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1.1 INTRODUCTION

In biology the notion of motif plays a central role for describing various phenom-
ena. For example, protein functional motifs, like the ones contained in the PROSITE
database [20], e.g. [FY ]DPC[LIM ][ASG]C[ASG] , are in general represented as
motifs with character classes. These motifs are collected using semi-automatic pro-
cedures, nevertheless they are still manually verified.

The discovery of sequence motifs in proteins and genes is becoming increasingly
important [2, 29]. Such motifs usually correspond to residues conserved during evo-
lution due to some significant structural or functional role. Moreover the increasing
availability of biological sequences, such as whole genomes, from next-generation
sequencing technologies to new protein discoveries, has increased the need for auto-
matic methods for their analysis and comparison.

In order to fill this gap, researchers have developed several approaches over the
years. Typically these approaches follow in popular frameworks of motif discovery
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and matching [4, 6, 17, 23, 26, 30, 41, 44]. Although such methods have been
exhaustively consolidated and successfully tested on small genomes and set of pro-
teins [12, 21, 25], the algorithm’s outcome often exceeds the length of the original
input [10, 36, 40], making it impossible to be handled and then interpreted for fur-
ther analyses that require manual inspection. The main underlying difficulty of these
frameworks is that, in order to model mutations and other evolutionary mechanisms,
motifs have to account for some degree of variability. To this end motifs are often
modeled to include undetermined symbols, ‘.’ called don’t care , e.g. DPC.IM..C ,
or classes of symbols, e.g. [FY ]DPC[LIM ][ASG]C[ASG]. Unfortunately the dis-
covery and matching of such motifs can be prohibitive. In fact, even in a simple string
there might be an exponential number of motifs with don’t care symbols.

The rest of the chapter is organized as follows. In Section 1.2, we give a charac-
terization of motifs with character classes, following with the notion of motif priority
for comparing and ranking different motifs together. In Section 1.3, we introduce the
concept of underlying motifs for filtering any set of motifs with character classes into
a new set that is linear in size with respect to a reference sequence. We then present
an algorithm to compute this new set exploiting the notions of Section 1.2. Finally,
in Section 1.4 we discuss some preliminary results on the identification of signals in
protein sequences by means of underlying motifs.

1.1.1 Ranking and Clustering Motifs

To cope with the combinatorial explosion of motifs, motif discovery tools must first
shrink the search space. In this regard, a number of different techniques have been
proposed over the past two decades. In general these techniques are based on the
lexicographic composition of motifs [3, 5, 22, 28, 34] or on their statistical distribu-
tion [6, 33, 42]. Despite that, the number of motifs in output still remains in most
cases intractable.

Moreover all motif discovery tools must ultimately rank the output, according to
some measure of importance. For example, even if very sophisticated probabilistic
scoring mechanisms are in place in a state-of-the-art tool such as Varun [4], there are
cases where the direct interpretation of results is far from trivial. Let us consider, for
instance, the worst case of [4] presented in Figure 1.1. The functionally relevant motif,
shown in bold, appears at position 42 , whereas almost all top motifs are somehow
very similar. In order to filter out this output and enhance its readability, there are
two main issues. On the one hand, most motifs are very similar in sequence and
therefore they must be clustered together in some way. On the other hand, if we are
interested in a specific region of the reference sequence, one would like to select the
most important motif that appears in that region according to some rule. These two
issues are in practice tightly related and they need to be addressed as one.

1.1.2 Ensemble Methods

In the last decade a number of ensemble methods have been developed [35, 43, 46].
The basic idea is that one can integrate the outcome of several motif discovery al-
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Rank z-score Motif
1 2,84E+09 Y...L...C..[FYW]A..[STAH]R..P..FNE[STAH]K.I.F[STAH]M
2 8,28E+07 V-(1,3,4)G...S..[STAH]....N...L....Q-(4)[STAH]....L.[DN]...[FYW]..F....P....Q..A...I
3 5,55E+07 L-(2,3)F...Q....[STAH][STAH]...L.[DN]...[FYW]..F.R..P.D..Q..A...I
4 4,27E+07 L-(2,3)F...Q.[STAH]..[STAH][STAH]....S....[FYW]..F.R..P.D..Q..A...I
5 4,23E+07 L....I...[STAH]..[STAH]....LS[DN]...[FYW]..F.R..P.D..Q..A...I
6 3,99E+07 LF-(3)Q....[STAH][STAH]....S[DN]...[FYW]..F.R..P.D..Q..A...I
7 3,38E+07 LF-(3)Q....[STAH][STAH]...L.[DN]...[FYW]..F.R..P.D..Q..A...I
8 3,38E+07 LF...Q....[STAH]-(4)L.[DN]...[FYW]..F.R..P.D..Q[STAH].A...I
9 3,29E+07 I-(1)Q.[STAH]..[STAH]....LS[DN]...[FYW]..F.R..P.D..Q..A...I

10 3,29E+07 I.Q-(4)[STAH]....LS[DN]...[FYW]..F.R..P.D..Q[STAH].A...I
11 3,29E+07 I.Q.[STAH]..[STAH]-(4)LS[DN]...[FYW]..F.R..P.D..Q..A...I
12 3,10E+07 L....Q-(1,4)[STAH]..[STAH]....LS[DN]...[FYW]..F.R..P.D..Q..A...I
13 2,77E+07 L[FYW]-(3)Q.[STAH]..[STAH]....LS....[FYW]..F.R..P.D..Q..A...I
14 2,58E+07 L-(4)Q.[STAH]..[STAH]....LS[DN]...[FYW]..F.R..P.D..Q..A...I
15 2,30E+07 S.[STAH]S-(2,4)LS[DN]...[FYW]..F.R..P.D..Q[STAH].A...I
16 2,15E+07 L-(1,3,4)C..[FYW]A..[STAH]R..P..F.E.K.I.F.M
17 1,40E+07 F-(1)I.Q...[STAH][STAH]-(4)L[STAH]....[FYW]..F.R..P.D..Q..A...I
18 1,37E+07 L-(2,4)I...[STAH].[STAH].[STAH]-(3)LS....[FYW]..F.R..P.D..Q..A...I
19 1,02E+07 L..I-(1)Q....[STAH][STAH]....S....[FYW]..F.R..P.D..Q..A...I
20 8,65E+06 I-(1)Q....[STAH][STAH]...L.[DN]...[FYW]..F.R..P.D..Q..A...I
21 8,19E+06 S[STAH]-(1,2,3,4)LS[DN]...[FYW]..F.R..P.D..Q[STAH].A...I
22 7,98E+06 Q-(3)[STAH][STAH]....LS[DN]...[FYW]..F.R..P.D..Q..A...I
23 6,82E+06 F-(3)Q....[STAH][STAH]...L[STAH]....[FYW]..F.R..P.D..Q..A...I
24 5,66E+06 A[STAH][STAH]-(2,3)LS[DN]...[FYW]..F.R..P.D..Q..A...I
25 5,57E+06 F.I-(3)[STAH]..[STAH]....L[STAH]....[FYW]..F.R..P.D..Q..A...I
26 5,18E+06 L.L-(4)Q....[STAH]....L-(1)[DN]...[FYW]..F.R..P.D..Q..A...I
27 3,61E+06 L.L-(2)I...[STAH]...[STAH]....[STAH]....[FYW]..F.R..P.D..Q..A...I
28 3,48E+06 [STAH].[STAH]-(1,2,3)LS[DN]...[FYW]..F.R..P.D..Q..A...I
29 3,17E+06 [STAH]...[STAH]...LS[DN]...[FYW]..F.R..P.D..Q..A...I
30 2,47E+06 L....Q-(4)[STAH][STAH]....S....[FYW]..F.R..P.D..Q..A...I
31 2,43E+06 V-(1,3)N.L....I-(3)[STAH]...[STAH]....[STAH]....[FYW]..F....P.D..Q..A...I
32 2,22E+06 [STAH][STAH][STAH]-(1,2,3)LS....[FYW]..F.R..P.D..Q..A...I
33 2,06E+06 [STAH].[STAH][STAH]....LS....[FYW]..F.R..P.D..Q..A...I
34 2,03E+06 Y...L...C...A...R..P..F.E.K.I-(1,4)[FYW][STAH]
35 1,99E+06 I.Q...[STAH]-(1)[STAH]...L.[DN]...[FYW]..F....P.D..Q..A...I
36 1,99E+06 I.Q-(1)[STAH]...[STAH]...L.[DN]...[FYW]..F....P.D..Q..A...I
38 1,97E+06 F.I...[STAH]-(3)[STAH]...L.[DN]...[FYW]..F....P.D..Q..A...I
40 1,97E+06 F.I-(3)[STAH]..[STAH]....L.[DN]...[FYW]..F....P.D..Q..A...I
41 1,91E+06 [STAH]..[STAH].K-(1,4)P..FNE[STAH]K.I.F[STAH]M

42 1,72E+06 CC[FYW].C..C....[FYW]-(2,4)[DN]..[STAH]C..C
43 1,57E+06 [STAH]-(1,3,4)[FYW]A..[STAH]R..P..F.E.K.I.F.M
44 1,49E+06 A-(1,3)[STAH]...L[STAH][DN]...[FYW]..F.R..P.D..Q..A...I
45 1,36E+06 Q...[STAH].[STAH]-(3)L[STAH]....[FYW]..F.R..P.D..Q..A...I
46 1,32E+06 I-(3)[STAH]..[STAH][STAH]....S....[FYW]..F.R..P.D..Q..A...I
47 1,31E+06 [STAH][STAH]-(1,2,3,4)L.[DN]...[FYW]..F.R..P.D..Q..A...I
48 1,24E+06 [STAH]..[STAH][STAH]-(1,3)LS....[FYW]..F.R..P.D..Q..A...I
49 1,19E+06 [FYW]-(1,3,4)[STAH]...P..FNE[STAH]K.I.F[STAH]M
50 1,12E+06 I...[STAH]-(3)[STAH]...L[STAH]....[FYW]..F.R..P.D..Q..A...I

Figure 1.1 One of the functionally relevant motifs is shown in bold for G-protein coupled receptors
family 3 (id PS00980). Output of Varun [4] for 25 sequences of about 25,000 amino acids each.

gorithms based on simple and efficient heuristics, to improve the ability of finding
functional motifs in specific contexts. The ensemble methods actually rank all pre-
dicted motifs according to some scoring functions, and then report the top motifs.
WebMotifs [35], ARCS-Motif [46], MotifMiner [11], and MotifVoter [43] assume
that some of the motifs given by the consensus of several finders are likely to be
functional motifs. They ultimately cluster all motifs and report only those from the
best clusters. However, if none of the motifs from the individual finders can accu-
rately capture the binding sites, the performance of the ensemble methods will suffer.
Although these ensemble methods indeed help to improve the performance of motif
finding, the improvement is usually not significant. For example, in Tompa’s bench-
mark [39] and Escherichia coli datasets, the average sensitivity is only improved by
62%, but the average precision is reduced by 15%.

This relatively new topic deserves more attentions, along with its mathematical and
combinatorial foundations. In this chapter we will discuss the basic problems behind
motifs comparison and ranking. We will show how simple lexicographic properties
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   --------- +++++++++

   9876543210123456789

   ...................

 1 GTATCACCGCCAGTGGTAT

 2 ATACCACTGGCGGTGATAC

 3 TCAACACCGCCAGAGATAA

 4 TTATCTCTGGCGGTGTTGA

 5 TTATCACCGCAGATGGTTA

 6 TAACCATCTGCGGTGATAA

 7 CTATCACCGCAAGGGATAA

 8 TTATCCCTTGCGGTGATAG

 9 CTAACACCGTGCGTGTTGA

10 TCAACACGCACGGTGTTAG

11 TTACCTCTGGCGGTGATAA

12 TTATCACCGCCAGAGGTAA

12 Lambda cI and cro binding sites
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Figure 1.2 An example of sequence alignment logo taken from [37].

can help to select a small subset of motifs, therefore filtering the output of any finder
to a more tractable size.

1.1.3 Motif Representation

In general a motif is represented by an ordered sequence of symbols and a set of
locations where it appears. The motif, along with its list of occurrences, are usually
extracted from one or more reference sequences over a fixed-length alphabet Σ.

To model mutations and other evolutionary events, a number of formalisms have
been introduced. For example, position-specific scoring matrices (PSSMs, [7]) are
widely used to model transcription factor binding sites, where each score represents
the probability, or number of times, that a given symbol appears at a certain position.
See Figure 1.2 for an example, including the multiple alignment of sequences that
generates a PSSM.

Another popular model are character classes, like the IUPAC alphabet.1 For protein
sequences a number of clustering approaches have been proposed [14, 19, 20, 24].
Similarly, other protocols exist for DNA [13], and also for RNA. For example, the
PROSITE motif for the Nickel-dependent hydrogenases large subunit signature is
RG[LIVMF ]E............[QESMP ][RK].C[GR][LIVM ]C.

1IUPAC stands for International Union of Pure and Applied Chemistry. The alphabet main reference
is: Nomenclature committee of the International Union of Biochemistry (NC-IUB), “Nomenclature for
incompletely specified bases in nucleic acid sequences. Recommendations 1984.” Journal of Biological
Chemistry 261, 13–17.
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In this study we are interested in motifs with character classes. Most of the time,
even if the classification, say of amino acids, might lead to a partition of symbols, in
practical cases motifs show classes with non-empty intersections. For example, in the
above motif there are intersections between classes, like that of [RK] with [GR] , and
also subsets, like [LIVM ] with respect to [LIVMF ]. If the motifs in input contain
only partitions of the original alphabetΣ , we can map the reference sequences into the
new alphabet of symbols represented by the partitions, thus considerably reducing the
number of candidate motifs to be analyzed [40]. In all other cases this will result in the
combinatorial explosion of candidate motifs, that consequently affects the efficiency
of matching and discovering new motifs. In this chapter we will set the basis to solve
this fundamental problem.

1.1.4 Problem Statement

The main problem we want to address here is the following:
Given a reference sequence s , that might be the concatenation of multiple biolog-

ical sequences, and a set of motifs with character classesM , that is the outcome of
one or more motif finders, we aim to reduce the setM to a small number of ordered
representative motifs, say U , such that the size of U is linear with respect to the
reference sequence s.

This reduction will allow us to manage the new set easier, and will enhance its
readability and interpretation. The general idea behind this work is to identify inter-
esting lexicographic properties of motifs that are useful for the above problem. In
particular, we will prove that some properties, along with the notion of minimality
that will be defined in the next section, are capable to rank all possible motifs with
character classes, and also to select a representative subset of motifs, called under-
lying representative set U . Inherently, with the notion of underlying motifs we want
to discard those motifs that rank lower than others if located in the same occurrences
on the reference sequence s.

In the following we first characterize motifs with character classes defining the
notion of minimality, that makes the motifs more specific with respect to the reference
sequence s. Then, we define the notion of motif priority , that permits to compare
and rank different motifs together. The priority is defined using properties like the
length of a motif, its composition (accounting also for character classes), and the list
of its occurrences. This motif priority rule has proved to be useful for filtering a set of
biological motifsM. In particular the mentioned lexicographic properties, combined
with the list of occurrences of a motif, have been specifically designed for proteins by
analyzing the results of [4, 12]. Nevertheless, we will prove that we are able to rank
all minimal motifs using our motif priority rule, and we will show that it is possible
to filter out a set of motifsM into a new set of linear size with respect to s.

In summary, using our simple motif priority rule we can prove that any setM is
sub-ordered. Moreover, using the notion of minimality we can map any set of motifs
M into its minimal representative set µ(M) , that is totally ordered. This lays the
foundations for filtering any set of motifs into a set that is linear in size with respect to
the reference sequence s. As a proof of concept we will present an algorithm that has
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time complexity O(n|µ(M)| log |µ(M)|) , or O(nmax{|M|, |µ(M)| log |µ(M)|})
whenever the computation of minimal motifs is required, where n is the size of the
sequence s.

We believe that such an approach can drastically reduce the number of candidate
motifs to be analyzed in genomics and proteomics, and can enhance their readability
and interpretation. In this section we present a series of results on protein families that
support the validity of the theoretical findings. Preliminary experiments on protein
families show very good performance as a filter to reduce the number of motifs while
keeping the most important ones.

1.2 MOTIFS WITH CHARACTER CLASSES: A CHARACTERIZATION

We define a string as a sequence of zero or more symbols from an alphabet Σ. The
set of all strings over Σ is denoted by Σ∗. The length of a string x is defined as the
number of its symbols, denoted by |x| , and the i-th symbol of x is denoted by xi ,
where 1 ≤ i ≤ |x|.

For example, in genomics Σ corresponds to the set of nucleotides {A,C,G, T} or
{A,C,G,U} , respectively, for DNA and RNA, while in proteomicsΣ corresponds to
the set of the 20 amino acids: {A,R,N,D,C,Q,E,G,H, I,L,K,M,F, P, S, T,W, Y, V }.
Then, a symbol σ from Σ is called solid character.

Throughout the chapter a string s composed of solid characters fromΣwill be used
as reference sequence. Conversely, motifs will be represented by a more expressive
alphabet, as explained in the following definitions.

Definition 1.1 (Character class) Let RΣ be a set of equivalence relations over Σ. A
character class is a subset of Σ consisting of two or more equivalent solid characters
with respect to some relation in RΣ.

For instance, the hydrophobicity property can partitioning all 20 amino acids into
disjoint classes. In this regard a number of different hydrophobicity scales have been
developed over the years [8]. A hydrophobicity scale thus generates an equivalence
relation R ∈ RΣ between solid characters, such that each class of the resulting
quotient set Σ/R can be defined as a character class. It is possible to define several
character classes over Σ , according to the equivalence relations in RΣ. In particular,
we consider the set of maximal character classes on RΣ , i.e., those classes that are
not a proper subset of other classes. This argument will be further discussed in
Subsection 1.2.1.

Given τ maximal character classes {Ci}τ1 onΣ ,
∪τ

i=1 2
Ci represents all non-empty

subsets of the classes.

Definition 1.2 (Pattern) A pattern with character classes , or simply a pattern , is a
string defined on Σ ∪ (

∪τ
i=1 2

Ci).

In the literature, a pattern with character classes is also called degenerate pattern
or indeterminate string [1 , 16, 27, 31, 32, 38, 45]. Given a pattern p = p1p2 . . . pk
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j 1 2 3

p a [a, c, d] [b, e]

j 1 2 3 4 5 6 7 8 9 10

s a a b e a d b a c e

p

Figure 1.3 Example of a pattern p with character classes, along with its occurrences 1, 5, 8
in the string s.

of length k , each symbol pj , with 1 ≤ j ≤ k , is either a solid character or a subset
of a character class C. In the latter case, we write pj by means of square brackets, as
the notation of PROSITE [20]: pj = [σ1, σ2, . . . , σrj ].

Definition 1.3 (Pattern occurrence) A pattern p = p1p2 . . . pk of length k is said to
occur at a location l of a string s , with 1 ≤ l ≤ n , if sl+j−1 ∈ pj for each 1 ≤ j ≤ k.

Figure 1.3 shows an example of pattern and pattern occurrences, where s =
aabeadbace , Σ = {a, b, c, d, e} , and the character classes are C1 = {a, c, d} and
C2 = {a, b, e}. In this case, p = a[a, c, d][b, e] is a pattern of length k = 3 that
occurs at locations 1, 5, 8 of s.

Hereafter we will assume that we are given a string s on Σ of length n , a set
of character classes {Ci}τ1 , with r = max1≤i≤τ{|Ci|} , and a positive integer q ,
2 ≤ q ≤ |s| , called quorum. A motif m is then defined as a pair (p,Lm) , where
p is a pattern of length k that occurs at the locations given by Lm , and Lm is a set
of at least q locations of s. For instance, as of Figure 1.3, m = (p,Lm) is a motif
with pattern p = a[a, c, d][b, e] of length k = 3 and location list Lm = {1, 5, 8} of
cardinality ν = 3. More formally:

Definition 1.4 (Motif, Location list) We say that m = (p,Lm) is a motif with pattern
p = p1p2 . . . pk and location list Lm = (l1, l2, . . . , lν) if and only if all of the
following hold:

(i) the length of m , denoted by |m| , is |p| = k ≥ 2 symbols,

(ii) for each location l ∈ Lm , p occurs at l in s , and |Lm| = ν ≥ q , and

(iii) there does not exist a location l′ /∈ Lm such that p occurs at l′ in s (Lm is
complete).

We suppose now that an oracle has given us a setM of interesting motifs lying
on the string s. Intuitively this set may be unusually large, with the number of elements
that may reach up toO(

∑n−q+1
k=2 (min{τ2r+|Σ|, 2|Σ|})k) = O((min{τ2r, 2|Σ|})n) =

O(2|Σ|n) motifs. Thus, we want to characterize the whole set of motifsM with rep-
resentative motifs that have to be O(n) in number and dimensions, in order to filter



8 COMPARING, RANKING AND FILTERING MOTIFS WITH CHARACTER CLASSES

out the redundant information shared by some motifs, and enhance their readability
and interpretation.

Next sections lay the foundations for finding these particular representative motifs,
that we will call underlying , which, in loose terms, are the most important for some
regions of the string s , according to the rules we will define in the following.

1.2.1 On Transitive Properties of Character Classes

Previously, we have introduced the concept of character class consisting of two or
more solid characters, obtained through some equivalence relation on Σ. In this case
every character class is seen as an independent element wherewith building motifs.
Then, since for patterns there is no distinction between a character class and its subsets,
we consider maximal character classes as input for our problems.

Typical is the case where the considered relations of equivalence between solid
characters, RΣ , are not mutually transitive, since they might partition Σ in different
ways [9, 41, 44]. For example, if σ1, σ2 are two solid characters belonging to a
character class C1 , σ1, σ3 ∈ C2 , and σ2, σ3 ∈ C3 , then it could be the case that
σ1, σ2, σ3 do not belong to a common class C4.

Consider, for simplicity, that RΣ is mutually transitive on Σ. Then, the set of
character classes partitions Σ , and we can map each solid character on Σ into either
its maximal character class or itself. Call RΣ(·) this function. Accordingly, we can
map s = s1s2 . . . sn into RΣ(s) , given by RΣ(s) = RΣ(s1)RΣ(s2) . . . RΣ(sn). In
this way every pattern becomes a pattern on the new restricted alphabet given by
RΣ(Σ) , that is Σ∪{Ci}τ1 . Moreover, the discovery of this type of patterns, called in
the literature exact patterns , has been consolidated over the years [15, 18, 23, 25, 40].
In short, if RΣ is mutually transitive we can find a set of classes that is a partition of
Σ. Then we can map the reference sequence on this new alphabet and use standard
pattern techniques. As a consequence, every motif can be uniquely identified by its
length and location list, and we can conclude that, for this particular case, there is no
need of the notion of minimality that will be introduced in the next subsection.

More attention, however, deserves the general case where the transitivity does not
hold. As stressed above, the main issue is that the character classes might not be a
partition of Σ. Because of this, the motifs are not uniquely identified by their length
and location list. In other words, there may exist two motifs m and m′ lying on s
that have equal length and location list, but different patterns p and p′ , because of
different character classes that compose the corresponding symbols. Since classical
motif discovery algorithms find motifs over the restricted alphabetΣ∪{Ci}τ1 , because
of its practicality and ease of computation, this may lead to a large number of motifs
with same location list. Thus, in the next subsection we study the notion of minimality
specifically designed to address this issue.
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j 1 2 3

p [a, c, d] [a, c, d] [a, b, e]
µ(p) a [a, c, d] [b, e]

Figure 1.4 Example of minimal representation µ(p) of a pattern p , with reference string
s = aabeadbace.

1.2.2 Minimal Motifs and Motif Priority

Definition 1.5 (Minimal representation) Given a motif m of length k , the minimal
representation of its pattern p is a pattern µ(p) of length k with symbols µ(p)j =∪

l∈Lm
sl+j−1 , for 1 ≤ j ≤ k.

Fact 1.1 The minimal representation of a pattern is unique.

Remark 1.1 Since µ(p) is more specific than p , that is, µ(p) cannot have more
occurrences than p in s , then the list of occurrences of µ(p) must be the same as for
p.

Let µ(m) = (µ(p),Lm) be the minimal representation of a motif m with pattern
p , then Remark 1.1 suggests us that µ(m) is consistent with the definition of motif,
i.e., the location list Lµ(m) is complete:

Definition 1.6 (Minimal motif) The minimal representation of m , given by µ(m) =
(µ(p),Lm) , is called minimal motif.

Computing the minimal representation of a motif is useful when a motif is defined
on Σ∪{Ci}τ1 , rather than on specific characters. To have a more concrete idea about
this concept, Figure 1.4 shows an example of minimal representation µ(m) of a motif
m = ([a, c, d][a, c, d][a, b, e], {1, 5, 8}) , with pattern µ(p) and p respectively, where
the reference string is s = aabeadbace and the character classes are C1 = {a, c, d}
and C2 = {a, b, e}. In this case we say that m′ = µ(m) = (a[a, c, d][b, e], {1, 5, 8})
is a minimal motif.

LetM be a set of motifs with character classes lying on the string s. From Fact 1.1,
each motif m ∈M has a unique minimal representation µ(m). Thus, one can easily
check that the equivalence given by µ(m) = µ(m′) is an equivalence relation. The
representatives of the induced partitions are the respective unique minimal motifs.

Fact 1.2 Let us map all the motifs inM into the set of their minimal representations
µ(M) , where each motif m ∈ µ(M) is the minimal representation m = µ(m′)
of some motif m′ ∈ M. Then, the set of motifsM is partitioned into equivalence
classes by the binary relation of equality between minimal representations.

We callµ(M) the minimal representative set ofM. Since mappingM intoµ(M)
could mean a drastic reduction in the number of motifs, this is in practice a first step
for filtering the original motifs inM.
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Remark 1.2 Two motifs inM or, equivalently, in µ(M) may have the same location
list. However, two minimal motifs of equal length must have different location lists.

As a consequence of Remark 1.2, every minimal motifs in µ(M) can be uniquely
identified by its length and location list within the minimal representative set. We can
now define an important property of motifs with character classes, the composition ,
that is the sum of the number of characters within the symbols of a motif.

Definition 1.7 (Composition of a pattern, Composition of a motif) The composition
of a pattern p of length k is defined as c(p) =

∑k
j=1 |pj |. The composition of a motif

m = (p,Lm) , denoted by c(m) , is defined as the composition of its pattern c(p).

For instance, given two patterns p = a[a, c, d][b, e] and p′ = [a, d]b[a, b] , their
composition is c(p) = 6 and c(p′) = 5 , and we say that the latter is somehow more
specific thanp. Moreover, the composition of the motifm = (a[a, c, d][b, e], {1, 5, 8})
is equal to c(p) , that is 6.

A fundamental point is the following definition of priority between motifs, a means
for comparing different motifs. Here we give priority to motif length, then to motif
composition, and finally to motifs that appear first in s.

Definition 1.8 (Motif priority) A motif m of length k has priority over a motif m′ of
length k′ , denoted m→ m′ , if and only if either m = m′ or

(1) k > k′ , or

(2) k = k′ and c(m) < c(m′) , or

(3) k = k′ , c(m) = c(m′) , and min{l | l ∈ Lm \Lm′} < min{l | l ∈ Lm′ \Lm}
when both minima exist.

For instance, consider s = aabeadbace , m = (a[a, c, d][b, e], {1, 5, 8}) , and
m′ = ([a, d]b[a, b, e], {2, 6}). Then, m has priority over m′ , written m → m′ ,
because of equal length and composition, but with different order of appearance in s:
min{l | l ∈ Lm \Lm′} = 1 < min{l | l ∈ Lm′ \Lm} = 2. If two distinct motifs m
and m′ have equal length and composition, but either Lm ⊆ Lm′ (that includes the
equality case) or Lm′ ⊂ Lm , then we consider m and m′ incomparable , otherwise
they are comparable. Nevertheless, we will solve this issue along with Theorem 1.2.

Given our binary relation, called motif priority , we want to prove that some intuitive
properties hold:

Definition 1.9 (Acyclicity) A binary relation R over a setM is defined to be acyclic
if there does not exist a chain of distinct elements ofM , m1,m2,m3, . . . ,mt , such
that m1 R m2 , m2 R m3, . . . , mt−1 R mt , and also mt R m1 (cycle).

Definition 1.10 (Sub-ordered set, Totally ordered set) Let R be a binary relation
over a setM. Then,M is said to be sub-ordered with respect to R , if for all distinct
elements m1,m2, . . . ,mt inM:
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(i) m1 R m1 (reflexivity), and

(ii) ¬(m1 R m2 and m2 R m1) (antisymmetry), and

(iii) there does not exist a cycle between m1,m2, . . . ,mt (acyclicity).

If also (iv) (m1 R m2 or m2 R m1) ∀m1,m2 ∈ M (totality), then m1 and m2

are said to be comparable , andM is totally sub-ordered.
Furthermore, M is totally ordered if R is reflexive, antisymmetric, total, and

transitive, that is, (v) (m1 R m2 and m2 R m3)⇒m1 R m3.

One can prove that condition (i) and (iii) of Definition 1.10 are sufficient to define
a sub-ordered set, nevertheless we have listed all the three properties of sub-ordered
sets for clarity and completeness.

Lemma 1.1 A setM is totally ordered under a binary relation R if and only if it is
totally sub-ordered.

Proof : It is straightforward that transitivity and antisymmetry, together, imply
acyclicity, i.e., if M is totally ordered, then M is also totally sub-ordered. Con-
sider a chain of distinct elements inM: m1 R m2 , m2 R m3, . . . , mt−1 R mt. It
follows that m1 R mt for the transitivity, and that mt R m1 cannot hold since R is
antisymmetric.

We can also easily check that acyclicity and totality, together, imply transitivity.
Consider the same chain of elements as above. Since for the acyclicity mt R m1

cannot hold, then, for the totality, m1 Rmt. Therefore the transitivity holds, and the
definitions of totally sub-ordered and totally ordered coincide.

Now, before showing that some of these properties hold, we need to prove two
preliminary results for the motif priority rule. At first, we observe that:

Fact 1.3 The binary relation of motif priority is reflexive and antisymmetric, since
properties (1), (2), and (3) of Definition 1.8 are strictly defined.

Lemma 1.2 (Paired occurrences) Letmandm′ be two distinct motifs withmin{l | l ∈
Lm \ Lm′} < min{l | l ∈ Lm′ \ Lm} , such that both minima exist, and define j to
be min{l | l ∈ Lm \Lm′}. Then, the occurrences of m and m′ at positions less than
j must be the same. Furthermore, we call these occurrences paired.

Proof : We have to prove that, in case (3) of Definition 1.8, the occurrences of m
and m′ less than j are identical.

Ifm has an occurrence less than j that is not inLm′ , thenmin{l | l ∈ Lm\Lm′} <
j , that is impossible by hypothesis. Conversely, if m′ has occurrences less than j
that are not in Lm , then min{l | l ∈ Lm′ \ Lm} < j = min{l | l ∈ Lm \ Lm′}
contradicts again our assumptions. Thus, the occurrences of the two motifs less than
j must coincide, and we call them paired.

Finally, by assumptions, it trivially holds that j /∈ Lm′ .
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Lemma 1.3 Let m1 → m2 , m2 → m3, . . . , mt−1 → mt be a chain of distinct
motifs of equal length and composition. Then, either m1 → mt or Lmt ⊂ Lm1

holds.

Proof : We will prove the statement by induction on t. Let the basis be t = 2. In this
case, the chain m1 → m2 coincides with the result. We show now that, for t > 2 , if
it holds either m1 → mt−1 or Lmt−1 ⊂ Lm1 , then either m1 → mt or Lmt ⊂ Lm1

holds.
Assume Lmt−1 ⊂ Lm1 . Define j to be min{l | l ∈ Lmt−1 \ Lmt} , and observe

that it exists since mt−2 → mt−1 , by property (3) of Definition 1.8. It follows that
j ∈ Lm1 and, from Lemma 1.2, that the occurrences ofmt−1 andmt that are less than
j are paired. Hence, these occurrences are also shared with m1. Since j /∈ Lmt , then
either m1 → mt , because j makes the difference between Lm1 and Lmt , or m1 and
mt are incomparable. In the latter case, Lmt−1 ⊂ Lm1 and Lm1 ⊆ Lmt , together,
imply that Lmt−1 ⊂ Lmt; that is impossible since mt−1 and mt are comparable by
hypothesis. This means that the latter case must be Lmt ⊂ Lm1 .

Conversely, assume m1 → mt−1. Define j as above, and j′ = min{l | l ∈
Lm1 \ Lmt−1}. It holds that j /∈ Lmt , as already observed, and that j′ ̸= j because
of j′ /∈ Lmt−1 . Then, by Lemma 1.2, the occurrences of mt−1 and mt that are less
than j , are paired, and the same it is for occurrences of m1 and mt−1 less than j′.
In this way, if m1 and mt are comparable, then there exists an occurrence in Lm1

that appears first in s with respect to Lmt : if j′ < j , the occurrences of m1 , mt−1 ,
and mt less than j′ are paired together, and thus j′ makes the difference; otherwise
j′ > j , and the occurrences of m1 , mt−1 , and mt less than j are paired together, and
hence j ∈ L1 makes the difference. Alternatively, if m1 and mt are incomparable,
then it must be the case of Lmt ⊂ Lm1 . Otherwise, Lm1 ⊆ Lmt would imply that
the occurrences of m1 equal to or less than j′ are also shared with mt , which leads
to mt → mt−1; that is impossible.

Theorem 1.1 Any set of motifsM is sub-ordered with respect to the binary relation
of motif priority.

Proof : We have to prove that the relation of motif priority is reflexive, antisymmetric,
and acyclic. The first two properties are stated in Fact 1.3. Now, following the work of
Lemma 1.3, we can prove that the acyclicity holds too. First, observe that length and
composition are intrinsic properties of the single motif, and thus monotone functions.
If all motifs m,m′ ∈ M have different length or composition, then, by definition of
motif priority, it is always true that either m → m′ or m′ → m holds, and a cycle
can never exist because of different lengths and/or compositions.

Alternatively, consider a chain of distinct motifs m1 → m2 , m2 → m3, . . . ,
mt−1 → mt of equal length and composition. In this case we must use property (3)
of Definition 1.8 to compare the motifs together. From Lemma 1.3, it follows that a
cycle of motif priority between any chain of distinct motifs is again impossible, and
therefore the acyclicity holds. Furthermore, since there may exist a triad of motifs
m1,m2,m3 of equal length and composition, such that m1 → m2 and m2 → m3 ,
but Lm3

⊂ Lm1
, then the motif priority rule is definitely not transitive onM.
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Note that the non-decision on some binary comparisons finally discards the re-
lations of totality and, as seen above, of transitivity. For instance, consider s =
aabeadbace ,C1 = {a, c, d} ,C2 = {a, b, e} , and the motifsm = ([a, d][a, b][a, e], {2, 6})
and m′ = ([a, d][b, e][a, e], {2, 6}) with the same list of occurrences: in short,
|m| = |m′| = 3 , c(m) = c(m′) = 6 , and Lm = Lm′ . This means that we
are not able to compare m and m′ using the motif priority rule. Another exam-
ple is given by m1 = (a[a, c, d][b, e], {1, 5, 8}) , m2 = ([b, e]a[a, c, d], {4, 7}) ,
and m3 = ([a, b][c, d][b, e], {5, 8}). In this case, m1 → m2 and m2 → m3 , but
m1 → m3 does not hold, since Lm3 ⊂ Lm1 . The issue is that m and m′ may not be
minimal motifs. In the following we set the basis to solve this problem.

Theorem 1.2 Given any set of motifs M , its minimal representative set µ(M) is
totally ordered under the binary relation of motif priority.

Proof : According with Theorem 1.1, any set of motifs M is sub-ordered under
the motif priority rule; thus, also the set of minimal motifs µ(M) is sub-ordered.
Following the work of Lemma 1.1, we have to prove that the totality holds on this
new set µ(M) , i.e., every pair of minimal motifs must be comparable under motif
priority. In other words, if m,m′ ∈ µ(M) , either m → m′ or m′ → m must hold.
To this end the proof of Lemma 1.1 tells us that length and composition are intrinsic
properties of motifs, and thus every motif is comparable with another one in case of
different length or composition.

From Remark 1.2 we have that Lm ̸= Lm′ for two minimal motifs m and m′

of equal length, and therefore we have, without loss of generality, two scenarios to
consider: Lm * Lm′ and Lm′ * Lm , and Lm ⊂ Lm′ . In the former case, if we
consider min{l | l ∈ Lm \Lm′} and min{l | l ∈ Lm′ \Lm} , then both minima exist
and are different from each other. Hence either m→ m′ or m′ → m holds if it is the
case of equal length and composition ofm andm′ , and the minimum between the two
sets is either inLm or inLm′ , respectively. Conversely, in the latter case, since m and
m′ are minimal motifs and the respective location lists are complete, the respective
patterns of m and m′ must be different. Therefore Lm ⊂ Lm′ ⇒ c(m) < c(m′) ,
and hence m→ m′. Accordingly, for any set of minimal motifs under motif priority,
the totality holds. From Lemma 1.1 we can conclude that any set of minimal motifs
is totally ordered under the motif priority rule.

As a consequence of Theorem 1.2, all minimal motifs can be compared and ranked.
We can further observe that, for property (2) of motif priority, every minimal motif
has priority over all other motifs inMwithin its equivalence class, which is given by
the paradigm of minimal representation.

Now it is clear that any set of motifsM can be mapped into its minimal repre-
sentative set, µ(M) , and that we can build a measure of total order over this set, in
particular using the motif priority rule, that otherwise would not be possible on the
original setM.
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1.3 FILTERING BY MEANS OF UNDERLYING MOTIFS

In order to exploit the output of a motif discovery algorithm, our prior knowledge
M , and enhance its readability and interpretation, we aim to identify particular rep-
resentative motifs ofM that have to be O(n) in number and dimensions, where n is
the length of the reference string s.

Let R be a binary relation of priority between motifs. The objective is to select
the most priority motifs in M for each location of s , according to R. If a motif
m is selected, we discard all motifs with less priority that lie on the occurrences of
m. The problem can be seen as a regional problem, in which we have to select some
motifs for each considered region of the string s. These regions could be transcription
factor binding sites or coding sequences if we consider genomes, otherwise functional
regions if we consider a set of protein sequences. More formally:

Definition 1.11 (Region) A region Ej,x of s is a set of x consecutive locations {j, j+
1, . . . , j+x−1} corresponding to the symbols sjsj+1 . . . sj+x−1 , namely a substring
of s , where 1 ≤ j and (j + x− 1) ≤ |s|.

Definition 1.12 (Living in a region) We say that a motif m of length k lives in the
region Ej,x if there exists a location l ∈ Lm such that (El,k ∩ Ej,x) ̸= ∅.

Furthermore, we say that every motif m completely lives in the regions defined by
its occurrences.

Definition 1.13 (Tied occurrence) Let m be a motif of length k. Then, we say that an
occurrence l of m is tied to a motif m′ , if m′ lives in El,k and m′ R m. Otherwise,
we say that l is untied from m′.

Definition 1.14 (Underlying representative set, Underlying motif) Let M be a set
of motifs that lie on the string s , and let u be a positive integer called underlying
quorum. A set of motifs U ⊆M is said to be an underlying representative set of s if
and only if:

(i) every motif m in U , called underlying motif , has at least u untied occurrences
from any other motif in U , and

(ii) there does not exist a motif m ∈ M \ U such that m has at least u untied
occurrences from all motifs in U .

In other words, given a string s and the information about all considered motifsM ,
an underlying motif is a particular representative of some regions of s. Furthermore,
considering the underlying quorum u as a fixed integer, it follows that Definition 1.14
of underlying representative set converges to one and only one set of motifs U , under
certain conditions:

Theorem 1.3 LetM be a sub-ordered set of motifs with respect to a binary relation
R. Then, there exists an underlying representative set U ⊆M , and it is unique.
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Proof : We show first that a set U , absolving the two conditions of Definition 1.14,
exists. If M is sub-ordered, then there does not exist a cycle of priority between
some distinct motifs m1,m2, . . . ,mt in M (acyclicity). Consider, without loss of
generality, m1 Rmt , m2 Rmt, . . . , mt−1 Rmt , such that no other motif has priority
over mt. This means that, for each region El,k of s where mt completely lives, either
mt or some other motifs in {m1,m2, . . . ,mt−1} can have an untied occurrence in
El,k; thus they must belong to some set of underlying motifs, sayU . Furthermore, any
other motif mt+1 living in El,k , but with no priority relation with respect to mt , can
also be an underlying motif in U . Similarly, the occurrences of {m1,m2, . . . ,mt−1}
living in El,k must respect that rule. Since no cycle of priority is admitted, then, for
all regions of s given by the occurrences of some motif m inM , either m is in U or
there are some other motifs in U that have untied occurrences from m and that cover
those regions. In conclusion, there must be a set of underlying motifs U .

In the opposite direction, we can prove that U is unique. Let us assume that there
exists two distinct underlying representative sets U1 and U2. Then, for both sets,
there exists at least one motif that is not in the other set, otherwise condition (ii) of
Definition 1.14 does not hold. Suppose m1 ∈ U1 \ U2. Since m1 /∈ U2 , then, again
for condition (ii), there must be an occurrence of m1 in U1 , say the region El1,k1 ,
that in U2 is covered by some other motif m2 with higher priority than m1 , such that
m2 /∈ U1. For similar reasons, if m2 is not in U1 , then there must be another motif
m3 ∈ U1 with higher priority than m2. Since M is sub-ordered, then m3 ̸= m1.
Finally, as the number of motifs inU1 andU2 is finite, then the two sets must coincide.

The following result is a consequence of the proof of Theorem 1.3:

Proposition 1.1 IfM is totally ordered, then each underlying motif m has priority
over all other underlying motifs in U in at least u regions of s.

From this proposition, we have that, if R is a total relation over M , then the
number of underlying motifs on a string s is O(n).

Theorem 1.4 LetM be a totally ordered set under the binary relation R. Then, the
number of underlying motifs in U is ≤ ⌊n/2⌋ , independently of the size ofM.

Proof : From Proposition 1.1, every untied occurrence does not overlap with the
untied occurrences of some other motifs in U , and thus for every motif m in U its
untied occurrences will not overlap with those of other motifs. Since every motif m
has length k ≥ 2 , then m must cover at least 2 + u − 1 characters of s , obtaining
at most n/(2 + u − 1) ≤ n/2 possible different motifs in U , independently of the
size ofM. Furthermore, |U| ≤ ⌊n/(2u)⌋ in case of non-overlapping occurrences for
each of the motifs in U .

Let us now consider the dimensions of a set of motifs as the number of characters
necessary to specify all its elements. This number coincides with the sum of com-
positions of all motifs. For instance, m = (p,Lm) , with p = a[a, c, d][b, e] , is a
motif with 6 characters and composition c(m) = 6. Let r be the maximum number
of characters allowed in a motif symbol, i.e., r = max1≤i≤τ{|Ci|} as introduced in
Section 1.2. Then:
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Corollary 1.1 Given a string s of length n and a totally ordered setM , any under-
lying representative set U over M has a total number of symbols, or total length,
≤ ⌊n/2⌋ and dimensions no greater than |Σ|n.

Proof : Following the proof of Theorem 1.4, all underlying motifs inU can be placed
on their untied occurrences in s without overlaps with other motifs. Therefore, the
total number of symbols for the whole set of motifs U is

∑
m∈U |m| ≤ ⌊n/2⌋. Hence

U has dimensions ≤ r⌊n/2⌋ ≤ |Σ|n.

For example, consider a scheme that encodes every solid character on Σ plus the
two square brackets ‘ [’and ‘ ]’, in a simple injective way. Then, the dimension of each
encoding would be at most ⌈log(|Σ|+2)⌉. Therefore we can represent the symbols of
a motif using at most r⌈log(|Σ|+2)⌉ bits per symbol. If we encode every underlying
motif with this scheme, then the overall space needed to store all motifs in U would
be at most r⌈log(|Σ|+ 2)⌉⌊n/(2 + u− 1)⌋ bits, or r⌈log(|Σ|+ 2)⌉⌊n/(2u)⌋ bits in
case of non-overlapping occurrences for each of the motifs in U . This corresponds,
in loose terms, to the result presented in Corollary 1.1. In conclusion, considering r
as a constant, since it is bound by |Σ| , any underlying representative set U has linear
dimensions with respect to the size of the string s.

To summarize the results of the previous sections, we have that every set of motifs
M , that could be the output of some motif discovery algorithm, can be transformed
into its minimal representative set µ(M). This is the basis to enable the comparison
of all motifs in µ(M) by means of the notion of motif priority, that captures the
lexicographical power of a motif. One can prove the validity of a series of properties
that are fundamental for the global comparison of motifs. On this setting we can
define the subset of underlying motifs, that are, for some locations of the reference
string s , the most important. In the next subsection we discuss an algorithm to find the
set of underlying motifs, while in Section 1.4 we will describe a series of experiments
to prove the validity of the latter.

1.3.1 An Algorithm for Filtering a Set of Motifs into its Underlying
Representative Set

Here we describe an application of motif priority and underlying motifs. We present
an algorithm that filters a set of motifs M lying on a string s into its underlying
representative set U .

Let R be a binary relation of priority. In the following we show how to build
an underlying representative set U in case of a totally ordered setM under R. The
purpose is to select the most representative motifs with character classes in M ,
according to R and to the definition of underlying motif. In practice, we filter out
those motifs inM that rank lower than others if located in the same regions of s. From
Corollary 1.1, sinceM is totally ordered, it follows that U has linear dimensions.

Consider now the following algorithm for filtering the motifs inM into the un-
derlying representative set U ⊆M:
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Algorithm 1.1

1. Rank all motifs in M using the binary relation R.

2. Initialize U to an empty set, and iteratively select

a motif m from M following the rank given by the

priority.

3. At each step, if m has at least u untied occurrences from all

motifs already in U:
4. - add m to U and store the regions of s in which

m completely lives,

5. - otherwise, discard m.

The above algorithm is presented as a proof of concept. It is unclear if a more
efficient implementation exists, or whether it is optimal. In this context we just
analyze the correctness and the computational complexity of this algorithm. At first,
we observe that the overall correctness follows from the proof of Theorem 1.3. Let
n be the size of the string s , and let r be the maximum allowed size of a character
class. If R corresponds to the motif priority rule, as of Subsection 1.2.2, in step 1 we
may first preprocess the motifs in input, computing their lengths and compositions,
in O(rn|M|) time. Then we sort all the motifs in M , that are totally ordered, in
descending order. Considering the worst case, when we compare two motifs, we
must also compare their lists of occurrences. Since for some motif m , |Lm| is
O(n) , then the comparison of two ordered lists of occurrences costs O(n) (see the
pseudocode presented in the function CompareMotif). Thus, overall the first step
costs O(n|M| log |M|+ rn|M|).

The main cycle, line 2, selects the top motifs fromM and checks if they could be
inserted in the set of underlying motifs U . This loop can be stopped when no other
motif can be added to the set U .

After adding the first motif in the rank to U , we check for untied occurrences of
the next motif m′ , having length k′. For each motif m that has been selected by our
algorithm in U , we store the occurrences of m in a vector of booleans Γ[1, n] , that
represents all the locations of the string s. The value Γ[i] is set to true if the location
i is tied to some motif m in U . This means that, if m is in U , then ∀ l ∈ Lm we store
the value true at the locations of Γ that correspond to El,k , i.e. Γ[l, l+k−1]. Using
the vector Γ , in the third instruction we have to check, for all l′ ∈ Lm′ , whether
some of the locations of Γ[l′, l′ + k′ − 1] , corresponding to the region El′,k′ , are
set to true. If it is the case, we say that l′ is tied to some other motif with higher
priority with respect to m′; otherwise, l′ is untied. Accordingly, if m′ has at least
u untied occurrences, we add m′ to the set U ; otherwise we discard m′. This step
is detailed in the function CheckForUntiedOccurrences. The checking for
untied occurrences of a motif m , using the additional vector Γ , thus costs O(n).

In the fourth instruction we have to update the vector Γ with all locations of the
newly added underlying motif m. This can be done by scanning all the occurrences
of m , and, ∀ l ∈ Lm , updating the values Γ[l, l + k − 1] with no backtracking. To
this end, we use a variable δ that takes the maximum between l+ k− 1 and the next
occurrence l′ of m. This procedure is described in the function StoreCoverage.
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Again this step takes O(n) in time. In conclusion, the whole cycle of instructions 2–5
has a total cost of O(n|M|).

Since a motif m added to U has higher priority than the motifs considered at the it-
erations that followm , as of the second instruction, then the following invariant holds:
at each stage, condition (i) of Definition 1.14 is satisfied. Hence, from Theorem 1.3,
U is the unique underlying representative set overM.

In summary, the total complexity of Algorithm 1.1 is dominated by the first term
O(n|M| log |M|+rn|M|). Moreover, if we consider r to be a constant as above, then
the total complexity of the algorithm becomes O(n|M| log |M|). For completeness,
below you can find the pseudocode of the described implementation ofAlgorithm 1.1,
that we called MotifFiltering.

Finally, in most cases we need first to compute the minimal representative set
µ(M) , before ranking the motifs by means of the priority rule. This further process
costs O(n2|M| + rn|M|). Nevertheless, since we consider r as a constant, and
typically the location lists of motifs have non-overlapping occurrences, that is a real-
istic assumption for most applications in genomics and proteomics, then in practice
the complexity of computing µ(M) becomes O(n|M|). In this regard, filtering the
minimal motifs in µ(M) ultimately takes O(n|µ(M)| log |µ(M)|) time.

MotifFiltering

Input: a sequence s , a list of motifsM , an underlying quorum u ,
a binary relation R
Output: the underlying representative set U

1 n← length(s)
2 Γ← a vector of n booleans set to false , representing E1,n

3 sort(M, R)
4 for each motif m = (p,Lm) inM
5 do test← CheckForUntiedOccurrences(m,u,Γ)
6 if test is true
7 then Γ← StoreCoverage(m,Γ)
8 U ← U ∪ {m}
9 return U

StoreCoverage

Input: a motif m , a vector of booleans Γ
Output: the new vector of booleans Γ

1 k ← length(m) , delta← 0
2 for each location l in Lm

3 do delta← max{delta, l}
4 store true in the locations Edelta,l+k−1 of Γ
5 delta← l + k
6 return Γ
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CheckForUntiedOccurrences

Input: a motif m , an underlying quorum u , a vector of booleans Γ
Output: the value true , if the number of untied occurrences
of m is at least u; the value false , otherwise

1 k ← length(m) , delta← 0
2 for each occurrence l in Lm

3 do count← 0 , untied← true
4 delta← max{delta, l}
5 for each location i in Edelta,l+k−1 such that

(l + k − 1) ≤ |Γ|
6 do if Γi is true
7 then untied← false
8 break for
9 if untied is true

10 then count++ , i++
11 if count ≥ u
12 then return true
13 delta← i
14 return false

CompareMotifs

Input: two minimal motifs m , m′

Output: before , if m→ m′; after , if m′ → m;
equal , otherwise

1 if m = m′

2 then return equal
3 if length(m) > length(m′)
4 then return before
5 if length(m) < length(m′)
6 then return after
7 if c(m) < c(m′)
8 then return before
9 if c(m) > c(m′)

10 then return after
11 � At this stage, using the paired property described in

Lemma 1.2, we can simply compare the two ordered
lists of occurrences without any further check:

12 i← 0
13 while true
14 do if Lm.get(i) < Lm′ .get(i)
15 then return before
16 if Lm.get(i) > Lm′ .get(i)
17 then return after
18 i++
19 return equal
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1.4 EXPERIMENTAL RESULTS AND DISCUSSION

In this section we discuss the ability of underlying motifs to efficiently capture mean-
ingful information. A general problem in genome and proteome research is the iden-
tification of signals represented by means of motifs. Several motif discovery tools
proved to be useful to analyze biological sequences in different contexts. Here we
first collect the motifs in output from one of these tools, say a set of motifsM. Then
we present some preliminary results, in order to support the theoretical properties
shown in the above sections of the chapter.

More generally there are two types of scenarios where the notion of underlying
motifs might be useful. The first case is when a region of interest has already been
identified, so that it is possible to analyze and select only those motifs that are un-
derlying with respect to that particular region, without considering the whole set of
motifs. Another possible application is the case where we just want to filter all motifs
inM , looking at the whole sequence.

In this context we present some results for the latter scenario. We take as input
M the set of motifs extracted using the tool Varun [4]. The benchmark consists of
two protein families for which Varun successfully extracts the functional motifs, as
reported in the PROSITE database [20]. In particular, we consider the following
protein families:

1. Nickel-dependent hydrogenases (id PS00508). These are enzymes that catalyze
the reversible activation of hydrogen, and are further involved in the binding of
nickel. The family is composed by 22 sequences of about 23,000 amino acids.
One of the most functionally significant motifs is detected by Varun in the top
three out of 4,150 extensible motifs.

2. Coagulation factors 5/8 type C domain (FA58C) (id PS01286). This family is
composed by 40 sequences of about 46,432 amino acids. Varun places one of
the most important structural and functional motifs in this family in the top two
motifs out of 80,290 extensible motifs.

To prove that the information captured by the underlying motifs is relevant with
respect to the protein family under examination, we devised two kinds of tests. In the
first test we compare the original set of motifs in input,M , with the set of underlying
motifs in output U , using global measures. In the second set of experiments we test
the ability to filter meaningful motifs and retain the functional ones.

In the first set of experiments we useVarun to extract motifs from the above families
of protein sequences, for different quorums q. In all these experiments the quorum
refers to the number of occurrences in the concatenation of all sequences of a certain
family. Then, we use the extracted motifs as inputM to our algorithm, presented in
Subsection 1.3.1, in order to compute the underlying motifs U . Three observations
must be made at this point:

• the motifs extracted by Varun, m ∈M , are with character classes and no gaps;

• before using Algorithm 1.1, we compute the set of minimal motifs µ(M);
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• in our experiments we set the quorum for underlying motifs u , to be the same
as the original motifs in input, thus u = q.

For both sets of motifsM and U we compute some statistics. Figure 1.5 shows the
number of motifs, the sum of lengths of all motifs and their mean Z-Score. The
Z-Score is computed employing the same formula reported in [4]. As expected, the
number of underlying motifs is always much smaller than the number of original
motifs. A similar conclusion can be drawn for the sum of lengths. More important,
for small quorums the total length of original motifs exceeds the length of sequences
in both families, indicating that the original motifs are even larger than the set of
sequences under examination. Moreover, as seen above, the sum of lengths of under-
lying motifs is always bounded by the length of sequences. These first two measures
indicate that, not only the number, but also the total length of underlying motifs, is
much smaller than the original motifs. Thus the filtering process is space-efficient.

Another important measure is the mean Z-Score ofM and U . The mean Z-Score
is a global measure that captures the average quality of motifs in a set. In Figure 1.5
we can see that, for all quorums, the average Z-Score of underlying motifs is always
greater than those of original motifs, and in most cases the difference is one or two
order of magnitude. To summarize, this first test confirms that number and span of
underlying motifs is much more manageable than the original set, and also that their
average quality is improved.

Once we have verified that the notion of underlying is a suitable filter, in a second
series of experiments we test the ability to retain meaningful motifs. To this end, we
employed the motifs obtained from the previous experiments to test the presence of
functional motifs, as reported in the PROSITE database. In particular, the first fam-
ily, Nickel-dependent hydrogenases (id PS00508), contains two functional motifs :
Ni1 = RG[FILMV ]E...............[EMPQS][KR].C[GR][ILMV ]C and Ni2 =
[FY ]D[IP ][CU ][AILMV ][AGS]C. Similarly, the second family, coagulation fac-
tors 5/8 type C domain (FA58C) (id PS01286), shares the functional motifs: Fa1 =
[FWY ][ILV ].[AFILV ][DEGNST ]......[FILV ]..[IV ].[ILTV ][KMQT ]G andFa2 =
[LM ]R.[EG][ILPV ].GC. For each set of motifs,M and U , we compute the max-
imum similarity between each motif in the set and the two functional motifs. The
similarity between two motifsm andm′ is the number of shared characters, including
character classes, in the best alignment of m versus m′ , without considering indels.
Tables 1.1 and 1.2 summarize the maximum similarity, for different quorums, ofM
and U with each functional motif of the two protein families. The second and third
columns report the maximum similarity for the set of underlying motifs divided by
the similarity of the original set. For example, in the first row of Table 1.1 the quorum
is 5. In this case, the maximum similarity ofM with the functional motif Ni1 is 26.
The same value is obtained also for the corresponding set of underlying motifs U ,
thus indicating that the motif Ni1 is retained with the same degree of accuracy.

The values presented in Table 1.1 and 1.2 confirm that, in most cases, the functional
motifs, that are present inM , are also selected in the set of underlying motifs with
a similar accuracy. Ultimately, although a more comprehensive experimental setting
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(a) Nickel-dependent hydrogenases (id PS00508) (b) Coagulation factors 5/8 type C domain (id PS01286)

Figure 1.5 Total number, sum of lengths, and mean Z-Score of the motifs extracted using
Varun and their corresponding underlying motifs, for two protein families.
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Quorum Max Sim Ni1 Max Sim Ni2
(underlying/original) (underlying/original)

5 26/26 9/12
10 18/18 12/12
15 11/11 9/12
20 9/9 12/12
22 9/9 12/12
25 6/6 6/6
30 6/6 6/6

Table 1.1 Performance of underlying motifs on the family Nickel-dependent
hydrogenases.

Quorum Max Sim Fa1 Max Sim Fa2
(underlying/original) (underlying/original)

15 11/12 11/12
20 11/12 12/12
25 12/12 8/10
30 10/12 8/10
35 10/12 9/10
40 10/12 8/8
45 12/12 8/8
50 12/12 8/8
60 10/10 8/8
70 10/10 8/8
80 9/10 8/8
90 9/10 8/8
100 9/10 8/8

Table 1.2 Performance of underlying motifs on the family Coagulation factors 5/8
type C domain.

is desirable, this set of preliminary experiments support the validity of the theoretical
results presented in the previous sections and also prove its effectiveness.

1.5 CONCLUSION

In this chapter we have studied motifs with character classes, introducing basic prop-
erties for the comparison and ranking of motifs. We have proved several theoretical
results that support the validity of these fundamental properties. Most important, our
motif priority rule along with the notion of underlying motifs proved to be valuable
for the analysis of biological sequences. Preliminary experiments on protein fami-
lies have shown very good performance as a filter to reduce the number of motifs in
output, while keeping the most important ones.
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