Ĝ[t,T−1]

[
bN (t) | Z[t0,t)

]

(∆vy)N := ε̂N (t)− Cql
N Γ̂−L

N Ê‖Ĝ[t,T−1]

[
vN (t) | Z[t0,t)

]

DefiningKql
N (t) := Kql

N +T̂N Θ̂t, the estimated state sequencesξ̂N (t) andξ̂N (t+1) satisfy the following

recursion: 



ξ̂N (t + 1) = Aql
N ξ̂N (t) + Bql

NuN (t) + Kql
N (t)êN (t)+

−(∆bx)N + (∆vx)N

yN (t) = Cql
N ξ̂N (t) + êN (t)+

−(∆by)N + (∆vy)N

(56)

which is of the form (35) where∆xN := −(∆bx)N + (∆vx)N and∆yN := −(∆by)N + (∆vy)N .

Quite naturally Proposition 6.1 allows to compute exact expressions for the errorsÃql
N , B̃ql

N , C̃ql
N in the

data dependent basis (step 3) in Section IV).

Proposition 6.2:Let Ξ̂t := span{ξ̂N (t)}, ∆xN := −(∆bx)N + (∆vx)N and ∆yN := −(∆by)N +
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(∆vy)N . The error matrices̃Aql
N , B̃ql

N , C̃ql
N obtained solving (27) (or equivalently (56)) satisfy

Ãql
N = Σ̂∆xξ̂|gΣ̂−1

ξ̂ξ̂|g
B̃ql

N = Σ̂∆xu|(ξ̂,ê)Σ̂
−1

uu|(ξ̂,ê)

C̃ql
N = Σ̂∆yξ̂Σ̂

−1

ξ̂ξ̂

(57)

Proof: We shall prove only the first of (57) since the others are completely analogous. By definition

Âql
N ξ̂N (t) := Ê‖Ĝt

[
ξ̂N (t + 1) | Ξ̂t

]
.

It follows from (56) that

Ê‖Ĝt

[
ξ̂N (t + 1) | Ξ̂t

]
= Aql

N ξ̂N (t) + Ê‖Ĝt

[
∆xN | Ξ̂t

]

=
(
Aql

N + Σ̂∆xξ̂|gΣ̂−1

ξ̂ξ̂|g

)
ξ̂N (t)

from which Âql
N = Aql

N + Σ̂∆xξ̂|gΣ̂−1

ξ̂ξ̂|g and therefore

Ãql
N = Âql

N −Aql
N = Σ̂∆xξ̂|gΣ̂−1

ξ̂ξ̂|g

VII. A SYMPTOTIC EXPRESSION FOR THE ERROR

The expression reported in Proposition 6.2 do not involve any approximation. Unfortunately it seems

not possible to derive directly the asymptotic properties of the errors from (57). This Section is dedicated

to deriving asymptotically equivalent formulas which can be used to compute the asymptotic distribution.

We divide this in two steps:

1) We decompose the errors̃Aql
N , B̃ql

N , C̃ql
N , into the sum of their asymptotic (in probability asN →∞)

values, which we denotẽAql∞, B̃ql∞, C̃ql∞, plus the random perturbations∆Ãql
N , ∆B̃ql

N ,∆C̃ql
N . The

limiting values represent the bias of the algorithm, as studied in [17]. The differences (∆Ãql
N , etc.)

between the actual errors (Ãql
N , etc.) and the limiting values (̃Aql∞, etc.) are in fact random variables

which, under reasonable assumptions [1], [27], [19], [13], can be shown to be asymptotically normal

with zero mean and a certain (to be determined) covariance matrix.

2) We use standard techniques to obtain manageable expressions which allow to show asymptotic

normality and compute the asymptotic variance as done in [1], [7], [29], [8], [13]. In fact standard

results in asymptotic analysis (see [19], Theorem 6, p. 39) show that one can neglect terms which

are o( 1√
N

) in probability. Similar considerations hold for functions of the estimated parameters

whose asymptotic behavior can be obtained using well known linearization techniques (see [19],

Theorem 7, p. 45).
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Proposition 7.1:The error matrices̃Aql
N , B̃ql

N , C̃ql
N admit the decompositions̃Aql

N = Ãql∞+∆Ãql
N , B̃ql

N =

B̃ql∞ + ∆B̃ql
N , C̃ql

N = C̃ql∞ + ∆C̃ql
N where14

Ãql∞ = −Σ∆bxξ̂|gΣ−1

ξ̂ξ̂|g
B̃ql∞ = −Σ∆bxu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)

C̃ql∞ = −Σ∆by ξ̂Σ
−1
x̂x̂

and
∆Ãql

N
·= Σ̃∆bxξ̂|gΣ−1

ξ̂ξ̂|g + Ãql∞Σ̃ξ̂ξ̂|gΣ−1

ξ̂ξ̂|g + Σ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g
∆B̃ql

N
·= Σ̃∆bxu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)
+ B̃ql∞Σ̃uu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)
+ Σ̂∆vxu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)

∆C̃ql
N

·= Σ̃∆by ξ̂Σ
−1

ξ̂ξ̂
+ C̃ql∞Σ̃ξ̂ξ̂Σ

−1

ξ̂ξ̂
+ Σ̂∆vy ξ̂Σ

−1

ξ̂ξ̂
The first two terms in the linearization vanish when the estimation is not biased, i.e. when(∆bx)N = 0

and(∆by)N = 0. Something similar happens also in the analysis of certain open loop subspace algorithms

which are biased fort− t0 finite. Following the approach of [1], [2] we could guarantee that

√
N(Σ̃∆bxξ̂|gΣ−1

ξ̂ξ̂|g + Ãql
∞Σ̃ξ̂ξ̂|gΣ−1

ξ̂ξ̂|g)

√
N(Σ̃∆bxu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)
+ B̃ql

∞Σ̃uu|(ξ̂,ê)Σ
−1

uu|(ξ̂,ê)
)

√
N(Σ̃∆by ξ̂Σ

−1

ξ̂ξ̂
+ C̃ql

∞Σ̃ξ̂ξ̂Σ
−1

ξ̂ξ̂
)

go to zero in probability. Under this condition only the terms related to∆vx and∆vy would have to be

accounted for variance. Both this approach and the computation of the variance in the general case (for

t− t0 finite) would introduce further technical complications.

For reasons of space and ease of exposition we prefer at this point to make the assumption that at

least one of the equalities̄At−t0 = 0, F̄ t−t0 = 0 holds. This, as we have shown in [17], implies that

Ãql∞ = 0, B̃ql∞ = 0, C̃ql∞ = 0 (and also(∆bx)N = 0, (∆by)N = 0; see Proposition 6.1, Lemma 5.2 and

equation (50).

VIII. A SYMPTOTIC VARIANCE

In this section we shall state the main result concerning asymptotic normality and give expression for

asymptotic variance of the estimators. We remind the reader that this last section deals with the simplified

case in which the “true” system is of the ARX type (i.e.‖Āt−t0‖ = 0). As discussed in Remark V.4 and

14The symbolξ̂ in the asymptotic expression indicates that, also asymptotically inN , the estimated statêξN is based on a

finite past window of lengtht− t0. The same will hold for̂e and ζ̂.
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in [17] the assumption‖Āt−t0‖‖F̄ t−t0‖ = 0 would suffice for the algorithm by Qin and Ljung to yield

consistent estimators. However, we prefer here to work under the more stringent assumption‖Āt−t0‖ = 0

to simplify the (already complicated) variance formulas.

Theorem 8.1 states the main results also for the “whitening filter” approach in which case the assump-

tion that the true system is ARX (i.e.‖Āt−t0‖ = 0) is also needed. The reader is referred to Appendix

B for the notation.

Similar results, but at the price of more complicated assumptions and derivations would hold ift−t0 →
∞ at a suitable rate [8] withN . We stress however that the tools developed so far allows to deal with

the general case ((t − t0) finite and no assumptions on̄A or on the feedback channel) at the price of

course of more complicated formulas.

We shall need to make the following standard assumption on the innovation processe(t). Let us denote

with F−t (z) the σ-algebra generated by the past (up to timet excluded) of the process{z(s)}s∈Z and

denote withE
[· | F−t (z)

]
conditional expectation with respect toF−t (z).

• A1. The process{e(t)} is a F−t (z)-martingale difference sequence, i.e. a martingale difference

with respect to theσ-algebraF−t (z) generated by the past measurements, with constant conditional

variance, i.e.

E[e(t)|F−t (z)] = 0

E[e(t)e>(t)|F−t (z)] = Λe.
(58)

• A2. The process{e(t)} has bounded fourth order moments, i.e.E[e4
i (t)] < ∞ whereei(t) is the

i-th component ofe(t).

We now state the main result of the paper:

Theorem 8.1:Assume that Assumptions 3.1, A1 and A2 hold. Assume also that in the “true” system

generating the data‖Āt−t0‖ = 0 holds. Then
√

Nvec
(
Ãql

N

)
,
√

Nvec
(
B̃ql

N

)
and

√
Nvec

(
C̃ql

N

)
are

jointly asymptotically normal with zero mean and asymptotic covariance matrix

AsVar





√
N




vec
(
Ãql

N

)

vec
(
B̃ql

N

)

vec
(
C̃ql

N

)








= M ql


 Σql

11 Σql
12(

Σql
12

)>
Σql

22


(

M ql
)>

(59)

The matrixM ql is of the form

M ql :=




M ql
A1P M ql

A2P̄

M ql
B1P M ql

B2P̄

M ql
C P 0



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where the various symbols will be defined in the remaining part of this Section. In particularM ql
A1, M ql

A2,

etc. will be defined in (61),P and P̄ in (64) andΣql
ij in (75), (76) and (77).

Also under the assumption thatĀt−t0 = 0 a completely analogous statement holds also for
√

Nvec
(
Ãwf

N

)
=

√
Nvec

(
Âwf

N −Awf
N

)
,
√

Nvec
(
B̃wf

N

)
=
√

Nvec
(
B̂wf

N −Bwf
N

)
and

√
Nvec

(
C̃wf

N

)
=
√

Nvec
(
Ĉwf

N − Cwf
N

)

computed using the “whitening filter” approach. The formulas are the same as above provided one

substitutes the superscriptql with the superscriptwf . The definition of the various symbols are found in

Appendix B. In particularMwf
A1 , Mwf

A2 , etc. will be defined in (B.89), andΣwf
ij in (B.98), (B.99) and

(B.100).

In the remaining of this section we shall state some intermediate results which allow to introduce the

notation required; the proof of theorem 8.1 for the “innovation estimation” approach shall conclude the

Section while the part concerning the “whitening filter” approach shall be found in Appendix B.

Recall that under the assumption thatĀt−t0 = 0

Ãql
N = ∆Ãql

N
·= Σ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g
B̃ql

N = ∆B̃ql
N

·= Σ̂∆vxu|(ξ̂,ê)Σ
−1

uu|(ξ̂,ê)

C̃ql
N = ∆C̃ql

N
·= Σ̂∆vy ξ̂Σ

−1

ξ̂ξ̂

Therefore we shall need to study the asymptotic properties ofΣ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g, Σ̂∆vxu|(ξ̂,ê)Σ
−1

uu|(ξ̂,ê)
and

Σ̂∆vy ξ̂Σ
−1

ξ̂ξ̂
.

Lemma 8.2:Let us introduce the shorthandsg+ := g[t,T−1], g+ := g[t+1,T ], z := z[t0,t), z̄ := z[t0,t+1),

ε̂+ := ε̂[t,T−1] and ε̂+ := ε̂[t+1,T ]. Then

Σ̂∆vxξ̂|g = M̂ ql
x1Σ̂ε̂+z|g+Σ̂−1

zz|g+Σ̂zξ̂|g + M̂ ql
x2Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+Σ̂z̄ξ̂|g

Σ̂∆vxu|(ξ̂,ê) = M̂ ql
x1Σ̂ε̂+z|g+Σ̂−1

zz|g+Σ̂zu|(ξ̂,ê) + M̂ ql
x2Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+Σ̂z̄u|(ξ̂,ê)

Σ̂∆vy ξ̂ = M̂ ql
y Σ̂ε̂+z|g+Σ̂−1

zz|g+Σ̂zξ̂

(60)

whereM̂ ql
x2 := Γ̂−L

N Hs, M̂ ql
x1 :=

(
Kql

N [I 0]−Aql
N Γ̂−L

N Hs

)
, M̂ ql

y :=
(
[I 0]− Cql

N Γ̂−L
N Hs

)
.

Proof: See Appendix A

Using standard results in asymptotic theory [19] one can prove the following.

Proposition 8.3:Let as usual denote the asymptotic values (in probability asN → ∞ ) of matrices
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removing the “hat” from the symbol denoting the sample version (e.g.M ql
x2 := limN→∞M̂ ql

x2) and let15

M ql
A1 :=

[(
Σ−1

ξ̂ξ̂|g Σ>
zξ̂|g

)
⊗M ql

x1

]

M ql
A2 :=

[(
Σ−1

ξ̂ξ̂|g Σ>
z̄ξ̂|g

)
⊗M ql

x2

]

M ql
B1 :=

[(
Σ−1

uu|(ξ̂,ê)
Σ>

zu|(ξ̂,ê)

)
⊗M ql

x1

]

M ql
B2 :=

[(
Σ−1

uu|(ξ̂,ê)
Σ>

z̄u|(ξ̂,ê)

)
⊗M ql

x2

]

M ql
C :=

[(
Σ−1

ξ̂ξ̂
Σ>

zξ̂

)
⊗M ql

y

]

(61)

Then the following first order approximation (up too( 1√
N

) terms in probability) of vectorized sample

covariances can be used to compute the asymptotic distribution:

vec
(
Σ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g

) ·=
[

M ql
A1 M ql

A2

]

 vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

vec
(
Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

)



vec
(
Σ̂∆vxu|(ξ̂,ê)Σ

−1

uu|(ξ̂,ê)

) ·=
[

M ql
B1 M ql

B2

]

 vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

vec
(
Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

)



vec
(
Σ̂∆vy ξ̂Σ

−1

ξ̂ξ̂

) ·=M ql
C vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

(62)

Proof: See Appendix A

Remark VIII.7 [Convergence]

We remind the reader that convergence to a limit ofT̂N (and therefore ofAql
N , M̂ ql

x1, etc.) holds only

under Assumption 3.1. However the reader should keep clear in mind that the actual implementation

of the formulas for a specific value ofN does not need any specific choice ofT̂ which, without loss

of generality, the user can choose at will. The same remark applies to the “whitening filter” approach.

In other words, there is no need to transform the estimates into some canonical form to compute the

variance of system invariants. ♦

The last effort left is to compute the asymptotic variance of

 vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

vec
(
Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

)



Let now Pk be a permutation matrix so that, given a matrixA>k := [a>1 , a>2 , .., a>T−t] whereai hasp

15The symbol⊗ denotes Kronecker product, see [24].
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rows andk columns then

vec {Ak} = Pk




vec {a1}
vec {a2}

...

vec {aT−t}




. (63)

For ease on notation, letq = p + m and define

P := Pq(t−t0) , P̄ = Pq(t−t0+1). (64)

It is now easy to verify thatvec
{

Σ̂ε̂+z|g+Σ̂−1
zz|g+

}
can be written in the following form:

vec
{

Σ̂ε̂+z|g+Σ̂−1
zz|g+

}
= P




vec
{

Σ̂ε̂tz|g+Σ̂−1
zz|g+

}

vec
{

Σ̂ε̂t+1z|g+Σ̂−1
zz|g+

}

...

vec
{

Σ̂ε̂T−1z|g+Σ̂−1
zz|g+

}




(65)

and similarly

vec
{

Σ̂ε̂+z̄|g+Σ̂−1
z̄z̄|g+

}
= P̄




vec
{

Σ̂ε̂t+1z̄|g+Σ̂−1
z̄z̄|g+

}

vec
{

Σ̂ε̂t+2z̄|g+Σ̂−1
z̄z̄|g+

}

...

vec
{

Σ̂ε̂T z̄|g+Σ̂−1
z̄z̄|g+

}




(66)

This is useful because, as we shall show, it is rather easy to compute the asymptotic covariance of the

(block) rows of the matrices on the right hand side of equations (65) and (66).

An instrumental result is the following:

Lemma 8.4:The oblique projection̂E‖Ĝ[s,T ]

[
ε̂N (s + k) | Z[t0,s)

]
satisfies the following:

Ê‖Ĝ[s,T ]

[
ε̂N (s + k) | Z[t0,s)

]
= Ê‖Ĝ[s,s+k−1]

[
ε̂N (s + k) | Z[t0,s)

]
=

= Ê‖Ĝ[s,s+k−1]

[
eN (s + k) | Z[t0,s)

]
.

(67)

Let us define the shorthandsgk := g[t,t+k) andgk := g[t+1,t+k).

From the fact thatZ[t0,T ] is assumed to be of full row rank, (67) is equivalent to the “dual” equation

for the coefficients (k = 0, .., T − t− 1)

Σ̂ε̂t+kz|g+Σ̂−1
zz|g+ = Σ̂ε̂t+kz|gkΣ̂−1

zz|gk = Σ̂et+kz|gkΣ̂−1
zz|gk

(68)

and (k = 1, .., T − t)
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Σ̂ε̂t+kz̄|g+Σ̂−1
z̄z̄|g+ = Σ̂ε̂t+kz̄|gkΣ̂−1

z̄z̄|gk = Σ̂et+kz̄|gkΣ̂−1
z̄z̄|gk (69)

Proof: Recall from (41) that̂εN (t + k) = Ê[eN (t + k) | Z[t0,t+k)]; from the decomposition

Z[t0,t+k) = Z[t0,t) + Ĝ[t,t+k−1] then (67) follows.

It follows from (65), and (66) together with (68) and (69) that the asymptotic variance we are seeking

can be expressed in terms of variances and covariances of terms of the form

√
NR̂ql

k :=
√

N Σ̂et+kz|gkΣ−1
zz|gk

·=
√

N Σ̂et+kz|gkΣ̂−1
zz|gk k = 0, . . . , T − t− 1 (70)

and
√

N ˆ̄Rql
k :=

√
N Σ̂et+kz̄|gkΣ−1

z̄z̄|gk

·=
√

N Σ̂et+kz̄|gkΣ̂−1
z̄z̄|gk k = 1, . . . , T − t (71)

which we compute in the next proposition.

Proposition 8.5:Let assumptions A1 and A2 be satisfied. Let us define16

zgk
[t0+τ,t+τ) := E

[
z[t0+τ,t+τ) |

(
Gt0+τ

[t+τ,t+τ+k)

)⊥]
,

z̄gk
[t0+τ,t+1+τ) := E

[
z[t0+τ,t+1+τ) |

(
Gt0+τ

[t+1+τ,t+τ+k)

)⊥]
,

Σzgkzgh(τ) := E

[
zgk
[t0+τ,t+τ)

(
zgh
[t0,t)

)>]
.

Similar definitions hold forΣz̄gkz̄gh(τ) and Σzgkz̄gh(τ). Let also17 Qql
k :=

(
Σ−1

zz|gk ⊗ I
)

, Q̄ql
k :=(

Σ−1
z̄z̄|gk ⊗ I

)
andτ := h− k, then:

Σql
11(k, h) := AsCov {√Nvec

(
R̂ql

k

)
,
√

Nvec
(
R̂ql

h

)
} = Qql

k (Σzgkzgh(τ)⊗ Λe)
(
Qql

h

)>
(72)

Similarly

Σql
22(k, h) := AsCov {√Nvec

(
ˆ̄Rql

k

)
,
√

Nvec
(

ˆ̄Rql
h

)
} = Q̄ql

k (Σz̄gkz̄gh(τ)⊗ Λe)
(
Q̄ql

h

)>
(73)

As far as the cross terms are concerned, we have

Σql
12(k, h) := AsCov {√Nvec

(
R̂ql

k

)
,
√

Nvec
(

ˆ̄Rql
h

)
} = Qql

k (Σzgkz̄gh(τ)⊗ Λe)
(
Q̄ql

h

)>
(74)

Proof: See Appendix A.

16The superscriptgk is meant to remind that the processz is taken conditionally on thek lags of the future inputsg.

17Note thatΣzz|gk = Σzgkzgk (0).
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Defining

Σql
11 :=




Σql
11(0, 0) . . . Σql

11(0, T − t− 1)
...

. ..
...

Σql
11(T − t− 1, 0) . . . Σql

11(T − t− 1, T − t− 1)


 , (75)

Σql
22 :=




Σql
22(1, 1) . . . Σql

22(1, T − t)
...

...
...

Σql
22(T − t, 1) . . . Σql

22(T − t, T − t)


 , (76)

and

Σql
12 :=




Σql
12(0, 1) . . . Σql

12(0, T − t)
...

...
...

Σql
12(T − t− 1, 1) . . . Σql

12(T − t− 1, T − t)


 , (77)

from Proposition 8.5 and equations (65), (66) it follows that

AsVar




√

N


 vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

vec
(
Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

)





 =


 P 0

0 P̄





 Σql

11 Σql
12(

Σql
12

)>
Σql

22





 P 0

0 P̄



>

(78)

Collecting the results obtained so far we have basically proven the main result of the paper.

Proof of Theorem 8.1.Recalling that under the assumption thatĀt−t0 = 0

Ãql
N = ∆Ãql

N
·= Σ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g
B̃ql

N = ∆B̃ql
N

·= Σ̂∆vxu|(ξ̂,ê)Σ
−1

uu|(ξ̂,ê)

C̃ql
N = ∆C̃ql

N
·= Σ̂∆vy ξ̂Σ

−1

ξ̂ξ̂

asymptotic normality follows from standard results on asymptotic properties of sample covariances [41][p.

550]. Using Propositions 8.3, 8.5 and equation (78) the asymptotic variance formula follows. ¥

IX. SIMULATIONS

In this section we consider the following simulation setup: the first example is a first order ARX system

A1 = 0.5 C1 = 1 B1 = 1 C1 = 1 K1 = 0.5 D1 = 0

while the second is a first order ARMAX model

A2 = 0.5 C2 = 1 B2 = 1 C2 = 1 K2 = 1 D2 = 0
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The input is of the form

u(t) = 5r(t)− y(t)

where the reference signalr(t) is either unit variance white noise or unit variance white noise passed

through the filter with state space realization:

Ar =


 0 1

−0.9 0.5


 Br =


 1.3

.3




Cr =
[

1 0
]

Dr = 1

We report results comparing the asymptotic variance of the deterministic transfer functions estimators

F̂i(z) = Ĉi(zI − Âi)−1B̂i, i = 1, 2, computed using the expressions of this paper with the sample

variance obtained from500 Monte Carlo runs. Each experiment has been performed usingN = 1000

data points. The future and past horizon have been chosen (somewhat arbitrarily) as follows:t− t0 = 5

andT − t = 5 for the ARX example andt− t0 = 10, T − t = 5 for the ARMAX one.

Note that in this second casēA2 = A2 −K2C2 = 0.5− 1 = −0.5 6= 0 and therefore strictly speaking

the results of the paper do not apply. However the past horizont − t0 is chosen equal to10 so that

Ā10
2 = (−0.5)10 ' 9.8 · 10−4 is negligible to all practical purposes.

The experimental results show that indeed the variance computed using the formulas of this paper is

in very good agreement with the sample variance obtained from the simulations.

The original algorithm by Jansson [30] is indistinguishable from the “geometric version” called “whiten-

ing filter” in this paper. The asymptotic variance of “whitening filter” (computed using the formulas of

this paper and estimated from the simulations) is indistinguishable from the Cramér-Rao lower bound

for the first three examples. In the ARMAX case with colored reference the Cramér-Rao lower bound

is instead smaller than the asymptotic variance for both algorithms analyzed in this paper (see figure 2,

right plot). The interested reader may find in [10] an analysis of the “whitening filter” approach in the

feedback free case.

X. CONCLUSIONS

We have derived the asymptotic covariance of the system parameters estimated by (a version of) the

algorithms proposed in [40], [30], [17] under a simplifying assumption. The tools developed in this paper

allows however to deal with the general case ((t− t0) finite and no assumptions on̄A or on the feedback

channel), which we postpone to future work. In fact if the nilpotency assumptions are not satisfied,
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Fig. 1. EXAMPLE 1 (ARX of order 1): Asymptotic Variance and Sample Variance (Monte Carlo estimate) vs. normalized

frequency(ω ∈ [0, π]) Solid with triangles(4) PEM, dashed with stars(∗): “innovation-estimation”, dashed with crosses

(+): “whitening-filter” algorithm , dotted with circles(o): Jansson’s algorithm, dotted with crosses (+): asymptotic variance for

“whitening-filter”, dotted with stars(∗): asymptotic variance for “innovation-estimation”, dotted with triangles(4): Craḿer Rao

lower bound.

the estimators will be (asymptotically) biased (Ãql∞ 6= 0, Ãwf∞ 6= 0, etc.) and the deviation from the

asymptotic values described by more complicated expressions (see Propositions 7.1 and B.4). However,

as some simulation results confirm, the approximation is reasonable also the system is not of the ARX

type.

APPENDIX A

Proof of Lemma 8.2.Recall that, sincêεN (t) ∈ Z[t0,t), ε̂N (t) = Ê‖Ĝ[t,T ]

[
ε̂N (t) | Z[t0,t)

]
.

Therefore, using the definition ofvN in (51) we can write(∆vx)N from Proposition 6.1 in compact

form as follows:

(∆vx)N = Γ̂−L
N HsÊ‖Ĝ[t+1,T ]

[
ε̂+N | Z[t0,t+1)

]
+

+
(
Kql

N [I 0]− Âql
N Γ̂−L

N Hs

)
Ê‖Ĝ[t,T−1]

[
ε̂+N | Z[t0,t)

]
=

= M̂ ql
x2Ê‖Ĝ[t+1,T ]

[
ε̂+N | Z[t0,t+1)

]
+ M̂ ql

x1Ê‖Ĝ[t,T−1]

[
ε̂+N | Z[t0,t)

]
(A.79)

where the last equality defineŝM ql
x2, M̂ ql

x1.
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Fig. 2. EXAMPLE 2 (ARMAX of order 1): Asymptotic Variance and Sample Variance (Monte Carlo estimate) vs. normalized

frequency(ω ∈ [0, π]) Solid with triangles(4) PEM, dashed with stars(∗): “innovation-estimation”, dashed with crosses

(+) “whitening-filter” algorithm , dotted with circles(o): Jansson’s algorithm, dotted with crosses (+): asymptotic variance for

“whitening-filter”, dotted with stars(∗): asymptotic variance for “innovation-estimation”, dotted with triangles(4): Craḿer Rao

lower bound.

Similarly we have

(∆vy)N =
(
[I 0]− Ĉql

N Γ̂−L
N Hs

)
· Ê‖Ĝ[t,T−1]

[
ε̂+N | Z[t0,t)

]
=

= M̂ ql
y Ê‖Ĝ[t,T−1]

[
ε̂+N | Z[t0,t)

] (A.80)

where the last equality defineŝM ql
y .

Rewriting (A.79) as follows

(∆vx)N = M̂ ql
x1Σ̂ε̂+z|g+Σ̂−1

zz|g+

(
z[t0,t)

)
N

+ M̂ ql
x2Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

(
z[t0,t+1)

)
N

we obtain the sample conditional covarianceΣ̂∆vxξ̂|g as reported in (60). Similar calculations hold for

the other sample covariances. ¥

Proof of Proposition 8.3.We just need to recall that, for matrices of suitable dimensionsvec (ABC) =
(
C> ⊗A

)
vec (B); therefore from (60) we get,

vec
(
Σ̂∆vxξ̂|gΣ−1

ξ̂ξ̂|g

)
=

[ [(
Σ−1

ξ̂ξ̂|gΣ̂>
zξ̂|g

)
⊗ M̂ ql

x1

] [(
Σ−1

ξ̂ξ̂|g Σ̂>
zξ̂|g

)
⊗ M̂ ql

x1

] ]

 vec

(
Σ̂ε̂+z|g+Σ̂−1

zz|g+

)

vec
(
Σ̂ε̂+z̄|g+Σ̂−1

z̄z̄|g+

)

 .
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From standard results (see [19]) the asymptotic properties of the right hand side do not change if we substi-

tute the sample value of
[(

Σ−1

ξ̂ξ̂|gΣ̂>
zξ̂|g

)
⊗ M̂ ql

x1

]
with its asymptotic valueM ql

A1 :=
[(

Σ−1

ξ̂ξ̂|gΣ>
zξ̂|g

)
⊗M ql

x1

]
.

Similar considerations hold also for the other formulas in (60).

¥

Proof of Proposition 8.5.We shall prove only (72), the other expressions follow completely analogous.

Recall that

vec
(
Σ̂et+kz|gkΣ−1

zz|gk

)
=

(
Σ−1

zz|gk ⊗ I
)

vec
(
Σ̂et+kz|gk

)

and

vec
(
Σ̂et+kz|gk

)
= vec

(
Ê

[
eN (t + k)

(
zgk
[t0,t)

)>
N

])
= Ê

[(
zgk
[t0,t)

)
N
⊗ eN (t + k)

]
.

Recalling that, given column vectorsa, b, c, d, it holds thatvec(a ·b>)vec>(c ·d>) = (b⊗a) ·(d>⊗c>) =

(b · d>) ⊗ (a · c>) and using the assumption A1 (see formula (58)), some standard manipulations (see

[41]) yield (τ = h− k)

lim
N→∞

NE{Ê
[(

zgk
[t0,t)

)
N
⊗ eN (t + k)

]
Ê

[(
zgh
[t0,t)

)
N
⊗ eN (t + h)

]T
} = Σzgkzgh(τ)⊗ Λe.

¥

APPENDIX B

In this appendix we derive the asymptotic variance expressions for the “whitening filter” approach. The

proof follows very closely the one for the “innovation estimation” algorithm and therefore only the main

parts shall be reported without proof, which can be easily adapted from the parallel results established

for the “innovation estimation” algorithm.

A decomposition similar to that of Lemma 5.4 holds if, instead of (46) and (47), we use (48) and (49).

Lemma B.1:Let us define,

ˆ̄Hw(t, T − 1) :=




0 0 . . . 0

CΨ̂t 0 . . . 0
...

...
...

...

CΦ(t, T − 2)Ψ̂t . . . CΨ̂T−2 0



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H̄s(t, T − 1) :=




I 0 . . . 0

−CΘ̂t I . . . 0
...

...
...

...

−CΦ(t, T − 2)Θ̂t . . . −CΘ̂T−2 I




and

H̄y(t, T−1) :=




0 0 . . . 0

CK 0 . . . 0
...

...
...

...

CΦ(t, T − 2)K . . . CK 0




H̄u(t, T−1) :=




0 0 . . . 0

CB 0 . . . 0
...

...
...

...

CΦ(t, T − 2)B . . . CB 0




Let us also define

b̄N (t) := ˆ̄Hw(t, T − 1)ŵ+
N

b̄N (t + 1) := ˆ̄Hw(t + 1, T )ŵ+
N

(B.81)

and
v̄N (t) := H̄s(t, T − 1)ε̂+N

v̄N (t + 1) := H̄s(t + 1, T )ε̂+N
(B.82)

Then the future output sequencesy+
N := [yN (t)>,yN (t + 1)>, . . . ,yN (T − 1)>]> can be decomposed

as follows:

y+
N = Γ̄(t, T − 1)x̂N (t)− b̄N (t) + v̄N (t)+

+H̄u(t, T − 1)u+
N + H̄y(t, T − 1)y+

N + ê+
N

(B.83)

and similarly

y+
N

= Γ̄(t + 1, T )x̂N (t + 1)− b̄N (t + 1) + v̄N (t + 1)+

+H̄u(t + 1, T )u+
N + H̄y(t + 1, T )y+

N
+ ê+

N

(B.84)

Note that the dependence from the terms inZ[t,T ] andZ[t+1,T ] has a lower triangular structure.

The state sequenceŝζN (t) and ζ̂N (t + 1) are constructed according to (32). From equations (B.83)

and (B.84) we can see how the error termsb̄N and v̄N affect the state estimators. Defininḡ̂TN (t) :=
ˆ̄Γ−L

N Γ̄(t, T − 1) and ˆ̄TN (t + 1) := ˆ̄Γ−L
N Γ̄(t + 1, T ) a simple manipulation shows in fact that

ζ̂N (t) = ˆ̄TN (t)x̂N (t) + ∆x̄N (t) (B.85)

and

ζ̂N (t + 1) = ˆ̄TN (t + 1)x̂N (t + 1) + ∆x̄N (t + 1) (B.86)
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where18

∆x̄N (t) = −ˆ̄Γ−L
N Ê‖Z[t,T−1]

[
b̄N (t) | Z[t0,t)

]
+ ˆ̄Γ−L

N Ê‖Z[t,T−1]

[
v̄N (t) | Z[t0,t)

]

and

∆x̄N (t + 1) = −ˆ̄Γ−L
N Ê‖Z[t+1,T ]

[
b̄N (t + 1) | Z[t0,t+1)

]
+ ˆ̄Γ−L

N Ê‖Z[t+1,T ]

[
v̄N (t + 1) | Z[t0,t+1)

]

These decompositions are the starting point for obtaining recursions forζ̂N (t) involving the system

parameters. The result, which we summarize in the next Proposition, follows from (B.85), (B.86) and

Proposition 5.3.

Proposition B.2:Let Awf
N := T̂N (t + 1)AT̂−1

N (t + 1), Bwf
N := T̂N (t + 1)B, Cwf

N := CT̂−1
N (t + 1),

Kwf
N := T̂N (t + 1)K, Āwf

N := Awf
N − Kwf

N Cwf
N be the state matrices in the (data dependent) basis

T̂N (t + 1) and

(∆b̄x)N := ˆ̄Γ−L
N Ê‖Z[t+1,T ]

[
b̄N (t + 1) | Z[t0,t+1)

]
+

−Awf
N

ˆ̄Γ−L
N Ê‖Z[t,T−1]

[
b̄N (t) | Z[t0,t)

]− T̂N (t + 1)Ψ̂tŵN (t)

(∆v̄x)N := ˆ̄Γ−L
N Ê‖Z[t+1,T ]

[
v̄N (t + 1) | Z[t0,t+1)

]
+

−Awf
N

ˆ̄Γ−L
N Ê‖Z[t,T−1]

[
v̄N (t) | Z[t0,t)

]
+ Kwf

N ε̂N (t)

(∆b̄y)N := −Cwf
N

ˆ̄Γ−L
N Ê‖Z[t,T−1]

[
b̄N (t) | Z[t0,t)

]

(∆v̄y)N := ε̂N (t)− Cwf
N

ˆ̄Γ−L
N Ê‖Z[t,T−1]

[
v̄N (t) | Z[t0,t)

]

DefiningKwf
N (t) := Kwf

N + T̂N (t+1)Θ̂t and∆T̂N := T̂N (t+1)T̂−1
N (t), the estimated state sequences

ζ̂N (t) and ζ̂N (t + 1) satisfy the following recursion:




ζ̂N (t + 1) = Awf
N ζ̂N (t) + Bwf

N uN (t) + Kwf
N (t)êN (t)+

−(∆b̄x)N + (∆v̄x)N + Awf
N (I −∆T̂N )ζ̂N (t)

yN (t) = Cwf
N ζ̂N (t) + êN (t)

−(∆b̄y)N + (∆v̄y)N + Cwf
N (I −∆T̂N )ζ̂N (t)

(B.87)

The errorsÃwf
N , B̃wf

N , C̃wf
N follows from the relation above similarly to the “innovation estimation”

algorithm presented in the main part of the paper. The main difference regards the presence in the error

of a term originating from the different choice of basisT̂N (t) and T̂N (t + 1).

18These expressions rely on the fact that̂E‖Z[t,T ]

[
ε̂N (t + k) | Z[t0,t)

]
= Ê‖Z[t,t+k)

[
ε̂N (t + k) | Z[t0,t)

]
and

Ê‖Z[t,T ]

[
ŵN (t + k − 1) | Z[t0,t)

]
= Ê‖Z[t,t+k)

[
ŵN (t + k − 1) | Z[t0,t)

]
. The first is proved in Lemma B.6, while the second

is left to the reader.
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Proposition B.3:Let (∆x̄)N := −(∆b̄x)N+(∆v̄x)N+Awf
N (I−∆T̂N )ζ̂N (t) and(∆ȳ)N := −(∆b̄y)N+

(∆v̄y)N +Cwf
N (I−∆T̂N )ζ̂N (t). The error matrices̃Awf

N , B̃wf
N , C̃wf

N obtained solving (33) (or equivalently

(B.87)) satisfy

Ãwf
N = Σ̂∆x̄ζ̂|gΣ̂−1

ζ̂ζ̂|g
B̃wf

N = Σ̂∆x̄u|(ζ̂,ê)Σ̂
−1

uu|(ζ̂,ê)

C̃wf
N = Σ̂∆ȳζ̂Σ̂

−1

ζ̂ζ̂

(B.88)

Proof: The proof follows the same lines as that of Proposition 6.2 and will be omitted.

Unfortunately the analysis of the “whitening filter” based method is complicated by the fact that

the estimated states at timet and time t + 1 correspond in general to different choice of basis (see

equations (B.85) and (B.86)) which is reflected in (B.87) by the terms containing(I − ∆T̂N ). This

difference unfortunately does not even disappear asN →∞ and therefore contributes to the “bias” term.

Under the simplifying assumption that̄A is nilpotent thenT̂N (t) = T̂N (t + 1). The same equality holds

asymptotically ift− t0 increases at a suitable rate withN .

Remark B.8 To the author’s experience both the bias and the fluctuations introduced by the factor∆T̂N

seem to have only marginal effect. A somewhat qualitative explanation of this statement could be as

follows. The matrices19 CΦ(t, t + k) and CΦ(t + 1, t + 1 + k) which constitute thek-th block row

of respectivelyΓ̄(t, T − 1) and Γ̄(t + 1, T ) contain in corresponding positions time varying matrices

K(s) andK(s + 1) which satisfy Riccati-type recursions. If the Riccati recursion is in steady state, i.e.

K(s) = K(s + 1) ∀ s > t − t0 then Γ̄(t, T − 1) = Γ̄(t + 1, T ). In the non steady-state conditions it

may still be reasonable to assume that one iteration of the Riccati equation does not change things too

much. Of course this is just a qualitative statement, but somehow explains the experimental results in

[17] where satisfying results are obtained also when the eigenvalues ofA − KC are close to the unit

circle provided those ofF − LH are nearly zero (see simulation Example 4 in [17]). ♦

Proposition B.4:Let ∆T := ∆T̂∞ and∆T̃N := ∆T −∆T̂N . Then the error matrices̃Awf
N , B̃wf

N , C̃wf
N

admit the decompositions̃Awf
N = Ãwf∞ + ∆Ãwf

N , B̃wf
N = B̃wf∞ + ∆B̃wf

N , C̃wf
N = C̃wf∞ + ∆C̃wf

N where

Ãwf∞ = −Σ∆b̄xζ̂|gΣ−1

ζ̂ζ̂|g + Awf∞ (I −∆T )

B̃wf∞ = −Σ∆b̄xu|(ζ̂,ê)Σ
−1

uu|(ζ̂,ê)

C̃wf∞ = −Σ∆b̄y ζ̂Σ
−1
x̂x̂ + Cwf∞ (I −∆T )

19Recall thatΦ(t, s) :=
∏s−1−t

i=0 (A−K(s− 1− i)C).
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and
∆Ãwf

N
·= Σ̃∆b̄xζ̂|gΣ−1

ζ̂ζ̂|g + Ãwf∞ Σ̃ζ̂ζ̂|gΣ−1

ζ̂ζ̂|g + Σ̂∆v̄xζ̂|gΣ−1

ζ̂ζ̂|g+

+Awf∞ ∆T̃N + (Awf
N −Awf∞ )(I −∆T )

∆B̃wf
N

·= Σ̃∆b̄xu|(ζ̂,ê)Σ
−1

uu|(ζ̂,ê)
+ B̃wf∞ Σ̃uu|(ζ̂,ê)Σ

−1

uu|(ζ̂,ê)
+ Σ̂∆v̄xu|(ζ̂,ê)Σ

−1

uu|(ζ̂,ê)

∆C̃wf
N

·= Σ̃∆b̄y ζ̂Σ
−1

ζ̂ζ̂
+ C̃wf∞ Σ̃ζ̂ζ̂Σ

−1

ζ̂ζ̂
+ Σ̂∆v̄y ζ̂Σ

−1

ζ̂ζ̂
+

+Cwf∞ ∆T̃N + (Cwf
N − Cwf∞ )(I −∆T )

where
·= denotes equality up to terms which areo( 1√

N
) in probability20.

Note that in this case the following parts of the error
√

N(Σ̃∆b̄xζ̂|gΣ−1

ζ̂ζ̂|g + Ãwf
∞ Σ̃ζ̂ζ̂|gΣ−1

ζ̂ζ̂|g + Awf
∞ ∆T̃N + (Awf

N −Awf
∞ )(I −∆T )

√
N(Σ̃∆b̄xu|(ζ̂,ê)Σ

−1

uu|(ζ̂,ê)
+ B̃wf

∞ Σ̃uu|(ζ̂,ê)Σ
−1

uu|(ζ̂,ê)
)

√
N(Σ̃∆b̄y ζ̂Σ

−1

ζ̂ζ̂
+ C̃wf

∞ Σ̃ζ̂ζ̂Σ
−1

ζ̂ζ̂
+ Cwf

∞ ∆T̃N + (Cwf
N − Cwf

∞ )(I −∆T ))

go to zero in probability when̄At−t0 → 0 at a suitable rate (see [8]) withN . Under this condition only the

terms related to∆v̄x and∆v̄y have to be accounted for variance. Both this approach and the computation

of the variance in the general case (fort− t0 finite) would introduce further technical complications.

For reasons of space and ease of exposition we prefer at this point to make the assumption that

Āt−t0 = 0 holds. This, as we have shown in [17], implies thatÃwf∞ = 0, B̃wf∞ = 0, C̃wf∞ = 0 (and also
(
∆b̄x

)
N

= 0,
(
∆b̄y

)
N

= 0, ∆T̂N = ∆T = I); see Proposition B.2, Lemma 5.2 and equation (B.81).

Recall now that under the assumption thatĀt−t0 = 0

Ãwf
N = ∆Ãwf

N
·= Σ̂∆v̄xζ̂|gΣ−1

ζ̂ζ̂|g
B̃wf

N = ∆B̃wf
N

·= Σ̂∆v̄xu|(ζ̂,ê)Σ
−1

uu|(ζ̂,ê)

C̃wf
N = ∆C̃wf

N
·= Σ̂∆v̄y ζ̂Σ

−1

ζ̂ζ̂

we just need to study the asymptotic properties ofΣ̂∆v̄xζ̂|g, Σ̂∆v̄xu|(ζ̂,ê) and Σ̂∆v̄y ζ̂ .

Proposition B.5:Let introduce the shorthandsz+ := z[t,T−1], z+ := z[t+1,T ], z := z[t0,t), z̄ :=

z[t0,t+1). Let M̂wf
x1 :=

(
Kwf

N [I 0]−Awf
N

ˆ̄Γ−L
N H̄s(t, T − 1)

)
, M̂wf

x2 := ˆ̄Γ−L
N H̄s(t + 1, T ) and M̂wf

y :=(
[I 0]− Cwf

N
ˆ̄Γ−L

N H̄s(t, T − 1)
)

.

Let as usual denote the asymptotic values (in probability asN →∞ ) of matrices removing the “hat”

from the symbol denoting the sample version21 (e.g.Mwf
x2 := limN→∞M̂wf

x2 ) and let

20We remind the reader thatAwf
∞ , Bwf

∞ , Cwf
∞ denote the asymptotic values ofAwf

N , Bwf
N , Cwf

N which correspond to the

asymptotic choice of basis in (32) forN →∞.

21We refer the reader to Remark VIII.7 concerning the issue of convergence.
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Mwf
A1 :=

[(
Σ−1

ζ̂ζ̂|g Σ>
z̄ζ̂|g

)
⊗Mwf

x1

]

Mwf
A2 :=

[(
Σ−1

ζ̂ζ̂|g Σ>
zζ̂|g

)
⊗Mwf

x2

]

Mwf
B1 :=

[(
Σ−1

uu|(ζ̂,ê)
Σ>

zu|(ζ̂,ê)

)
⊗Mwf

x1

]

Mwf
B2 :=

[(
Σ−1

uu|(ζ̂,ê)
Σ>

z̄u|(ζ̂,ê)

)
⊗Mwf

x2

]

Mwf
C :=

[(
Σ−1

ζ̂ζ̂
Σ>

zζ̂

)
⊗Mwf

y

]

(B.89)

Then the following first order approximation (up too( 1√
N

) terms in probability) of vectorized sample

covariances can be used to compute the asymptotic distribution:

vec
(
Σ̂∆v̄xζ̂|gΣ−1

ζ̂ζ̂|z

) ·=
[

Mwf
A1 Mwf

A2

]

 vec

(
Σ̂ε̂+z|z+Σ̂−1

zz|z+

)

vec
(
Σ̂ε̂+z̄|z+Σ̂−1

z̄z̄|z+

)



vec
(
Σ̂∆v̄xu|(ζ̂,ê)Σ

−1

uu|(ζ̂,ê)

) ·=
[

Mwf
B1 Mwf

B2

]

 vec

(
Σ̂ε̂+z|z+Σ̂−1

zz|z+

)

vec
(
Σ̂ε̂+z̄|z+Σ̂−1

z̄z̄|z+

)



vec
(
Σ̂∆v̄y ζ̂Σ

−1

ζ̂ζ̂

) ·=Mwf
C vec

(
Σ̂ε̂+z|z+Σ̂−1

zz|z+

)

(B.90)

Proof: Since the proof of this proposition follows the same lines of the proof of Lemma 8.2 and

Proposition 8.3 it will be omitted.

The last effort left is to compute the asymptotic covariance of

 vec

(
Σ̂ε̂+z|z+Σ̂−1

zz|z+

)

vec
(
Σ̂ε̂+z̄|z+Σ̂−1

z̄z̄|z+

)

 (B.91)

Using the same permutation matricesP and P̄ defined in (64) it is possible to write (B.91) in terms

of vec
{

Σ̂ε̂t+iz|z+Σ̂−1
zz|z+

}
, i = 0, .., T − t− 1 andvec

{
Σ̂ε̂t+iz̄|z+Σ̂−1

z̄z̄|z+

}
for i = 1, .., T − t.

An instrumental result is the following:

Lemma B.6:The oblique projection̂E‖Z[s,T ]

[
ε̂N (s + k) | Z[t0,s)

]
satisfies the following:

Ê‖Z[s,T ]

[
ε̂N (s + k) | Z[t0,s)

]
= Ê‖Z[s,s+k−1]

[
ε̂N (s + k) | Z[t0,s)

]
=

= Ê‖Z[s,s+k−1]

[
eN (s + k) | Z[t0,s)

]
.

(B.92)

Let define the shorthandszk := z[t,t+k) andzk := z[t+1,t+k).

Then (B.92) is equivalent to the equation for the coefficients

Σ̂ε̂t+kz|z+Σ̂−1
zz|z+ = Σ̂ε̂t+kz|zkΣ̂−1

zz|zk = Σ̂et+kz|zkΣ̂−1
zz|zk

(B.93)

and

Σ̂ε̂t+kz̄|z+Σ̂z̄z̄|z+ = Σ̂ε̂t+kz̄|zkΣ̂−1
z̄z̄|zk = Σ̂et+kz̄|zkΣ̂−1

z̄z̄|zk
(B.94)
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Proof: The proof follows easily from the fact that̂εN (t + k) = Ê[eN (t + k) | Z[t0,t+k)]

It follows from (B.93) and (B.94) and the discussion after formula (B.91) that the asymptotic variance

we are seeking can be expressed in terms of variances and covariances of terms of the form

√
NR̂wf

k :=
√

N Σ̂et+kz|zkΣ−1
zz|zk

·=
√

N Σ̂et+kz|zkΣ̂−1
zz|zk k = 0, . . . , T − t− 1

and
√

N ˆ̄Rwf
k :=

√
N Σ̂et+kz̄|zkΣ−1

z̄z̄|zk

·=
√

N Σ̂et+kz̄|zkΣ̂−1
z̄z̄|zk k = 1, . . . , T − t

which we compute in the next proposition.

Proposition B.7:Let us assume that the assumptions A1 and A2 hold. Let us define22

zzk
[t0+τ,t+τ) := E

[
z[t0+τ,t+τ) | Z⊥[t+τ,t+τ+k]

]
,

z̄zk
[t0+τ,t+1+τ) := E

[
z[t0+τ,t+1+τ) | Z⊥[t+1+τ,t+τ+k]

]
,

Σzzkzzh(τ) := E

[
zzk
[t0+τ,t+τ)

(
zzh
[t0,t)

)>]
.

Similar definitions hold forΣz̄zkz̄zh(τ) and Σzzkz̄zh(τ). Let also23 Qwf
k :=

(
Σ−1

zz|zk ⊗ I
)

, Q̄wf
k :=(

Σ−1
z̄z̄|zk ⊗ I

)
andτ := h− k, then:

Σwf
11 (k, h) := AsCov {√Nvec

(
R̂wf

k

)
,
√

Nvec
(
R̂wf

h

)
} = Qwf

k (Σzzkzzh(τ)⊗ Λe)
(
Qwf

h

)>
(B.95)

Similarly

Σwf
22 (k, h) := AsCov {√Nvec

(
ˆ̄Rwf

k

)
,
√

Nvec
(

ˆ̄Rwf
h

)
} = Q̄wf

k (Σz̄zkz̄zh(τ)⊗ Λe)
(
Q̄wf

h

)>
(B.96)

As far as the cross terms are concerned, we have

Σwf
12 (k, h) := AsCov {√Nvec

(
R̂wf

k

)
,
√

Nvec
(

ˆ̄Rwf
h

)
} = Qwf

k (Σzzkz̄zh(τ)⊗ Λe)
(
Q̄wf

h

)>
(B.97)

Proof: It is essentially analogous to the proof of Proposition 8.5 and for reasons of space will be

omitted.

Defining

Σwf
11 :=




Σwf
11 (0, 0) . . . Σwf

11 (0, T − t− 1)
...

...
...

Σwf
11 (T − t− 1, 0) . . . Σwf

11 (T − t− 1, T − t− 1)


 , (B.98)

22The superscriptzk is meant to remind that the processz is taken conditionally on thek lags of the joint future.

23Note thatΣzz|zk = Σzzkzzk (0).
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Σwf
22 :=




Σwf
22 (1, 1) . . . Σwf

22 (1, T − t)
...

...
...

Σwf
22 (T − t, 1) . . . Σwf

22 (T − t, T − t)


 , (B.99)

and

Σwf
12 :=




Σwf
12 (0, 1) . . . Σwf

12 (0, T − t)
...

...
...

Σwf
12 (T − t− 1, 1) . . . Σwf

12 (T − t− 1, T − t)


 , (B.100)

from Proposition B.7 it follows that

AsVar




√

N


 vec

(
Σ̂ε̂+z|z+Σ̂−1

zz|z+

)

vec
(
Σ̂ε̂+z̄|z+Σ̂−1

z̄z̄|z+

)





 =


 P 0

0 P̄





 Σwf

11 Σwf
12(

Σwf
12

)>
Σwf

22





 P 0

0 P̄



>

(B.101)

Collecting the results obtained so far we have basically proven the main result of the paper.

Proof of Theorem 8.1.[Whitening filter approach]

For convenience we report, before starting the proof, the asymptotic variance formulas for
√

Nvec
(
Ãwf

N

)
,

√
Nvec

(
B̃wf

N

)
and

√
Nvec

(
C̃wf

N

)
. The formulas are the same as those reported in Theorem 8.1 for

the “innovation estimation” algorithm, provided we substitute the superscriptql with the superscriptwf .

Letting

Mwf :=




Mwf
A1 P Mwf

A2 P̄

Mwf
B1 P Mwf

B2 P̄

Mwf
C P 0




then

AsVar





√
N




vec
(
Ãwf

N

)

vec
(
B̃wf

N

)

vec
(
C̃wf

N

)








= Mwf


 Σwf

11 Σwf
12(

Σwf
12

)>
Σwf

22


(

Mwf
)>

(B.102)

Recalling now that under the assumption thatĀt−t0 = 0

Ãwf
N = ∆Ãwf

N
·= Σ̂∆v̄xζ̂|gΣ−1

ζ̂ζ̂|g
B̃wf

N = ∆B̃wf
N

·= Σ̂∆v̄xu|(ζ̂,ê)Σ
−1

uu|(ζ̂,ê)

C̃wf
N = ∆C̃wf

N
·= Σ̂∆v̄y ζ̂Σ

−1

ζ̂ζ̂

asymptotic normality follows again from standard results on asymptotic properties of sample covariances

[41][p. 550]. Using Propositions B.5, B.7 and equation (B.101) the asymptotic variance formula follows.
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¥

Remark B.9 It is worth noting that under the stated assumption thatĀt−t0 = 0 alsoΘ̂s = 0 ∀s ≥ t. This

implies thatH̄s(t, T −1) = H̄s(t+1, T ) = I which simplifies significantly the variance expressions. The

reason for this simplification is that, in the state recursion (48) the term due toΘ̂t disappears. The same

does not happen for the “innovation estimation” algorithm. We believe this may be the starting point for

further analysis of these formulas. For reasons of space we postpone this discussion to future work.♦
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