Asymptotic variance of closed-loop subspace
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Abstract

In this paper the asymptotic properties of a version of the “innovation estimation” algorithm by Qin
and Ljung as well as of a version of the “whitening filter” based algorithm introduced by Jansson are
studied. Expressions for the asymptotic error as the sum of a “bias” term plus a “variance” term are
given. The analysis is performed under rather mild assumptions on the spectrum of the joint input-output
process; however, in order to avoid unnecessary complications, the asymptotic variance formulas are
computed explicitly only for finite memory systems, i.e. of the ARX type. This assumption could be
removed at the price of some technical complications; the simulation results confirm that when the past
horizon is large enough (as compared to the predictor dynamics) the asymptotic expressions provide a

good approximation of the asymptotic variance also for ARMAX systems.

Index Terms

Subspace Identification, Closed-Loop Identification, Asymptotic Variance

I. INTRODUCTION

Assessing the quality of estimated models is undoubtedly a central issue in system identification,
see [36], [41]. Statistical properties are also fundamental tools to study the relative performance of
different approaches and constitute a starting point for optimizing choices of various user parameters.
While for classical prediction error methods (PEM hereafter) there are well established results concerning

asymptotic statistical properties of the estimators both for open (see [36], [41]) and closed loop (see [20],
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[21]) operating conditions, the same does not hold for the so called “subspace methods”. This class of
methods has been introduced in the last decades by several authors; see for instance [38], [33], [49],
[50], [48], [43], [44], [51], [39] and references therein.

The asymptotic properties of subspace identification methods operating in open loop have been recently
studied by several researchers (see [52], [1], [31], [6], [7], [29], [4], [13], [15], [14] and references therein)
and the field may be considered, even though not yet mature, quite developed. Some of these results
allowed to perform comparison between different subspace methods as in [6], [29], [8], [26], [14] and
also in some cases to show the link with prediction error methods (see [8], [2]).

Unfortunately the analysis for the open loop case cannot be directly applied to data involving feedback.
Several complications arise, first of which the fact that most subspace algorithms do not deliver consistent
estimators when applied to closed loop data. In fact the presence of stochastic feedback (see [25] for a
formal definition) has always been recognized to be an obstacle for subspace methods to work properly
and various attempts have been made in the last decades to extend existing subspace algorithms to deal
with data involving feedback (see for instance [42], [47], [37], [18], [46]). We stress that in many practical
cases feedback is present also if one cannot directly recognize physical controllers which “close the loop”;
therefore it is of great interest to have algorithms which work without any specific assumption on the
feedback structure.

For these reasons much work remains to be done and closed loop subspace algorithms, together with
their asymptotic properties, have been indicated as an “important and open research question” also by D.
Bauer in the Semiplenary Lecture given at the recent International Symposium on System ldentification
(see [3]).

Very recently two subspace methods (see [40], [30]) have been proposed which may be regarded,
in our opinion, as a significant step towards a satisfactory subspace identification algorithm working
with closed-loop data. These algorithms may be seen as implementation of some stochastic realization
procedures introduced in the recent works [12], [11]. Using these tools we have analyzed in [17] the
consistency of these algorithms. Independently a similar analysis has been developed in [34] for the
algorithm first introduced in [40].

In this paper we study the asymptotic behavior of a version of the estimators obtained by the algorithm
introduced by Qin and Ljung in [40] (referred to as “innovation estimation” later on) and by the version of

the algorithm by Jansson as analyzed in [17] (referred to as “whitening filter” latérlarparticular we

1For a motivation of this terminology we refer to the original works [40], [30] or to the paper [17].
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derive asymptotic variance formulas under a simplifying assumption which guarantees that the estimators
are asymptotically unbiasé@nd provide tools to deal with the general case. We consider a version of
Qin-Ljung which uses the so-called “state approach” [5], partly motivated by the results obtained in [10]
concerning optimality of this approach in certain particular cases.

The original algorithm by Jansson [30] requires that a window of Markov parameters be preliminarily
estimated. This two steps procedure seems to require a separate analysis and will be addressed in future
work; in this paper we stick to procedures whidb notrequire anya priori knowledge or preliminary
estimation step.

The structure of the paper is as follows: In Section Il we state the problem, recall some preliminary
results and set up notations.

In Section Ill we provide a brief summary of the algorithms we study.

After this introductory part we analyze the algorithm by Qin and Ljung as a “prototypical” example of
subspace algorithm to illustrate the main ideas which allows to derive the asymptotic variance formulas.
The very same ideas would apply to virtually any subspace algorithm.

Section IV contains a description of the main ideas which allow to derive the asymptotic distribution
of the errors.

In Section V we show how errors originate when working with data sequences of finite leNgth (
finite).

In Section VI we obtain recursions involving the estimated state with finite sequences.

In Section VII we introduce approximations of the error terms which are used in Section VIII to
compute the asymptotic distribution.

Section IX contains some experimental results comparing the asymptotic variance computed using the
formulas of this paper with the sample variance obtained from Monte Carlo simulation. As a demonstrating
example we shall consider the identification of a first order ARX and a first order ARMAX systems with
a proportional controller.

Section X contains some conclusions and open questions for future research.

Most technicalities together with the analysis of the “whitening filter” approach are postponed to
Appendices.

Unfortunately the paper turns out to be rather technical and requires some effort to be read. Nevertheless

we believe the analysis reported is worth the effort both from the practical side, as it allows to assess

2asymptotically in the number of dat& while keeping fixed the past horizdn- to. See later on for details.
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quality of estimated models, and from the theoretical one, as it constitutes a step towards understanding
and hopefully optimizing these kind of identification procedures.

The paper has been structured in a way so that, hopefully, the complicated but seemingly unavoidable
notation is gradually introduced bringing the reader step by step to the proof of the main results.

The reader not interested in the details of the derivation may just read Sections Il and lll, learn about
the general ideas in Section 1V, understand Propositions 5.3, 6.1 keeping track of the notation, understand
the linearizations in Section VII summarized in Propositions 7.1 and study the notation of Section VIl
which contains the main result stated in Theorem 8.1. A parallel derivation for the “whitening filter” may

be found in Appendix B

[I. BASIC NOTATION AND PRELIMINARIES

Let {y(¢)},{u(t)} be jointly (weakly) stationary second-order ergodic stochastic processes of dimen-
sion p andm respectively, which are representable as the output and input signals of a linear stochastic
system in innovation form

x(t+1) = Ax(t)+ Bu(t) + Ke(t)
y(t) = Cx(t)+ Du(t) + e(t)
where in general there may be feedback frég(t)} to {u(¢)} [25], [9], [23], [22]. Without loss of

>t (1)

generality we shall assume that the dimensioof the state vectok(¢) is as small as possible, i.e. the
representation (1) is minimal. For identifiability reasons [23], [22] we assumel}hatO0, i.e. there is

no direct feedthrough frofnu to y. Under this assumption the feedback (if any) can be quite general.
For future reference we definé:= A — KC.

The white noise process the innovation ofy given the joint past of, u, is defined as the (linear)
one step ahead prediction error yft) given the joint (strict) past ofi andy up to timet¢. We do not
make any assumption on the correlation structura @inde; it is well known thate(t) is uncorrelated
with u(s), —oo < s < oo if and only if there is no feedback from to u.

Our aim is to identify the system parametérs, B, C'), or equivalently the transfer functiof(z) =
C(zI — A)~!B, starting from input-output datéys, us}, s € [to,T + N], generated by the system (1)
without any a priori knowledgef the (possible) feedback from to u. This is in contrast with the so-

called joint input-output identification, where a full model of the joint input-output process is sought. Joint

3We shall use interchangeably the notatian(#)} and the simpler symbal to denote the random process, i.e. the collection

of random variablesi(t), ¢ € Z.
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input-output identification is well-established but needs an assumption of linearity (and time invariance)
of the feedback channel and requires to work with more complex (joint) models. Also, obtaining the
parameterg A, B, C) of the direct chain transfer function from the joint identified model requires in
general to solve a nontrivial model reduction problem, see e.g. [32].

In most of this paper we shall deal with random fluctuations due to finite sample length (e.g. approx-
imating expectations with finite time averages, etc.).

We shall use the standard notation of boldface (lowercase) letters to denote random variables (or semi-
infinite tails). Lowercase letters denote sample values of a certain random variable. For example we shall
denote withy(¢) the random vector denoting the output or equivalently the semi-infinite tailXa
matrix) [yt yi+1, --- Yk ---| Wherey, is the sample value of(¢). It can be shown (see [35], [16]) that
the Hilbert spaces of random variables of second order stationary and ergodic process and the Hilbert
space of semi-infinite tails containing sample values of the same process are isometrically isomorphic
and therefore random variables and semi-infinite tails can be regarded as being the same object. For this
reason we shall use the same symbol without risk of confusion.

We shall instead use boldface letters with a subsckipto denote the finite tails of lengthv.

For instanceyn(t) = [yt Yit1, --- YeenN—1)» un(t) = [wp wpr1, ... wyn—1] and zy(t) =
[y () ui(t)] . These are the block rows of the usualata Hankel matricesvhich appear in subspace
identification.

Our N parameter ig in the notation of [44].

Still, in order to deal with realistic algorithms which can only regress on a finite amount of data, we
shall keepfinite past and future horizongvhich play a similar role to the:" parameter of [44]) in
subspace identification. This setting we shall describe as using data fforiteaobservation interval
later on. In fact, in this paper finite (and generally fixed) past and future horizons will hold even when
the sample sizéV is let going tooco ( j — oo) for the purpose of asymptotic analysis. Because of this
intrinsic limitation, the effect of initial conditions has to be taken into account and will play an important
role as we shall see.

For —oo <ty <t < T < +oo we define the Hilbert spaces of scalar zero-mean random variables

Upy, sy = span{ug(s); k=1,...,m, to <s <t}

Yo,y = Span{yk(s); k=1,...,p, o <s <t}
where the bar denotes closure in mean square, i.e. in the metric defined by the inner pgogiict=
E{¢n}, the operatof® denoting mathematical expectation. These arepd® spacest time ¢ of the

processesm andy. Similarly, letU; 1), Yj;, ) be the future input and output spaces up to tiMe
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The joint future, Zj, 7 and joint past, ) spaces are defined &; 7}V Y, 77 and Uy, ) V Y, 1)
respectively, the/ denoting closed vector sum. By convention the past spaces do not include the present.
Whent, = —oco we shall use the shorthand§ , J; for U_ ), Y-, @andZ; = Uy VY, .
Subspaces spanned by random variables at just one time instanti(e,g. Y} ;), etc) are simply
denotedU;, Y, etc. while for the spaces generateddls) andy(s), —oo < s < co we shall use the
symbolsU, Y, respectively.

With a slight abuse of notation, given a subspate_ U Vv Y, we shall denote withE[- | A] the
orthogonal projection ontd; in the Gaussian case the linear projection coincides with conditional
expectation, i.eE[- | A] = E[- | Al.

We adopt the notatioX,p, := E [ab' | to denote the covariance matrix between the random véctors
a andb. In the finite dimensional case the orthogonal projection of the random vatiaiiéo the space

spanned by the vectar, i.e. C := span{c}, will be given by the usual formufa
ElalC] = acYeec. (2)

Whena is a random vectorF [a | €] denotes the orthogonal projection of the components ofito C.
Given a subspace we define the projection erroés:= a — E[a|C] andb := b — E[b|€]; the symbol
Yablc (Or sometimes alsd,p, e) Will denote projection error covariance (conditional covariance in the
Gaussian casé),p|c := Xy, = Zab — YacYea Xeb. Given two subspaceB C UV Y, € C UV Y, with
trivial intersectionB N € = {0}, £ z[- | C] shall denote the oblique projection orfcalong B (see [24],
[16]). If b andc are basis forB and C respectively the oblique projectioh [a|C] can be computed
using the formula:
E||93 [a|C] = Eac|b2;c1‘bc- (3)
For column vectors formed by stacking past and/or future random variables (or semi-infinite Hankel
T
matrices) we shall use the following notation; ;) := [ y'@) y't+1) ... y'(s) ] . Similarly
-
the (finite) Hankel data matrices will be denoted(gs ) , := [ yi@) yhE+1) ... yi(s) }
For ease of notation we shall reserve the special symbols for the finite (future) Hankel data matrices:
Yy = er-1)y Y = Vi) y - (4)

The same notation shall be used for all signals involved (ej{g.sz etc.). Spaces generated by finite

tails, i.e. row spaces generated by finite Hankel data matrices, will be denoted with capital letters (in

4Zero mean.

SProvidedX.. is invertible.
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lieu of script capitals) with the appropriate subscripts. For instdnge,) will be the space generated

by the rows (lengthV vectors) of the matrix(u[tmt)) ~- Sample covariances will be denoted with the
same symbol used for the corresponding random variables with a “hat” on top. For example, given finite
sequencesy (t) = [at, ar+1.., aprn—1] @nd by (t) := [be, bit1.., by n—1] We shall define the sample

covariance matrix
| V-1
3 = § : BT
Eab = N v at_HbtJrl.

Under our ergodic assumptio]\l}n‘_]rpoo Sab Z Sab.

The orthogonal projection onto the row space of matrix shall be denoted with the sytihdor
instance, given a matrigy () := [¢s, ¢i11, .., cean—1), E[|Cy] will be the orthogonal projection onto the
spaceC; generated by the rows efy (t); the symbolE|ay (t)|C;] shall denote the orthogonal projection

of the rows of the matrivay (¢) onto the spac€, and is given by the formula
Elan(t)|Cl) = SacScc en(t) (5)
As above, given a matrixy(t), we define the projection errosy(t) := ay(t) — Elay(t)|Cy] and

by (t) := by (t)— E[bx(t)|Cs]. The sample covariance (conditional sample covariance) of the projection

errors is denoted with the symbhl,y, . := X, and computed by the formula

A N A

2ab|c = Yab — Eacic_clicb

The symboIE||Bt[~\Ct] will denote the oblique projection along the spdgeonto the spac€’; [24]. As
above, the oblique projection can be computed using the formula:

Eyp, [an()|Cl] = SaepSogpen (- (6)

The difference between population and sample covariance matrices shall be denoted with a “tilde”, for
instance
zNlab = Sab — Yab zNlab|c = 2ab\c - 2ab|¢:

All through this paper we shall assume that the joint process is “sufficiently rich”, in the senge, that

admits the direct sum decomposition
Zito, ) = Zlto,t) + Z[t,T)> to<t<T (7)

the + sign denoting direct sum of subspaces. The symbalill be reserved foiorthogonaldirect sum.
Various conditions ensuring sufficient richness are known. For example, it is well-known that for a full-
rank purely non deterministic (p.n.d.) proces$o be sufficiently rich it is necessary and sufficient that

the determinant of the spectral density matbix has no zeros on the unit circle [28].
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This we formalize with the following assumption:
Assumption 2.1The joint process(t) is a full rank (purely non deterministic) stochastic process

whose spectral density matrik, is strictly positive on the unit circle

D, (7)) >l ¢>0,w € 0,27
Note that, for the joint spectrum to satisfy Assumption 2.1, reference signals such as sums of sinusoids
are in general not allowed. This assumption can be relaxed since only full rank of the Hankel data matrix
Zy,,) is required. This condition of course can be checked directly on the data.
We believe entering into the details of such aspects (as done for instance in the book [27]), is outside
of the scope of this paper and therefore we prefer to work under Assumption 2.1.
With the notation introduced above the innovatig), i.e. the one step ahead prediction erroy6f)

based on the joint pagt; is written in the form

e(t) =y(t) - Ey(t) ] Z,]. (8)
We shall use the symbdl, to denote the space generated by the componentst pf
We define the innovation process wfbased on the joint past
w(t) :==u(t)— E[u(t) | Z; VY teZ

Let us define the transient innovations

e(t) == y(t) = Ely(t) | Zpq,p)- (9)

and
Ww(t) == u(t) — E[u(t) | 2,0 V Yo. (10)

We use the “hat” notation on random vecteéxg) (and similarly forx(¢) etc.) to remind that this random
vector are associated with the transient Kalman filter and are a function of the initial time ifgtant
they should not be confused with the stationary innova&n. For ¢ — ty — oo é(t) tends toe(t) (in
mean square). Define also the transient Kalman stéte:= E [x(t) | Z’[tu,t)]- The spaces generated by

the transient innovations are defined as

& :=span{é(t)}, W, := span{w(t)}; (11)

we also introduce

(t) = Sit.s] = Epte) V Uprg)- (12)

(1=}
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Furthermore, recall that, given sequence of random variab(@g), we say that/Nw (V) is asymp-
totically normal if v Nw(NN) converges in distribution to a normal random variable. The variance of this
normal random variable is callemsymptotic variancef v Nw(N).

The symbol= shall denote equality up to terms of ordt{r\im) in probability, whileO(1/+/N) will
be used for terms which are of the orderigh/N in probability. We shall also denote witkec(A) the
column vector obtained by stacking one on top of the other the columns of the maffixe superscript

—L shall denote a matrix left inverse; particular choices of left inverses will be made later on.

A. Some preliminary results

For future reference we report the following proposition from [17] without proof:

Proposition 2.1: Define
X(t) == B [x(t) | Zygouq1y] — X(2) (13)

Then the following representation holds:

X(t+1) = Ax(t) + Bu(t) + Ké(t) + Ax(t) (14)

y(t) = Cx(t)+e(t) (15)

Lemma 2.2:The projection errordx(t) can be expressed as

Ax(t) = Attt (E [x(to) | ét} +E [x(to) | th . (16)
Remark 11.1 Equation (16) guarantees that the teA®(¢) vanishes whent is nilpotent, i.e. A~ = 0.
This happens when the “true” system is of the ARX type. Note that virtually non assumptions on the
feedback mechanism have been made so far, besides that it should guarantee that the joint process is

second order stationary. O

Under the simplifying assumption that feedback is generated through a finite dimensional linear system,
i.e.

t>to (17)

u(t) = Hs(t)+ Jy(t) +w(t)

the expressions in (16) can be made more explicit.

{ s(t+1) = Fs(t)+ Gy(t) + Lw(t)

Lemma 2.3:Assume that feedback is generated according to (17) and défisre’ — LH. Let also
A, := Var{e(t)}, A, := Var{w(t)} and

_ _ t—to
Ac(t —to) := Var{é(t)} = Ae + CA™Dy(r)x(10)2410.0 (AT) ¢

®In this lemma we keep the time indexes also as subscripts of covariance matrices to avoid confusion.
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Aoy (t = to) == Var{w(t)} = Aw + HF' ™" Sy 1500012000 v (F ) TOH T
then the two projections in (16) can be written as:
E[x(to) | &] = Stoyti)zen (A CTAZ(E ~ t0)é(t) (18)

and

E [x(to) | wt] = S(to)sto) 2y vy (FTV O HTAGL(E — to)W(?) (19)
Remark 1.2 Note that, under the finite dimensionality assumption of the feedback channel, the projection
E [x(to) | Wt} vanishes wherF’ is nilpotent, i.e. the subsystem (17) generating the feedback signal is
of the ARX type. This fact will be useful in the analysis if the “innovation estimation” algorithm. From
now on weshall notmake the assumption that feedback is generated according to (17), unless explicit
reference to the matri¥’ is made. The reader may just think that, if the feedback is not generated

according to (17), any condition required @his not satisfied O

In this paper we shall also make use of the “inverse” model of (14). The following lemma has been
proved [17] (see eq. (4.20) and (4.21)).
Lemma 2.4:Let K(t) be a suitably defined time-varying gdithen the following holds:

x(t+1) = (A—K(@#)C)x(t) + Bu(t) + K(t)é(t) — B(t)w(t) (20)
e(t) = —Ox(t)+y(t) (21)

where B(t) — 0 when at least one off*—* — 0, F*~% — 0 holds andK (t) — K when A*~ — 0.
We define, for convenience of notatiof(t) := A — K(t)C, ®(t,s) := [[:25 " A(s — i — 1) where

(t,t) := I and
-

L(t,s):=| CT &T(t,t+1)CT ... @®T(ts)CT

I1l. SUMMARY OF THE ALGORITHMS

In this section we summarize the algorithms that will be analyzed in the rest of the paper. We analyze
a version of the algorithms which uses the so called “state” approach [4], which refers to the fact that the
state matrices are estimated solving a least squares problem starting from the estimated state sequences
(see eq. (27) and (33)). To avoid confusion we shall reserve the syjrHok the state estimate provided

by the algorithm by Qin and Ljung ar@v for those obtained by the algorithm based on the whitening

’Since in this paper we are not interested in modeling the stochastic part, it suffices to nd&that K as A'~" goes

to zero (see [17] for details).
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filter. As we shall see these state estimators correspond to different choice of basis. Therefore we shall

; l l l l . ; ;
denote withA%,, By, C%, K4 the state matrices in the basis
Ty =TT (22)

which follows from (26), i.e. A% = TwATy' etc. Similarly A%, B ¢/ K%/ shall be the state

matrices expressed in the basis

1>

b

wi=T T (23)

which follows from (32), i.e.A%f = TNAﬁgl etc. The superscriptd and*/ stand for “Qin-Ljung”

and “whitening filter” respectively while the subscript reminds that the basis in (26) and (32) depend

on the data lengtliv. This observation will be crucial in the rest of the paper. In fact we shall compare
the estimated system matrices with the “true” ones in a certain “data dependent” basis corresponding to
(22) and (23).

A. The “innovation estimation” by Qin and Ljung
The basic steps of the algorithm in [40] are as follows:
1) Construct the future innovatiorisy (s) = yn(s) — Elyn(s) | Zity,5))s 8 =t,.., T. Definegy (t) :=
[e}(t) ul(#)]" and denote wittGy;, ,,) the space generated by the rows of the mafgix, 1.]) -

2) Estimate the (extended) observability matrix from factorization (weighted SVD) of
I/Vil_E”G[t,Tfl] [y?\} | Z[to:t)] =USV ~ UnSnVnT (24)

where W is a weighting matrix which is usually introduced in subspace identification [45]. The
matricesU,, V,,, denote respectively the firat columns of the matrice& andV, wheren is the
number of “significant” singular values retained$n which is then-dimensional upper left block

of S. The same notation will be used throughout.

An estimate of the observability matrix is obtained discarding the “less significant” singular values
(i.e. pretendingS,, ~ 0) from

I'y =WU,T (25)

whereT" can be any non-singular matrix providing a choice of basis. It will be useful for the analysis
reported in this paper to make specific choice§ afhich shall guarantee that the estimated system

matrices converge regardless of the possible ambigtiiiiethe SVD (24).

8Due to orientation of singular vectors and multiple singular values (if any).
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Of course when implementing the algorithms and also when computing the variance formulas, the
specific?” will not matter. Typical choices of are = I or T = S,/

3) Introducing the (W-weighted) left inverde, " := (f}W—TW—lfNyl AW Tw-t =71y w-!
construct basis for the state space as follows :

~

En(t) :==

>

—L# : AL
N E”(;[LTA] [Y?\—[ | Z[to,t)] En(t+1):= I'y Ellé[t+1,T] [X]J\rf | Z[to,t+1) (26)

4) Solve in the least squares sense

12

En(t+1) ALEn () + Blun(t) + K&en(t) e
yn(t) =~ CUEN(t) +én(t)
to obtain A%, BY, C%, the estimators ofi%,, BY, C% using N data points.
As shown in [17]¢y(t) is an (asymptotically) biased estimatorBixy (t) := E | Tyxn (t) | Zjs.0)|-

As a consequence also the equations (27) should be regarded as only “approximately” satisfied.
As mentioned above, for the purpose of analysis, it is useful to make a specific chditsmthat
the data dependent badisy = f&LF = T—lU,IW—lF converges almost surely to a non-singular matrix

T, which without loss of generality can be chosen equal to the identity matrix.

For instance a straightforward (but not realizable) choice is of course
T=U'Ww-'T (28)

which guarantees thaty = I.
There are many other possible choice§ ofhich serve to this purpose, among which the one proposed
in [8]; it also possible to choos& without knowledge of the true system parametdtsir( (28)). We
stress however that this choice is inessential for the implementation of both algorithms and variance
formulas and is just needed here for the purpose of analysis. Given this for granted, in order to simplify
exposition we prefer not to stick to a specific choicelofind rather make the following assumption:
Assumption 3.1For the purpose of analysis we assume ffiah (25) has been chosen so tha in

(22) converges to a non singular matfix, as N goes to infinity.

B. “Whitening filter’-based algorithm

We analyze a version of the algorithm introduced in [17]. A conceptually similar algorithm, but with
an implementation differing in the preliminary estimation of certain Markov parameters which are used

in place of the oblique projection, has been introduced in [30]. The basic steps are as follows:
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1) Construct the oblique predictogsy (t+ k|t —1) = EIIZ[HW yn(E+E) | Zigg ) k=0,.,T—t—1

and yN(t + k‘t) = E”Z[t+l,t+k) [yN(t + k) | Z[to,t+1)]v k= 17 ) T—1t.

2) Estimate the predictor (extended) observability mafrix, 7 — 1) from factorization (weighted

SVD) of i i
yn(tt—1)
_ yn(t+ 1t —1 _ _
S e
I yn(T =1t —1) |
letting
Iy = WU, T

Also for the “whitening-filter” algorithm for instance the choice

T.:=U]W'T

(29)

(30)

(31)

whereT is the “true” (but unknown) predictor observability matrix, guarantees f’r]\at: 1. Also

in this case we shall not stick to a specitfb but rather work under an assumption similar to

Assumption 3.1.

3) Defining the left inversé%]_VL = (fLW*TW*lfN>

space as follows:

yn(tt—1)
yn(t+ 1]t —1)

| ynv(T-1lt-1)

4) Solve in the least squares sense

~ a3

(n(t+1) =T

yn(t+1[t)
yn(t+2[t)

yn(Tlt)

Cn(t+1) =~ AW+ BY u(t) + K en(t)
yn(t) = Cwlin(t) +én(t)

to obtain A%/, BY/, ¢/, the estimators oA/, BY/, ¢/ using N data points.
N By Oy N By Oy

1 EaS — —
L W=TW~1 construct basis for the state

(32)

(33)

As discussed in [17x(¢) is a biased estimator cf’Nch(t). As a consequence also the equations

(33) should be regarded as only “approximately” satisfied. As we shall see there is one more difficulty

in this case related to the fact thBtt, 7 — 1) is not equal tol'(t + 1,7 for finite ¢t — tq unlessA is

nilpotent.
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IV. OUTLINE OF THE DERIVATION

This section is meant to provide a very “high level” description of the main steps which allow to
derive the asymptotic distribution of the errors as well as a critical discussion of the “changing basis”
approach.

As should be clear from the description in the previous section, both algoftéwmbased on the two
steps:

1) construct matrices which form basis for the state space atttiamel¢ + 1 as done in (26) and (32)

2) solve the state equation in the least squares sense to obtain the system matrices as done in (27)

and (33).

Our strategy to obtain the asymptotic formulas follows the two steps above. For simplicity of presen-
tation from now on we refer to the “innovation estimation” algorithm; the discussion and parallel results
for the “whitening filter” approach are postponed to Appendix B. Recall that for the purpose of analysis
we shall always work under Assumption 3.1 which guaranteesZkatonverges almost surely to a
non-singular? ..

1) First we derive exact expressions for the estimated state sequences of the form:

A En(t) = Tnxn(t) + Axpy(t) (3
En(t+1) :=Tyxny(t+1)+ Axy(t+1)
which express the estimated state sequefgés) andéy(¢t+1) as a non-singular change of basis
of the “true” Kalman state (finite tail) plus perturbation terthg 5 (¢) and Axy (¢+1); these terms
shall include both a “bias” as well as a “variance” part and will be analyzed at the beginning of
Section VI.
2) Then, in Proposition 6.1, we derive “state-like” recursions&grt) and &y (¢ + 1) which involve

the true state matrices in the data dependent Hasisf the form

( -

En(t+1) = ANEN() + Biun(t) + K¥(Hen(t)+
+AZTCN (35)
yn(t) = COFén(t) +én(t)+
+Ayn

\
where Axy and Ay are error terms.

SVirtually all subspace algorithms based on the so called “state approach” [5] follows the same lines.
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3) From equations (35) it will be easy to obtain expressions for the errors:
VNAYL = VN(AY — A%) VNBL .= VN(BY — BY) VNCL .= VN(CE-CL) (36)

which express the estimation error in the data depend HasisThis will be done in Proposition

6.2

In order to derive the asymptotic distribution of (36) we shall need to derive asymptotic equivalent
versions of these error terms via linearization, which is a standard tool in asymptotic analysis [19].
See sections VIl and VIII.

4) The asymptotic distribution of any system invarigf#) which depends differentiably on the system
parameters) = (vecT(A),vecT(B),vecT(C'))T can be found by using well-known linearization
techniques [19].

Some remarks are now in order, especially concerning point 3). The errors are expressed in a data
dependent basis, which means that the estimatorsjﬁg\%yare confronted with the “moving targets”
(say A%).

Under Assumption 3.1y converges and therefore also the moving targ% B4, (J]q\f converge;
this will be needed in the proof.

When it comes to computing asymptotic distribution of (say) transfer function estimators
. . RN
Ffl(z) =€ (21— A%) B
-1
of F(z) = C]‘{f (zI — A%) B?Vl the simple linearization (see for instance [29], [13]):
I{(z) = F(z) = (Cf = CR)(I = AR) ' B + C{(=1 — AJ) ™M (B - BR)+
l IN—1/ Al l IN—1 gl -
+OR (=1 — AR AY — AY) (=] - AF) ' BY=

Al I a1l | Al falN—1/ pal I
= (CF = CR)(=] = AQ)T'BY + CR (=] — AR H(BY — BYy)+
Aql taly—1, Adl ! talN—1 fal
+O{ (2L — AR THAY — AV (2] — AR) ™' BY

(37)

shows that indeed, as system invariants are concerned, errors around a “moving target” do the job. Note
in fact that the linearization above makes sense as Ion(gfl%s— A‘}f,) = O(1/VN), (quvlv - B%) =
O(1/V/N) and (C% — %) = O(1/v/N) in probability, which indeed holds true.
Furthermore, as already mentioned, the specific HAsifoes not matter when it comes to compute
invariants. When computing in practice the asymptotic variance from data, one will just use the estimated
al/2

quantities, which will be obtained from realizable choicelofusually? = I or 7' = S,/7). This can

be easily seen rewriting equation (37) using different choice of Basis
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V. FINITE DATA MODELS

In order to compute the error term&xy and Ayy in (35) we need to consider the finite data
counterparts of state update equations found in Section Il and taken from [17].

We recall from the previous section that the transient innovagig(t) is given by?
en(t) == yn(t) — Elyn(t) | Zig, )] (38)
and the transient Kalman statey (t) := E [xx(t) | Z, +]. Similarly we define
Wi (t) :=un(t) — Elun(?) | Ziter) VY4 (39)
The spaces generated by the transient innovations shall be denoted
Ey := span{én(t)}, W, == span{wx(t)}. (40)

Define also

én(t) == Elen(t) | Zn); (41)

note thatéy (¢) goes to zero a®v goes to infinity.
Remark V.3 This projection residual is the source of errors due to “finite tails”, i.e. approximation of

expected values with with finite sums. O

The following proposition is the analogous of Proposition 2.1 and is the fundamental tool to study
asymptotic properties.
Proposition 5.1: Define

XN (t) = B [xn(t) | Zgy 1)) — % (t) (42)
Then the following representation holds:
xn(t+1) = Axy(t) + Bupn(t) + Kén(t) + (43)
+Keén(t) + Axn(t)

yn(t) = Cxn(t)+en(t) +eén(t) (44)
Proof: The proof is basically the same as that of Proposition 2.1 and can easily be adapted from

the proof found in [17]. ]

Note thatéy (t) is notthe truncation o&(t); as a mnemonic rule the reader may think that truncation of sequences is done
beforeprojection is taken. Therefore firgt(t) is truncated toy 5 (¢) andthenprojected onto the finite padgt [yN(t) | Z[to,t)]-
Recall that the “hat” oréx (¢) reminds that this is #ransientinnovation (finiteto).
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Lemma 5.2:The projection errok (¢) satisfies

A)EN(t) = At~totl (E [XN(to) ‘ EA‘t} + E [XN(tO) ’ Wt])

. ) (45)
= Oen(t)+ U Wwi(t)

Furthermore there exist constantsand 3 so that? HétH?aHZﬁ*tOH and H\ifﬂ]?ﬁ“ﬁt*toy\. If the
feedback is generated according to (17) then #ibd| = O (||[1t‘t°|| : (HFt‘tUH + \%ﬁ)) in probability
holds. Of course a® — oo we obtain exactly the expressions of Lemmas 2.2 and 2.3.

Proof: Again the proof follows the same lines of Lemmas 2.2 and 2.3 and can be adapted from
[17]. [
Remark V.4 Lemma 5.2 implies that, as in the ideal case of infinite dAta{ oc) of Lemma 2.2, the bias
term disappears ifl is nilpotent. To be precise, as in the infinite data setup (see [LA]),|| || F* || = 0
is a sufficient condition ford%, B%, C% obtained by the Qin-Ljung algorithm [40] to be consistent
estimators ofA%, B%, C]q\}. In other words the “innovation estimation” algorithm is consistent if at least
one of the two conditions is verified:

1) the “true” system is of the ARX type

2) feedback is generated according to (17) dffd’ = 0 i.e. it is of the ARX type.

Note that, if A% = 0, the bias due tol, is O(1/+/N) in probability; therefore this term cannot be
neglected when it comes to compute variddc€his would introduce some complications in the formulas
and therefore, for the purpose of exposition, we shall always make the assumptiofithat 0 also

for the algorithm by Qin and Ljung. O

Using the results of Proposition 5.1 and Lemma 5.2 it is convenient to rewrite the state recursions
directly in terms ofw (t), én(t), andéy(t).

Proposition 5.3: Let K (t) := K + ©,; then the truncated Kalman stats(t) satisfies the recursion

xn(t+1) = Axy(t) + Bun(t)+ K(t)en(t) + (46)
+Ken(t) + Uw(t)
yn(t) = Cxpn(t) +eén(t) +en(t) (47)

|- || denotes any matrix norm; we use here the Frobenius norm.

12The author would like to thank an anonymous reviewer for pointing out this fact which had been overlooked in a preliminary

version of the manuscript.
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which can be written in “predictor form” as follows:

}A{N(t + 1) = A(t))A(N(t) + BuN(t) + KyN(t) + (48)
—Osén(t) + U (1)
yn(t) = Cxpn(t) +en(t) +en(t) (49)
where we recall thatl(t) :== A — K(¢)C.
Proof: The proof consist in a simple algebraic manipulation of (43), (44) and (45). ]
Using the machinery developed so far, and in particular equations (46) and (47) we have basically

proved the following technical lemma.

Lemma 5.4:Let v := T — t and define the matrices

o 0 0] [T 0 0|
. v, 0 .0 CK I ... 0
Hw(t7T - 1) = . . . . HS =
| CARY, CUr_y 0 | | CAVK CK I |
and
[ I 0 0] ) 0 0|
. CK(t) I 0 CB 0 ... 0
He(t, T —1):= . . _ _ Hy =
| CAYPK(t) ... CK(T'-2) I | | CAY*B ... CB 0

Let us also define

by(t) := Hw(t, T — )W,
~(t) A( )Wy (50)
by(t+1) = Hw(t+ 1,T)W}

and

v (t) == Hgéh
~(t) N (51)
vn(t+1) == Hgel

Then the future output sequencg§ := [yn(t) ", yn(t+1)7,...,yn(T —1)T]T can be decomposed

as follows:
v = Txn(t) —bn(t) +vn(t) + He(t, T — 1)&} + Hyu}; (52)

and similarly

yi = Txn(t+1) —by(t+1) +vy(t+1) + He(t +1,T)ef + Huu, (53)
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Remark V.5 We would like to recall at this point thabx (¢), and vy (t) are finite tails formed with
sample values of a random process and therefore are subject to random fluctuations. However, we shall
call by(t) “bias term” as it converges to zero ad! || (\|Ft—t0|| + 1/\/JV) does, while we shall call
“variance term” the other as it originates solely from approximation of expectations with finite sums.

It is common use in the subspace identification literature to assume th&t goes to infinity “fast
enough” (see for instance the assumptions in [8])Vas» co so that the bias term can be neglected in
the asymptotic variance computation. This approach would involve some technical complications which
would make the paper even harder to access. We prefer therefore to follow a different line of thought:
we will decompose the bias terhyy (¢) in its asymptotic valud ., (¢) plus a random fluctuatioAb ()
which will contribute to the asymptotic variance. In the simplifying assumption that at least oAe of

F is nilpotent we have thab..(t) = 0 and the more classical kind of results are obtained. O

VI. STATE ESTIMATION WITH FINITE SEQUENCES

The first step in subspace identification is the construction of the state; we have seen in Section llI
that it basically consists of an oblique projection followed by a truncation step using the SVD.

Our program now, as outlined in Section 1V, is to compute the tefms;(¢), Axy (¢t + 1) in (34)

The state sequencésf(t) and fN(t + 1) are constructed according to (26). From equations (52) and
(53) we can see how the error terths; and vy affect the state estimators. Definiflgy := f](,LF a

simple manipulation shows in fact that

A~

En(t) = Tnkn(t)+ Axy(t) (54)
and
En(t+1) = Tnxn(t+1)+Axy(t+1) (55)
where
Axy(t) = _fJ_VLEHGu,T_u [bx(t) | Zity)] + 1Aﬂz_vLEHGA[t,T_l] VN () | Zigy )]
and

Axy(t+1) = —T'J"E [bn(t +1) | Zgyu)] + fJ_VLEHG[HLT] [Nt +1) | Zigurny] -

1Ge+1,7)

Remark V1.6 [Non singularity’3 of 7]

13The author is indebted to an anonymous reviewer for suggesting this remark.
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The data dependent change of basisneeds to be non singular of course. This is guaranteed if, given
'y estimated from (24)f}W—TW—1F is non singular; this certainly holds fav large enough when
the column space df is estimated consistently. Unfortunately this is not the case here since the bias
termby(¢) in (52) does not vanish faN — oo. As we have seen the magnitudelof (¢) decreases as
At=t and F*~* do and therefore one way to guarantee that the effebtydf) is negligible is to chose
t — to large enough. In any case this question deserves further analysis which we postpone to future

work. O

These decompositions are the starting point for obtaining recursiorévf(ﬁy involving the system
parameters. The result, which we summarize in the next Proposition, follows from (54), (55) and
Proposition 5.3.

Proposition 6.1:Let A% := TyATy!, BY .= TyB, C% = CTy', K% = TyK, A% = A% —
K%c? pe the state matrices in the (data dependent) hasiand

(Aby)y = TN By, [t +1) [ Zyaen] +
—ANTN B, BN | Zgyn] = Ty (1)
(Avx)]\/‘ = F_LE||G[t+1 - [ (t + 1) | Z[to,t+1 ] +
AP ” Crnn VN | Zg )] + K%en(t)
l—
(Aby)N = —Cq F HGtT | [bN<t> ’ Z[to, ]
(Avy)ny = en(t) - CNFNLEHGH,T,H YN () | Zity ]

Defining K% (t) := K% +Tx®;, the estimated state sequenégst) andé v (t-+1) satisfy the following

recursion: . X
Ent+1) = ALEn(t) + Blun(t) + KL (H)en(t)+
_(ﬁb$)N + (Avy)n (56)
yn(t) = CLén(t)+én(t)+
—(Aby)n + (Avy) N

which is of the form (35) wheré\xy := —(Ab,)n + (Av,)y andAyy := —(Aby)n + (Avy)n

Quite naturally Proposition 6.1 allows to compute exact expressions for the él%oréql, C’]q\f in the
data dependent basis (step 3) in Section V).

Proposition 6.2:Let Z; := span{{y (1)}, Axy := —(Ab,)x + (Av,)y and Ayy := —(Aby,)y +
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(Av,)n. The error matricesl’,, B%, C% obtained solving (27) (or equivalently (56)) satisfy
YV YN pve
B = % .57} (57)
Ch = Sp,8%

It follows from (56) that

) N . . R
B, |EnE+1) | :t} = Alén() + By, [AXN | :t]
— g -1\ ¢
= (AN + 2057 ) &)
from which A% = A% 4+ fJAxanggél‘g and therefore

Aqt _ qal _ opdl 0 -1
AN—AN AN_ZAngEgg‘g

VII. ASYMPTOTIC EXPRESSION FOR THE ERROR

The expression reported in Proposition 6.2 do not involve any approximation. Unfortunately it seems
not possible to derive directly the asymptotic properties of the errors from (57). This Section is dedicated
to deriving asymptotically equivalent formulas which can be used to compute the asymptotic distribution.
We divide this in two steps:

1) We decompose the erroﬂé{i, B%, Cj’\f, into the sum of their asymptotic (in probability 45— o)

values, which we denotel?, B CZ, plus the random perturbations A%, AB% ACY. The
limiting values represent the bias of the algorithm, as studied in [17]. The differencé%,(etc.)
between the actual errorsifﬁ, etc.) and the limiting valuesﬁ(éé, etc.) are in fact random variables
which, under reasonable assumptions [1], [27], [19], [13], can be shown to be asymptotically normal
with zero mean and a certain (to be determined) covariance matrix.

2) We use standard techniques to obtain manageable expressions which allow to show asymptotic
normality and compute the asymptotic variance as done in [1], [7], [29], [8], [13]. In fact standard
results in asymptotic analysis (see [19], Theorem 6, p. 39) show that one can neglect terms which
are o(ﬁ) in probability. Similar considerations hold for functions of the estimated parameters
whose asymptotic behavior can be obtained using well known linearization techniques (see [19],
Theorem 7, p. 45).
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Proposition 7.1: The error matricesi%, B4 C% admit the decompositiond? = A% + AA%, BY =

BL + ABY, ¢4 = CL + ACY wheré*

-1

Abmﬁlgzéflg

BY — _» Xt
o0 Ab;ul(&-?é) uu|(£,é)

cl=-%n, 3}

AL = %

Ab,£Txx
and
~ql ~ R 1 qal s -1 S R -1
AN = D, ge¥ge T 0D T Eav.éeVede
= R R -1 gl < R -1 3 N -1
ABN = EAbxu‘(fyé)ZuuKé,é) + Boozuu|(€,é)2uu‘(é7é) + EAV'J;U‘(&é)ZuuKé,é)

Aql o -1, Al -1, § -1
AON = apge FORNN tEAe
The first two terms in the linearization vanish when the estimation is not biased, i.e.(vkheny = 0
and(Ab, )y = 0. Something similar happens also in the analysis of certain open loop subspace algorithms

which are biased fot — ¢ finite. Following the approach of [1], [2] we could guarantee that

S oyl L jds oyl
VN (Bap g7, Ak Zegs )

S . -1 Ral - . -1
\/N(EAbxu\(&é)EuuKé,é) + Boozuul(&é)zuuué,é))

N -1 gl y—1
m(zmézéé +CLEen: )

go to zero in probability. Under this condition only the terms relatechtg. and Av,, would have to be
accounted for variance. Both this approach and the computation of the variance in the general case (for
t — to finite) would introduce further technical complications.

For reasons of space and ease of exposition we prefer at this point to make the assumption that at
least one of the equalitied!~% = 0, F*~% = ( holds. This, as we have shown in [17], implies that
A% =0,B% = 0,04 = 0 (and also(Ab,)y = 0, (Ab,), = 0; see Proposition 6.1, Lemma 5.2 and
equation (50).

VIIl. A SYMPTOTIC VARIANCE

In this section we shall state the main result concerning asymptotic normality and give expression for
asymptotic variance of the estimators. We remind the reader that this last section deals with the simplified

case in which the “true” system is of the ARX type (e’ || = 0). As discussed in Remark V.4 and

¥The symbolé in the asymptotic expression indicates that, also asymptotically ,inhe estimated statéN is based on a

finite past window of length — t,. The same will hold foe and (.
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in [17] the assumptionj A*~fo|||| F*~t°|| = 0 would suffice for the algorithm by Qin and Ljung to yield
consistent estimators. However, we prefer here to work under the more stringent assuimptiofi = 0
to simplify the (already complicated) variance formulas.

Theorem 8.1 states the main results also for the “whitening filter” approach in which case the assump-
tion that the true system is ARX (i.¢.A*~%|| = 0) is also needed. The reader is referred to Appendix
B for the notation.

Similar results, but at the price of more complicated assumptions and derivations wouldtheld i
oo at a suitable rate [8] withV. We stress however that the tools developed so far allows to deal with
the general casg#(— ty) finite and no assumptions aA or on the feedback channel) at the price of
course of more complicated formulas.

We shall need to make the following standard assumption on the innovation pedtedst us denote
with F, (z) the o-algebra generated by the past (up to titnexcluded) of the procesge(s)}sez and
denote withE |- | ; (z)] conditional expectation with respect # (z).

« Al. The process{e(t)} is a F, (z)-martingale difference sequence, i.e. a martingale difference

with respect to ther-algebraF, (z) generated by the past measurements, with constant conditional

variance, i.e.
Ele(t)|F, =0
[o(t)| 7 ()] )
Ele(t)e” (t)|F; (2)] = Ae.
« A2. The procesge(t)} has bounded fourth order moments, e} (t)] < co wheree;(t) is the

i-th component ok(t).
We now state the main result of the paper:
Theorem 8.1:Assume that Assumptions 3.1, A1 and A2 hold. Assume also that in the “true” system
generating the dat§A* | = 0 holds. Theny/Nvec ([l%) VNvec (B%) and v/Nvec (C‘%) are

jointly asymptotically normal with zero mean and asymptotic covariance matrix

~ql
vec (A%) y o
=l gl Y X T
AsVar ¢ VN | vec <BN> =M A\ (M) (59)
(@ql> (212) 299
vec N
The matrix M4 is of the form
! | 5
M;IHP M:ZQP
l._ ! | 5
MT = qualp quazp

MEP 0

July 14, 2005 DRAFT



24

where the various symbols will be defined in the remaining part of this Section. In partMQfngng,
etc. will be defined in (61)P and P in (64) andE?j in (75), (76) and (77).

Also under the assumption that—* = 0 a completely analogous statement holds alsa/fdfvec ([l%f) =
V/Nvec (qu\}f — A%f), V/Nvec <Bﬁf) = +/Nvec (B’]“\J,f — B}\U,f) andv/Nvec (é}\’;f) = +v/Nvec (C’}@f — C]“\;f>
computed using the “whitening filter” approach. The formulas are the same as above provided one
substitutes the superscrifitwith the superscript’. The definition of the various symbols are found in
Appendix B. In particularMAf’f, M’Af’Qf, etc. will be defined in (B.89), anﬁ]ﬁjf in (B.98), (B.99) and
(B.100).

In the remaining of this section we shall state some intermediate results which allow to introduce the
notation required; the proof of theorem 8.1 for the “innovation estimation” approach shall conclude the
Section while the part concerning the “whitening filter” approach shall be found in Appendix B.

Recall that under the assumption théit‘ =0

Tql U N —1

Ay =Ady = EAvmﬁ\gzéé\g

Hal pal ¥ S -1
By =ABy = Z]Avmul(ﬁyé)zuul(éé)
~al ~al 2 —1

C;]V - ACJqV EAVyézéé

. . —1
Therefore we shall need to study the asymptotic properﬂ@AQ,f é‘g &6\ szul(ﬁ, )Zlm'(é’é) and

S -1
S av, 5%

Lemma 8.2:Let us introduce the shorthangs := gy 11}, 87 := gj1,17) 2 7= Z10.0)s 2 = 21y 141)
€T = é[t,Tfl} andg* = é[tJrLT]. Then

o . e R
ZAvwflg = M§126+Z‘g+2zzlg+2zé‘g —+ Mq22”r2|g+zz g+ Ezg\g
R T e . R
YavoulEe) = Mo Ee+z\g+2zz|g+2zu\(g &) + ML5 ctalg g g+ Dau|(.0) (60)
EAvyé = M EEJrz|g+2zz|g4rz é

where NI = T H, NIZy = (K11 0] — ASTRFH, ), Mif' = ([10] - CHTRFH, ).
Proof: See Appendix A ]
Using standard results in asymptotic theory [19] one can prove the following.

Proposition 8.3: Let as usual denote the asymptotic values (in probabilitVas» oo ) of matrices
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removing the “hat” from the symbol denoting the sample version (Mﬂz = limNﬁooMgé) and let®

Mgll = (25£1|g 22&\@;) © Mgﬂ

MZJ? = (Ziillg E’Tﬁ\g) © M%}

Mg, = :(Eli\(ém S ee) © M) o1
M, = :(E;i\(é@ S o) © M)

Mg = (o ) o 0]

Then the following first order approximation (up tx{gﬁ) terms in probability) of vectorized sample

covariances can be used to compute the asymptotic distribution:

vec plgt D
& w1 ) - I ! (€Z|g ZZIg+>

vee (S av.a%ede) = | ME M, |

vee zlg* ZZIg+

<Zs+z\g+zzz‘g+> (62)
(i

~ . vec
oS iea) = ]|
vec é‘*’i‘g* ZZZ‘E"’)

Av,ul(§,8) T uu|(€e)
vec (ZA]AVyg Mglvec (25+z|g+ Zzz|g+>
Proof: See Appendix i\ ]

Remark VIII.7 [Convergencé

We remind the reader that convergence to a limif gf (and therefore ot4ql Mgi, etc.) holds only
under Assumption 3.1. However the reader should keep clear in mind that the actual implementation
of the formulas for a specific value df does not need any specific choice Bfwhich, without loss
of generality, the user can choose at will. The same remark applies to the “whitening filter” approach.
In other words, there is no need to transform the estimates into some canonical form to compute the

variance of system invariants. O

The last effort left is to compute the asymptotic variance of

vec (Ee+z|g+ Ezz|g+)
vec <Z§+z|g+ Ezz|g+)

Let now P, be a permutation matrix so that, given a matd} := [a] ,aJ ,..,a;._,] wherea; hasp

5The symbol® denotes Kronecker product, see [24].
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rows andk columns then

vec {a1}
vee { Ay} = Py V%?@} . (63)
| vec {ap—¢} |
For ease on notation, let= p + m and define
P:=PFyutyy » P=Py_t41) (64)

It is now easy to verify thatzec{ €+Z|g+2 |g+} can be written in the following form:

vec { ¢algt Ezz‘y}

Vec{ ¢irzlgt 2 }
VGC{ €+Z|g+2zz\g+} =P 112Zlg zZ‘g+ (65)
vec {XLT 1Z\g+2zz\g+}
and similarly
vee { ér+12Z(gt z]zz\g+}
R _ VGC{A vzt }
vec {Z Zlgt Zi_zl\gr} =P i1 27lg zz\g+ (66)

vec ETZIg+Ezz|g+}
This is useful because, as we shall show, it is rather easy to compute the asymptotic covariance of the
(block) rows of the matrices on the right hand side of equations (65) and (66).
An instrumental result is the following:
Lemma 8.4:The oblique projectiorE”é[s,T] [éN(s +k) | Z[to,s)] satisfies the following:

N

EHG[S‘T] [éN(S +h) | Z[t"’s)] - EHGA[S,SHPU
- EHGA[S‘S+I@—1] [eN(S + k) | Z[to,s)] .

Let us define the shorthangs := g, ;1) andg” := g1 44)-

(67)

From the fact thatZ};, | is assumed to be of full row rank, (67) is equivalent to the “dual” equation

for the coefficientsK =0,..., T —t — 1)

S algt ot s = e algt Sk =2 21 (68)

€ yrzl Errnz|gh Zpg|gh €i+12|8" “gz|gh

and ¢ =1,..,T — 1)
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N ~

26t+kz\g+zzz|g+ = Té4rzlgt zz (69)
Proof: Recall from (41) thatey(t + k) = Elen(t + k) | Zity4+k)); from the decomposition
Z[to,t+k) == Z[to,t) + GA[t,t_;'_k_l} then (67) fOIIOWS .
It follows from (65), and (66) together with (68) and (69) that the asymptotic variance we are seeking

can be expressed in terms of variances and covariances of terms of the form

Hal
\/NRZ \/72e +kz|gk2 1 \/726 +kz|ngzzl|gk k=0,...,T—t—-1 (70)
and
! 3 1 _
qu \/>Eet+kz|gk 222|gk_\/>zet+kz‘gk Eizlg k = 1’ . ’T — t (71)

which we compute in the next proposition.

Proposition 8.5: Let assumptions Al and A2 be satisfied. Let us défine
1
k to+
ﬁfo+rt+r) =K [Z[to+T7t+T ‘ (gt+:t+7+k)> } )
1
=gk o+
[gto+r tHl4r) T E [Z[to+f t+1+7) | <g[t+1T+T t+T+k)> ] J

k oy
Zzgkzgh (T) =F |:Zﬁ‘/0+7'7t+7) (Zﬁ‘,o,t)) :| ’

Similar definitions hold forSz.: (1) and S,eez0 (7). Let alsd? QY = <zzzl|gk ® I) , QI =
<Ezz|gk ® I) andrt := h — k, then:
qu ) \/> Aaql \/> Haql ql ql T (72)
11.(k, h) :== AsCov {V Nvec (Rk) , V Nvec (Rh)} = QY (Bgorzen (7) ® Ae) (Qh>
Similarly
fay fay — — T
Egg(k, h) := AsCov {v/Nvec (Rzl) .,V Nvec (Rzl)} = Qzl (Xzorzan (T) @ Ae) ( ;Ill) (73)

As far as the cross terms are concerned, we have

~ N _ T
29 (k, h) := AsCov {v/Nvec (Rgl) v/ Nvec (R;If)} = QI (Syorgon (T) ® A) (Q?f) (74)
Proof: See Appendix A. ]

®The superscript” is meant to remind that the processs taken conditionally on thé& lags of the future inputg.

YNote thats,, ;v = X,k 49k (0).
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Defining
%41(0,0) 20,7 =t —1)
4] : : : , (75)
(T —t—1,0) ST —t-1,T—t—1)
25 (1,1) S5(1,T 1)
ST —t,1) ... ST —,T—1)
and
l l
%15(0,1) 21,00, —t)
»i = : : : (77)
ST —t—1,1) ST —t—1,T —1t)
from Proposition 8.5 and equations (65), (66) it follows that
“ N T
vec <2€ s ) P o ¢ nd P 0
AsVar { VN R ) G ) (78)
vec (Sevaigt Spalg ) 0 P (%) =% 0 P

Collecting the results obtained so far we have basically proven the main result of the paper.
Proof of Theorem 8.1Recalling that under the assumption thEt? =0

1ql 190 ¥ - —1

Ay = AAY Eszf\gEéé\g

Hal pal % a -1
By =ABy EAVEUKE,é)Zqu(éé)
~al ~ql . = —1

asymptotic normality follows from standard results on asymptotic properties of sample covariances [41][p.

550]. Using Propositions 8.3, 8.5 and equation (78) the asymptotic variance formula follows. Wl

IX. SIMULATIONS

In this section we consider the following simulation setup: the first example is a first order ARX system

A1=05 Ci=1 Bi=1 ;=1 Ki;=05 D=0

while the second is a first order ARMAX model

Ay=05 Cy=1 By=1 Cy=1 Ko=1 D=0

July 14, 2005

DRAFT



29

The input is of the form
u(t) = 5re(t) — y(t)

where the reference signa(t) is either unit variance white noise or unit variance white noise passed

through the filter with state space realization:

0 1 1.3
Ay = B, =
-0.9 0.5 3

Crz[l 0} D, =1

We report results comparing the asymptotic variance of the deterministic transfer functions estimators
Fi(z) = Ci(2I — A)™'B;, i = 1,2, computed using the expressions of this paper with the sample
variance obtained from300 Monte Carlo runs. Each experiment has been performed usirg 1000
data points. The future and past horizon have been chosen (somewhat arbitrarily) as follaiys: 5
andT —t = 5 for the ARX example and — to = 10, T'— ¢t = 5 for the ARMAX one.

Note that in this second cask, = A; — K2Cy = 0.5 — 1 = —0.5 # 0 and therefore strictly speaking
the results of the paper do not apply. However the past horizerty is chosen equal td0 so that
ALY = (-0.5)1% ~ 9.8 10~* is negligible to all practical purposes.

The experimental results show that indeed the variance computed using the formulas of this paper is
in very good agreement with the sample variance obtained from the simulations.

The original algorithm by Jansson [30] is indistinguishable from the “geometric version” called “whiten-
ing filter” in this paper. The asymptotic variance of “whitening filter” (computed using the formulas of
this paper and estimated from the simulations) is indistinguishable from theéGRao lower bound
for the first three examples. In the ARMAX case with colored reference the &@+fRiao lower bound
is instead smaller than the asymptotic variance for both algorithms analyzed in this paper (see figure 2,
right plot). The interested reader may find in [10] an analysis of the “whitening filter” approach in the

feedback free case.

X. CONCLUSIONS

We have derived the asymptotic covariance of the system parameters estimated by (a version of) the
algorithms proposed in [40], [30], [17] under a simplifying assumption. The tools developed in this paper
allows however to deal with the general caée(t,) finite and no assumptions ot or on the feedback

channel), which we postpone to future work. In fact if the nilpotency assumptions are not satisfied,
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White Reference Colored Reference

Asymptotic Variance vs. Sample Variance Asymptotic Variance vs. Sample Variance
10 T T T 10 T T T

Transfer function variance
Transfer function variance

N
S,
T

3 I I I
0 05 1 15 2 25 3 0 05 1 15 2 25 3
normalized frequency w normalized frequancy w

Fig. 1. EXAMPLE 1 ARX of order }: Asymptotic Variance and Sample Variance (Monte Carlo estimate) vs. normalized
frequency(w € [0,n]) Solid with triangles(A) PEM, dashed with star§«): “innovation-estimation”, dashed with crosses
(+): “whitening-filter” algorithm , dotted with circlego): Jansson’s algorithm, dotted with crosses (+): asymptotic variance for
“whitening-filter”, dotted with stargx): asymptotic variance for “innovation-estimation”, dotted with trianglés: Crarér Rao

lower bound.

the estimators will be (asymptotically) biasedgﬁ £ 0, AYS % 0, etc.) and the deviation from the
asymptotic values described by more complicated expressions (see Propositions 7.1 and B.4). However,

as some simulation results confirm, the approximation is reasonable also the system is not of the ARX

type.

APPENDIXA
Proof of Lemma 8.2Recall that, sincéy (t) € Z, 1), én(t) = E||G[t,ﬂ [en(t) | Zityp)) -
Therefore, using the definition ofy in (51) we can write{ Av, )y from Proposition 6.1 in compact
form as follows:

AT ~ R
(Avx)N = FN HSEHG[H—LT] [gj\} ’ Z[to,t—i—l)] +

+ (KGO = AGTNH) By (6] Zgn) = (A.79)
ral A “rql .
= MngHé[m,ﬂ [ex | Z[to,H*l)} + M§1Eué[t,T,1] [ex | Z[to,t)]

where the last equality defineg%,, N9 .
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White Reference Colored Reference

Asymptotic Variance vs. Sample Variance Asymptotic Variance vs. Sample Variance
10 T T T 10 T T T

Transfer function variance
Transfer function variance

N
S,
T

107 L L L L L L 10" L L L L L L
0 05 1 15 2 25 3 0 05 1 15 2 25 3

normalized frequency w normalized frequency w

Fig. 2. EXAMPLE 2 ARMAX of order }: Asymptotic Variance and Sample Variance (Monte Carlo estimate) vs. normalized
frequency(w € [0,n]) Solid with triangles(A) PEM, dashed with star§«): “innovation-estimation”, dashed with crosses
(+) “whitening-filter” algorithm , dotted with circlego): Jansson’s algorithm, dotted with crosses (+): asymptotic variance for
“whitening-filter”, dotted with stargx): asymptotic variance for “innovation-estimation”, dotted with trianglés: Crarér Rao

lower bound.

Similarly we have

(Av,)y = ([10]—0 F—LH) (G [ | Ziy] =

(A.80)
= MJ'E

||G[t,T—1] [éN | Z[tovt)]
where the last equality definé\éfgl.

Rewriting (A.79) as follows

(Avx)N - M EE‘*'Z‘g"'zzz|g4r ( [to,t))N + M E +Z|g+222|g4r (Z[tO:tJFl))

we obtain the sample conditional covariarﬁ)gV fg @S reported in (60). Similar calculations hold for

the other sample covariances. |

Proof of Proposition 8.3We just need to recall that, for matrices of suitable dimensierg ABC) =
(CT ® A) vec (B); therefore from (60) we get,

veo (B0, e ) = [ [(sm) o1 (52, 51, ) @ ] | vee (Seepige Sy )

Av, 3 ' > 2
v.€lg™dlg éélenéle élg “adle . vec (Eé “zlgt Ezzlw)
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From standard results (see [19]) the asymptotic properties of the right hand side do not change if we substi-
-1 T oral it i i ql . _ -1 vwT ql
tute the sample value ‘{(Egggzzg\g) ® Mxl} with its asymptotic valué/;; := [(Zéé‘gEzag) ® Mxl] .
Similar considerations hold also for the other formulas in (60).
[

Proof of Proposition 8.5We shall prove only (72), the other expressions follow completely analogous.

Recall that
vec (i)et+kzlgk Zz_zl|gk> = (Zz_zl|gk & I) vec (f]et+kz|gk)
and

vec (XA]erz‘gk) = vec <E {eN(t + k) (zﬁit));]) =F [(Zﬁﬁ,t)>N ®en(t+ /{)} )

Recalling that, given column vectoisb, c, d, it holds thatvec(a-b" )vec' (c-d") = (b®a)-(d' @c) =
(b-d")® (a-c") and using the assumption Al (see formula (58)), some standard manipulations (see

[41]) yield (r = h — k)

lim NE{E {(z*‘éﬁt))N Qen(t+ k)} E {(zﬁ};t))N ®en(t+h) T} = Y ,akgon (T) @ Ae.

N—o0

APPENDIX B

In this appendix we derive the asymptotic variance expressions for the “whitening filter” approach. The
proof follows very closely the one for the “innovation estimation” algorithm and therefore only the main
parts shall be reported without proof, which can be easily adapted from the parallel results established
for the “innovation estimation” algorithm.

A decomposition similar to that of Lemma 5.4 holds if, instead of (46) and (47), we use (48) and (49).

Lemma B.1:Let us define,

[ 0 0 0]
. v, 0 .0
Ho(t,T —1) :=

| CO(t,T-2)¥, ... CUp_, 0 |
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[ I 0 0]
_ ~CO, I 0
Hy(t, T —-1):= .
| —CO(t, T-2)0, ... —COry I |
and
[ 0 0 ... 0] [ 0 0 ... 0]
_ CK 0 ... O _ CB 0 0
Hy(t,T—-1) := _ _ Hy(t,T—-1) := . .
| CO(t,T-2)K ... CK 0 | | Co(t,T-2)B ... CB 0
Let us also define
ba(t) 1= Hy(t, T — 1)WT
bu(t) = Hw(t.T - )W (581
by(t+1) = Hw(t+ 1,T)Wy
and
v (t) := Hy(t, T — 1)éT,
i) = Hl N (B.82)
Vn(t+1) = Hy(t +1,T)e},
Then the future output sequencg§ := [yn(t) ", yn(t+1)7,...,yn(T —1)7]T can be decomposed
as follows:
= T'(t,T—1xn(t) —by(t) +Vn(t)+
YN (_ )X (t) J_V( )+ VN (t) (B.83)
+Hy(t, T — Du}, + Hy(t,T — 1)y} + &%
(B.84)

L(t+1,T)xn(t+1) —by(t+1) + v (t + 1)+

and similarly
+ =

YN
+Hy(t+ 1, T)ul, + Hy(t + 1, Tyt + &}

Note that the dependence from the termsZjn;; and Z;,; ) has a lower triangular structure.
The state sequencéa;(t) and fN(t + 1) are constructed according to (32). From equations (B.83)

and (B.84) we can see how the error terbwg and v affect the state estimators. Definirng(t) =
TV T(, T — 1) and T (t + 1) := Ty T(t + 1, T) a simple manipulation shows in fact that

(N = Tn(tRn () + Axn(?) (B.85)

(B.86)

and
En(t+1) = Tn(t+Dxy(t+1) + Agy(t+1)
DRAFT
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wheré?8

AxN(t) = “T¥Ejz, . o [PNO) | Ziow] + TN E 20 [FN@O) | Zito )]

and

Axn(t+1) = _f&LEAHZ[tH,T] [BN(t +1) | Z[to7t+1)] + 1_1]_\7LE||Z[t+1,T1 [‘_’N(t +1) | Z[tmtJrl)]

These decompositions are the starting point for obtaining recursioré‘,vf(op involving the system
parameters. The result, which we summarize in the next Proposition, follows from (B.85), (B.86) and
Proposition 5.3.

Proposition B.2:Let A% = T (t + 1)ATR (t + 1), BY = T (t + 1)B, C¥ = CTy (t + 1),
K= Tn(t + DK, A% = A% — K@/ be the state matrices in the (data dependent) basis
Tn(t+1) and

(Aby)y = ffLEAnz,HT [bn(t+1) | Zigy 1)) +
~ ATV By, [bN | Zitoy) — Tv(t + 1) Wi (¢)
AV = DBz, [Vt +1) | Zipurn)] +
AT E g, [N | Zyon] + K en(t
(ABy)N = _CN I‘N Ellz[t,T—lJ[ (t) |Z[to ]
(Av)n = en(t) = CRITN Bz, [o8(8) | Zigo)]

Defining Ko/ (t) := K%/ + Ty (t+1)0; and ATy := T (t+1)T ' (t), the estimated state sequences

Cn(t) andCy(t + 1) satisfy the following recursion:

(

iv(t+1) = Awf<N<t>+BwfuN< )+ Ky (ten (t)+
wf
—(Aby)y + (AN 4+ AV (T — ATw)Cn (t) (B.87)
yn(t) = Cplin(t)+eén(t)
_(Aby)N + (A{’y)N + C]’l(}ff(j - ATN)CAN(t)

The errorsA'y/, B4/, Cw/ follows from the relation above similarly to the “innovation estimation”
algorithm presented in the main part of the paper. The main difference regards the presence in the error

of a term originating from the different choice of badig (¢) and T (¢ + 1).

®These expressions rely on the fact thals, . [en(t+k)| Zion] = Bz, [ENE+E) | Zyr] and
Bz g [WN(t+E—=1) | Zygn) = Bz, 40y [WN(E+ k= 1) | Ziyp)]. The firstis proved in Lemma B.6, while the second

is left to the reader.
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Proposition B.3:Let (A%X)x := —(Ab,)n+(Av,) v+ A% (I-ATw){n (1) and(Ay) v := —(Aby ) y+
(AV,)) N +C% (1-ATy)Cn(t). The error matricesis/, B/, ¢/ obtained solving (33) (or equivalently

(B.87)) satisfy
S—1

“wf )
AY S Axilet g

pwf ¢ o oy—1

By = Pacucotmmico (B.88)
~w f < 31

CN = Ba%

Proof: The proof follows the same lines as tha% of Proposition 6.2 and will be omitted. =

Unfortunately the analysis of the “whitening filter” based method is complicated by the fact that
the estimated states at timeand time¢ + 1 correspond in general to different choice of basis (see
equations (B.85) and (B.86)) which is reflected in (B.87) by the terms contaifing ATN). This
difference unfortunately does not even disappeaNas oo and therefore contributes to the “bias” term.
Under the simplifying assumption thak is nilpotent theril'y (t) = T (¢ + 1). The same equality holds
asymptotically ift — tg increases at a suitable rate with
Remark B.8 To the author’s experience both the bias and the fluctuations introduced by the/dator
seem to have only marginal effect. A somewhat qualitative explanation of this statement could be as
follows. The matrice® C®(t,t + k) and C®(¢ + 1,t + 1 + k) which constitute thek-th block row
of respectivelyl'(t,7 — 1) and I'(t + 1,7) contain in corresponding positions time varying matrices
K (s) and K (s + 1) which satisfy Riccati-type recursions. If the Riccati recursion is in steady state, i.e.
K(s) = K(s+1)Vs>t—tythen(t,T — 1) = ['(t + 1,T). In the non steady-state conditions it
may still be reasonable to assume that one iteration of the Riccati equation does not change things too
much. Of course this is just a qualitative statement, but somehow explains the experimental results in
[17] where satisfying results are obtained also when the eigenvaluds-of{C' are close to the unit

circle provided those of' — LH are nearly zero (see simulation Example 4 in [17]). O

Proposition B.4:Let AT := ATy, and ATy := AT — ATy. Then the error matriced’s’, B4/ ¢/
admit the decompositionds/ = A% + A%, BY = BY + ABY, ¢l = ¢ + ACY where

Twf L -1 wfr
A = =S 5p, 85 T A (- AT)
BY = —x »-!

Ab,u|(¢,8) “uul(é,8)

sl 4+ o (1 - AT)

~wf
Cs *_EAByé X%

Recall thatd(t, s) == [[5-) (A — K(s — 1 —i)C).
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and
26,8657 T A% DT + Bav.eg T
+AY ATy + (A — A% (1 - AT)
ABJl\Uff = iABzu\(&é)E;iKé,é) + Béﬂofiuu‘(évé)zl_ulﬂ(i,é) T 2AJA\’rmul(Clé)21:111|(§,é)
ACYH = San,c S5 + éé"ofié&zgg + 0, S5+
+CY ATy + (C8F — c¥I) (1 — AT)

AAY = %

where= denotes equality up to terms which af(e\/l—ﬁ) in probability?©.
Note that in this case the following parts of the error

VN(Eap g8, T A Seq Bot + AW AT + (AY — AY) (1 - AT)

g g™ élle
S . —1 RWf 5 N —1
VNG b, w66 Zaaico) T P Suulco) Zaulce)
VN(S,5, 52251 + é;gfi&zgg + CY ATy + (CY — C¥I) (I — AT))

go to zero in probability wherl!~* — 0 at a suitable rate (see [8]) witN. Under this condition only the
terms related ta\v, andAv, have to be accounted for variance. Both this approach and the computation
of the variance in the general case (for ¢, finite) would introduce further technical complications.

For reasons of space and ease of exposition we prefer at this point to make the assumption that
At=t = 0 holds. This, as we have shown in [17], implies tb#f/ = 0, B% = 0,C% = 0 (and also
(ABx)N =0, (ABy)N =0, ATy = AT = I); see Proposition B.2, Lemma 5.2 and equation (B.81).

Recall now that under the assumption thit % =0

Awf _ A pqwf ¥ .oyl
B = ARy = S T
quf _ Aguf - § et
By =ABy = EA%uI(Qé)Zuu\(é,é)
Cl =acy = 5., 52561
we just need to study the asymptotic propertieﬁgfv“é'g, 2A\7.u|(f & and Savé-

Proposition B.5:Let introduce the shorthands™ := zp 1), 27 = Zpi1 1), 2 2= Zpyy), 2 =
2y 141)- Let MY = <K}$f[l 0] — AYT P HL (T - 1)), MY = TYPHL(E+ 1,T) and M2F =
<[I 0] — CY TV H (T - 1)).

Let as usual denote the asymptotic values (in probabilitifVas> oo ) of matrices removing the “hat”

from the symbol denoting the sample ver%(e.g.Mfo = limNHoo]\Z/;”Zf) and let

2We remind the reader that/, BY/ C“/ denote the asymptotic values af2/ B/ C“/ which correspond to the

asymptotic choice of basis in (32) fd¥ — co.

Z\We refer the reader to Remark VIII.7 concerning the issue of convergence.
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Myl = (Eccﬁg S )®M }

My = (Eccﬁg S )®M }

Mg{ = (EuU\Ce zu\:e)) ®wa} (B.89)
gl o= (T wnl(C.8) zuwce)>®M /|

vy = (g =]) o 0]

Then the following first order approximation (up tx()ﬁ) terms in probability) of vectorized sample

covariances can be used to compute the asymptotic distribution:

vec ( €+Z\Z+Zzz\z+>
vec ( €+Z‘Z+ZZZ‘Z+>
vec (E€+Z|Z+Ezz‘z+) (B.90)

S —1
vec (E +zjzt Sy Z\F)

3 5w T f f
vee (Bav,q67ed,) = | Mal M |

- ) -1 - f f
vee (EAmu\(c,aEuuué,é)) - { Mgy Mp; }

vee (5,57 ) =ME!vee (Sergar S5h,.
Proof:. Since the proo? of this proposition follows the same lines of the proof of Lemma 8.2 and
Proposition 8.3 it will be omitted. ]

The last effort left is to compute the asymptotic covariance of

vec (XAIE+Z‘Z+ EZZ|Z+)
vec (E +Z‘Z+ZA]Z_ZI|Z+)
Using the same permutation matricBsand P defined in (64) it is possible to write (B.91) in terms

oi=0,,T —t—1andvee {Si 5 S0, ) fori=1,.,7 .

(B.91)

zz|z+

of vec {EQ+ Z|Z+E
An instrumental result is the following:

Lemma B.6:The oblique projectiorﬁ“”Z[m [én(s + k) | Zy,,s)] satisfies the following:

B gy [N+ K) [ Zio)] = Blzieinmsy [EN(s +K) | Zty)] = (B.92)
= EHZ[s s+k—1] [eN(S +k) | Z[to,s)] .
Let define the shorthandd := zj; ;) andz® ;= z 4 414

Then (B.92) is equivalent to the equation for the coefficients

. . e PR

Eév:JrIvZ|Z+Ezz\z+ - Eéwkz‘zkzzz\z’“ - EetJrkZ|ZkEzz|z’C (893)
and

2€t+kilz+2ii\z+ = igwkz\zkii_il\zk = iet+ki|zkii_;|zk (B'94)
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Proof: The proof follows easily from the fact thak (¢t + k) = Elen(t + k) | Zty t+k)) [
It follows from (B.93) and (B.94) and the discussion after formula (B.91) that the asymptotic variance

we are seeking can be expressed in terms of variances and covariances of terms of the form

VNRY = \erwzhkz =V NSe, Sl k=0, T—t—1

zz|z"
and
VNRY = VNS, 25,

=VN2e apX i k=1,...T—t

zzZ|zk z7|z"

which we compute in the next proposition.

Proposition B.7:Let us assume that the assumptions Al and A2 hold. Let us d&fine

zk L 1
Bty rirr) = L |:Z[t0+T,t+T) | Z[t+7‘,t+7’+k]} ,

_ ok o 1
Lltotrt+147) "= b [Z[t0+7¢+1+7) | Z[t+1+7,t+7+k]] )

T
zk zh
Zzzkzzh (7—) = E |:Z[t0+7',t+7') (Z[to,t)) :| .

Similar definitions hold for,-rz-» (1) and $,-x5-1 (7). Let alsd® ,‘jf = (Zzzﬁzk ®I) vl
(2,}# ® I) andr := h — k, then:

77|

51 (k1) 1= AsCov {VIvee (B}, VNvee (RiF)} = Q1 (Spogen (r) @A) ( ;jf)T (B.95)

Similarly

E;L’Qf(k, h) := AsCov {v/Nvec (éff) .V Nvec (]i%;”f)} = QZ"f (Sgeigen (7) @ Ae) <’7;va)—r (B.96)

As far as the cross terms are concerned, we have

54 () i= AsCov {v/Nvee (B ), VNvee (BT )} = Q1 (Spogen(r) @A) (Q;ff)T (B.97)
Proof: It is essentially analogous to the proof of Proposition 8.5 and for reasons of space will be
omitted. n
Defining
>/ (0,0) - v 0,7 —t - 1)
2 = : : : (B.98)
eI T—t-1,00 ... ST —-t-1,T-t-1)

22The superscript” is meant to remind that the processs taken conditionally on thé lags of the joint future.

“Note thaty,, . = ¥,k (0).

July 14, 2005 DRAFT



39

E;Qf(lvl) 2121}2f(17T_t)

Dy = E : : (B.99)
sef(r—t,1) ... S8 -+, T 1)
and
»f(0,1) >0, T —t)
s = : : , (B.100)
s T —t-1,1) ... 2@ —-t—1,T7—1)

from Proposition B.7 it follows that

-
S SV — f wf
vec (E€+z|z+zzzl‘z+> P 0 XY 213 P 0
Asvar o VN ) sl "o p sef) | s 0 P
VEC \ 2t zlzt a5+ 12 22
(B.101)

Collecting the results obtained so far we have basically proven the main result of the paper.
Proof of Theorem 8.1 Whitening filter approach

For convenience we report, before starting the proof, the asymptotic variance formulas fer: ([l}(’,f) ,
V/Nvec (Bﬁf) and v Nvec (C‘ﬁf) The formulas are the same as those reported in Theorem 8.1 for

the “innovation estimation” algorithm, provided we substitute the supers€rigith the superscript’/.

Letting
My mylp
fo_ f T
M= Mglp MgQP
!
MEP 0
then
o
e () =Y -
AsVar § VN | vee (BRY) | 0= M - (Mwr) (B.102)

vec (éﬁf )

Recalling now that under the assumption that’ = 0

Twf A jwf ¢ D Sous

Ay =AAY = A%CIgECfIg

Swf pwf - § 2 -1

By =ABY = EA\’IIUI(Qé)Zuu\(f,é)
~ f . =~ f - S -1

CN =ACY = 35,55

asymptotic normality follows again from standard results on asymptotic properties of sample covariances

[41][p. 550]. Using Propositions B.5, B.7 and equation (B.101) the asymptotic variance formula follows.
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Remark B.9 It is worth noting that under the stated assumption thfat® = 0 also©, = 0 Vs > ¢. This
implies thatf(t, T —1) = Hs(t+1,T) = I which simplifies significantly the variance expressions. The
reason for this simplification is that, in the state recursion (48) the term dée tisappears. The same
does not happen for the “innovation estimation” algorithm. We believe this may be the starting point for

further analysis of these formulas. For reasons of space we postpone this discussion to futur@ work.
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