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Abstract. We propose a general stochastic approach which defines rel-
evance as a set of binomial random variables where the expectation p
of each variable indicates the quantity of relevance for each relevance
grade. This represents the first step in the direction of modelling evalua-
tion measures as a transformation of random variables, turning them into
random evaluation measures. We show that a consequence of this new
approach is to remove the distinction between binary and multi-graded
measures and, at the same time, to deal with incomplete information,
providing a single unified framework for all these different aspects. We
experiment on TREC collections to show how these new random mea-
sures correlate to existing ones and which desirable properties, such as
robustness to pool downsampling and discriminative power, they have.

1 Introduction

Relevance judgements are at the core of Information Retrieval (IR) evaluation
since they determine and inform all the subsequent scoring and comparison of
IR systems. For this reason, over the years, a lot of effort has been put in their
creation and in ensuring their quality, see e.g. [7,20], also in a crowd-sourcing
context [1].

We know that relevance assessment is a not deterministic process, as wit-
nessed by different studies on inter-assessor agreement [16,17] and as exploited
by algorithms to merge relevance labels in a crowd-sourcing context [5]. However,
once relevance judgments have been created — either by traditional assessors or
with sophisticated algorithms merging labels from crowd-assessors — we seem to
forget their intrinsic randomness and we consider them as if they were deter-
ministic: for example, evaluation measures just handle the relevance judgment
associated with a document as exact.

In this paper, we move a step forward to account for the intrinsic randomness
in relevance judgements and we frame them into a general stochastic approach
where the judgement assigned to a document is a binomial random variable
whose expectation p indicates the quantity of relevance assigned to that docu-
ment.

We show how to apply the proposed framework to the definition of random
evaluation measures, i.e. IR evaluation measures able to incorporate the inherent



randomness in relevance judgements, and how this new approach not only elim-
inates the distinction between binary and multi-graded evaluation measures but
also deals with incomplete information, by providing us with a single unifying
vision which can be coherently applied to all the IR evaluation measures.

We apply our framework to two widely known measures, namely Average
Precision (AP) and Rank-Biased Precision (RBP) [10], in order to show the
generality of the proposed solution. We also conduct a systematic experimen-
tation using TREC collections which shows that these new random evaluation
measures are a coherent extension of their non-random counterparts and that
they have many desirable properties in terms of robustness to incomplete infor-
mation and sensitivity in discriminating among systems.

The paper is organized as follows: Section 2 discusses some related works;
Section 3 introduces our stochastic framework; Section 4 reports the evaluation
of the proposed approach; and, Section 5 draws some conclusions and outlooks
possible future works.

2 Related Work

To the best of our knowledge, this paper represents one of the first attempts
to explicitly model relevance judgements as a stochastic process with the spe-
cific goal to introduce random IR evaluation measures, benefiting from a single
unifying view on multi-graded measures and incomplete information.

One of the closest areas is dealing with incomplete information in relevance
judgments, i.e. how to account for unjudged documents [2,11,14,18]. All these
works differ from our approach in that they focus on unjudged documents in
the pool and how to reliably estimate a proportion of relevant documents for
them. On the contrary, we model each single relevance judgement as a binomial
random variable and we derive a general stochastic framework where evaluation
measures account for randomness in the assessment of each retrieved document,
both judged and unjudged documents in the pool.

Finally, when it comes to multi-graded judgements, either we have evalua-
tion measures which are natively multi-graded, such as Normalized Discounted
Cumulated Gain (nDCG) [6] and Expected Reciprocal Rank (ERR) [3], or ex-
tensions from the binary to the multi-graded case, such as Graded Average
Precision (GAP) [12]. However, all these cases treat relevance judgements as
deterministic and the extensions from the binary to the multi-graded case are
typically ad-hoc, i.e., they work only for a specific measure, while our approach
is general and can be seamlessly applied to any IR evaluation measure.

3 Proposed Stochastic Model

3.1 Random Relevance

We stem from the notation proposed by [4] for defining the basic concepts of
topics, documents, ground-truth, run and judged run and we extend it to account
for random relevance instead of deterministic one.



Let us consider a set of documents D and a set of topics 7. Let (REL, <)
be a totally ordered set of relevance degrees, where we assume the existence of
a minimum that we call the non-relevant relevance degree nr = min(REL). We
assume that REL is a finite set. Moreover, given m € N such that |[REL| = m+1,
we denote its strictly ordered elements as rely < --- < rel,,, where rely = nr.

For each pair (¢,d) € T x D, the ground-truth GT is a map which assigns
a relevance degree rel € REL to a document d with respect to a topic t. The
recall base is the map RB from T into N defined as the total number of relevant
documents for a given topic t — RBy = |{d € D : GT(t,d) - nr}|.

Given a run 7 = (dy,...,dy) of length N, let 7#[i] be the relevance assigned
to the document d; for the topic t, i.e. #[i] = GT'(t,d;).

Given a positive integer IV, the length of the run, we define the set of re-
trieved documents as D(N) = {(d1,...,dn) : d; € D,d; # d; for any i # j},
i.e. the ranked list of retrieved documents without duplicates, and the universe
set of retrieved documents as D := Ulj\[,il D(N).

The already existing binary (when m = 1) and multi-graded (m > 1) evalua-
tion measures usually map each relevance degree into an integer number. For ex-
ample, if REL = {nr,r}, then AP assigns the value 0 to every non-relevant doc-
ument while 1 is used for the relevant ones. Similarly, if REL = {nr,pr,r,hr},
nDCG [6] assigns an integer number to each relevance degree, e.g. 0, 5, 10 and
15, consistently with the ordering among the relevance degrees. If it is very nat-
ural to assign 0 to a non-relevant document and 1 to a relevant one, being this
latter value just any possible positive number different from zero that simply in-
dicates the “presence” of some relevance, the situation is not so clear in the case
of multi-graded relevance. For example, if 5 is the value assigned to a partially
relevant (pr) document and 10 is the one for a relevant document (r), this does
not necessary mean that relevant documents are twice as relevant as partially
relevant ones, even though their contribution to some measures, e.g. nDCG, is
actually doubled.

Could there exist a right or at least a common way to assign integers to
different degrees of relevance? For example, [9] proposed magnitude estimation
as a way to let users to estimate relevance on their own scale and raised the
question whether a single view of relevance is actually appropriate to describe a
population of users. The answer to this question is not easy and in the present
paper, to account for a population of users, we consider the relevance of each
document as a random number chosen between {0,1}, where again 0 means
completely “non-relevant” and 1 means “fully relevant”.

Therefore, we describe the relevance of a document via a binomial random
variable B(1,p) with parameters 1 and p, where p roughly defines the quantity
of relevance of that document. Recall that such a binomial random variable is
a function from {2, i.e. a suitable sample space, into {0,1} and it is equal to 1
with probability p and 0 with probability 1 — p.

In accordance with this construction, we redefine the ground-truth as follows:
for each pair (¢,d;) € T x D, the random Ground-truth RGT, also called
random relevance, is a binomial random variable of parameters (1, p; 4,), where



Dt,d; is the parameter associated to the document d; with respect to a topic ¢.
pt,d; = 0 corresponds to a document completely not relevant and p; 4, = 1 to a
fully relevant document. For simplicity, in the sequel we will write p; ; instead of
Dt,d;- Moreover, we replace the deterministic recall base RB; defined before with
}/{Et, the expected total relevance present in D, i.e. @t =D deD E[RGT(t, d)]
whose true value will be most of the times just estimated.

Let R be the set U‘]\l,):‘l{(), 1}V; a random judged run is the function 7
from {2 x T x D into R, which assigns a random relevance to each retrieved
document in the ranked list

(w,t,ry) = F(w) = (RGT (¢, dv)(w), ..., RGT(t,dn)(w)) .

3.2 Random Evaluation Measures
Generally speaking, a random evaluation measure is an application
M:02xTxD—Ry
obtained by the composition of the random judged run with the map
w:R =Ry

giving M = p(RGT(t,d1)(w), ..., RGT(t,dN)(w)).

To show how to apply the proposed approach, we provide the definition of
the random version of two well-known evaluation measures, namely RBP and
AP.

Random Rank Biased Precision (RRBP) of parameter ¢ € (0,1) is

defined as
N

RBP[iy(w)] = (1—q) Y ¢" #i[n](w) .

n=1

where g denotes the persistence of the user in scanning the results list.
Random Average Precision (RAP) is defined as

A 1 L1, X
APl ()] = = <n > n[m](w)) Pe[n](w) -
t n=1

m=1

To compare different systems, we need to define an ordering among runs of
documents. Since the relevance is now stochastic, the ordering of the systems
has to be defined in terms of the laws of the random relevances of the documents
retrieved in the runs.

Definition 1. Given a topic t, two runs of documents ry and s; and a random
evaluation measure M (-,t)(w), we define a weak order on R as

e X8 & E[M(ry,t)(w)] <E[M(s,t)(w)] -



Therefore let us now take into account the expectations of the random ver-
sions of RBP and AP. We assume the random relevances of different documents
to be independent random variables.

We define the expected Rank Biased Precision (eRRBP) as the expec-
tation of RBP when computed over runs with random relevance degrees. Since
RBP is a linear combination of independent random variables, the computation
of its mean is quite simple, giving rise to the following expression:

N
E[RBPliw)]] =1 —0) Y ¢" 'pran - (1)

n=1

Similarly, expected Random Average Precision (eRAP) is the expec-
tation of AP, whose computation is slightly more complicated, since we here
have the sum of partial sums of the same random variables. The mean is:

1 N 1 n—1
IE[AP[r}(w)]] = RTB E (1 + Z pt,m> Ptn 5 (2)
t n=1

m=1
where we have made use of the fact that all the moments of a B(1,p; ) random
variable are equal to p k.

Summing up, the proposed random measures decouple the problem of de-
termining the presence of relevance from that of indicating the amount of rele-
vance. Indeed, the former is represented by the output of the binomial random
variables, either 0 in case of absence of relevance or 1 in case of presence of
relevance; the latter is represented instead by the parameter p of the binomial
random variables, which accounts for the amount of relevance. In this way, the
same mechanism for indicating the presence and amount of relevance is used for
both the binary and multi-graded case, thus eliminating the distinction between
them. Furthermore, these random measures allow us to “seed” some relevance
also for the not relevant documents by setting the parameter p slightly greater
than 0 in that case. This is especially useful in the case of unjudged documents
and incomplete information, since it allows us to somehow capture what we
might call the “dark relevance” present in the document’s universe. For these
reasons, we can say that the proposed random measures are able to seamlessly
describe both multi-graded and incomplete information.

4 Experiments

We focus on the following existing evaluation measures to compare ours against:
nDCG [6] and ERR [3] as examples of natively multi-graded evaluation mea-
sures; GAP [12] as an example of extension of AP to graded judgments; and
Graded Rank-Biased Precision (gRBP) [15] as an example of use of RBP [10]
with graded judgements; Binary Preference (bpref) [2] and Inferred Average Pre-
cision (infAP) [18] as examples of binary measures for incomplete information.



We used the following collections: TREC Terabyte track T14 using the GOV2
collection with 50 topics, deep pools at depth 100, and graded relevance judg-
ments — i.e., not relevant, relevant and highly relevant; 58 runs were submit-
ted, retrieving 1,000 documents for each topic; TREC Web track T21 using the
ClueWeb09 collection with 50 topics, shallow pools using depths 20 and 30, and
graded relevance judgments — i.e., junk, not relevant, relevant, highly relevant,
key and nav; we considered junk and not relevant as a single not relevant level
and key and nav as a single key level; 27 runs were submitted, retrieving 10,000
documents for each topic.

For nDCG we use a log base b = 10 and gains 0, 5, 10, and 15 for not relevant,
relevant, highly relevant, and key documents, respectively. For ERR we instead
use 0, 1, 2 and 3 as gains. For RBP we set the persistence parameter ¢ to 0.8,
which works well for both deep and shallow pools as pointed out by [10].

Although our approach provides a very fine-grained level of detail in defining
the random relevance up to each (topic, document) pair, e.g. by using magnitude
estimation techniques [9], in the following evaluation we let the parameter p; 4 to
be fixed for each relevance degree to a value py, independently from the document
at hand, since this is the way in which all the IR measures we compare against
work and this is the information available in the pools of the used collections. We
can view each pi as how much an assessor is confident that every given document
with relevance degree equal to rely is actually relevant. The different values of
the parameters py are reported in the caption of the figures which display the
experimental results later on.

To ease the reproducibility of the experiments, the code for running them is
available at: https://bitbucket.org/frrncl/ecir2018.

4.1 RQ1: Relation to Other Evaluation Measures

Figures 1 report the outcomes of the correlation analysis on T14 and T21, respec-
tively, using both Kendall’s 7 correlation [8] and 7,, correlation [19]. Each row
represents an alternative configuration of the parameters ranging from hard to
lenient in the sense that, for example in the case of three relevance degrees, GAP
with threshold probabilities [0.00,1.00] corresponds to AP when you perform a
hard mapping to binary relevance, i.e. only the top relevance degree is consid-
ered relevant; on the other hand, GAP with threshold probabilities [1.00,0.00]
corresponds to AP when you perform a lenient mapping to binary relevance, i.e.
every relevance degree above not relevant is considered relevant.

For each set of parameters (hard, medium, lenient), we explore two options
for eRAP and eRRBP. Option 1 makes eRAP to behave as close as possible
to GAP by constraining the eRAP probabilities a la GAP: for example, in the
case of three relevance degrees if the GAP threshold probabilities are [g1, g2] we
constraint the eRAP probabilities to [0, g1, g1+9g2]. Option 2 lets eRAP to behave
in its intended way of use with more freedom in the choice of the probabilities,
still being in the hard, medium or lenient cases.

Note that nDCG, ERR, and gRBP are always the same in all the three cases,
i.e. hard, medium and lenient case, since they do not depend on different ways
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Fig. 1. Correlation analysis on T14 (first column) and T21 (second column) for different
sets of parameters. The first row of subfigures reports the hard case: (a) GAP with
threshold probabilities a = [0.20,0.80], eRAP end eRRBP with probabilities al =
[0.00,0.20, 1.00] and a2 = [0.05,0.20,0.95] on T14; (b) GAP with threshold probabilities
b = [0.10,0.40,0.50], eRAP end eRRBP with probabilities b1 = [0.00, 0.10, 0.50, 1.00]
and b2 = [0.05, 0.10, 0.50, 0.95] on T21. The second row of subfigures reports the medium
case: (¢) GAP with threshold probabilities ¢ = [0.50,0.50], eRAP end eRRBP with
probabilities ¢1 = [0.00,0.50,1.00] and ¢2 = [0.05,0.50,0.95] on T14; (d) GAP with
threshold probabilities d = [0.20, 0.40, 0.40], eRAP end eRRBP with probabilities d1 =
[0.00, 0.20, 0.60, 1.00] and d2 = [0.05, 0.20, 0.60, 0.95] on T21. The third row of subfigures
reports the lenient case: (¢) GAP with threshold probabilities e = [0.70,0.30], eRAP
end eRRBP with probabilities el = [0.00,0.70, 1.00] and e2 = [0.05,0.70,0.95] on T14;
(f) GAP with threshold probabilities f = [0.40,0.40,0.20], eRAP end eRRBP with
probabilities f1 = [0.00,0.40, 0.80, 1.00] and f2 = C'2 = [0.05, 0.40, 0.80, 0.95] on T21.




of thresholding the relevance degree. The same holds for bpref and infAP which
always adopt a lenient mapping to binary relevance.

We can observe a very general trend on both T14 and T21: in the case of GAP
and eRAP moving from the hard case to the lenient case increases the correlation
with nDCG in terms of both 7 and 7,,, indicating that somehow “seeing” more
relevance degrees makes these evaluation measures closer to a natively multi-
graded one. However, while in the case of T14 and three relevance degrees these
correlations are quite high, around or above 0.9 in terms of Kendall’s 7, when
it comes to T21 and four relevance degrees they are typically below 0.8 in terms
of Kendall’s 7; this suggest that, as the number of relevance degrees increases,
these measures tend to take a different angle on what multi-graded relevance is.

We can observe a similar behaviour also for eRRBP with respect to nDCG,
while the correlation between gRBP and nDCG is the same in all the cases since
they do not depend on the choice of the probabilities; we can also see how the
correlation between nDCG and eRRBP is lower than the one between nDCG
and gRBP in the hard case, somehow similar in the medium case, and higher in
the lenient case. However, these correlations are generally low, around or below
0.60 for T14 and 0.45 for T21 in terms of Kendall’s 7, suggesting an approach to
multi-graded relevance quite different from nDCG.

When it comes to ERR we can see a similar increasing correlation trend with
GAP and eRAP, even if the correlations are very low — below 0.55 for T14 and
0.35 for T21 in terms of Kendall’s 7 — denoting completely different approaches
to ranking systems, probably due to the extremely top-heavy nature of ERR. On
the other hand, the correlation between ERR and gRBP/eRRBP is much higher
— around 0.75 for T14 and 0.60 for T21 in terms of Kendall’s 7 — suggesting a
greater agreement probably due to the more top-heavy nature of gRBP/eRRBP.

When it comes to the comparison between GAP and eRAP we can note
that eRAP with probabilities constrained a la GAP (option 1) is very highly
correlated with GAP with both 7 and 74, almost always well above 0.9 on both
T14 and T21; moreover, this correlation tends to increase moving from the hard
to the lenient cases.

If we consider GAP and eRAP used in its intended way (option 2), we can
observe high correlations in the case of T14 above 0.8 for both 7 and 7,, while
they drop below 0.65 in the case of T21, indicating that the more the number of
relevance degrees the more GAP and eRAP depart from each other; moreover,
as in the previous cases, we can note an increasing trend as we pass from the
hard to the lenient cases.

The comparison between gRBP and eRRBP shows that there is not much
difference between using option 1 and 2, since both are very highly correlated
with gRBP, being 7 and 7,4, above 0.9 on both T14 and T21. This hints that the
intrinsic structure of the RBP somehow “prevails” on the way in which you make
it multi-graded and, as a result, all the different ways to make it multi-graded
turn out to be very correlated.

When it comes to the comparison with measures for incomplete information,
i.e., bpref and infAP, we can observe that there is an increasing correlation
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Fig. 2. Robustness to pool downsampling for both T14 (first row) and T21 (second
row). The probabilities for the hard, medium, and lenient cases are the same as in
Figure 1 for T14 and T21.

trend passing from the hard to the lenient case for both eRAP and eRRBP on
both T14 and T21; this makes sense since both bpref and infAP adopt a lenient
approach for mapping multi-graded judgements to binary ones. In particular, in
the case of infAP and eRAP, we can observe quite high 7 correlations, from 0.88
onwards on T14 and from 0.83 onwards on T21 when eRAP is constrained a la
GAP (option 1) where slightly lower correlations on T21 are due to the more
multi-graded nature of this track. When we allow for more degrees of freedom in
eRAP (option 2), correlations get lower, in the range 0.80-0.86 on T14 and 0.53-
0.63 on T21, still being coherent with infAP, but more affected by multi-graded
judgments.

Overall, the correlation analysis shows how introducing the idea of random
relevance and turning evaluation measures into random evaluation measures al-
lows us to seamlessly manage both binary and multi-graded judgements, keeping
a coherent vision with respect to both binary and multi-graded measures. More-
over, the same approach provide us also with an unifying view with respect to
addressing incomplete information, as also investigated in the next section.

4.2 RQ2: Properties of the Evaluation Measures

Figure 2 shows the robustness of the evaluation measures to pool downsampling
for both T14 and T21 in the hard, medium, and lenient cases considered before.
We downsampled pools as in [2] and we computed the Kendall’s T correlation
of each measure with respect to its version on the full pool as an indicator of
how robust a measure is to pool downsampling. Consider that, downsampling
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Fig. 3. Discriminative power at pool samples for both T14 (first row) and T21 (second
row). The probabilities for the hard, medium, and lenient cases are the same as in
Figure 1 for T14 and T21.

the pools, in the case of T14 we are passing from a deep to a shallow pool while
for T21 we are passing from a shallow to an extremely shallow pool. We can
see that, consistently with previous findings in the literature, nDCG, bpref, and
infAP are among the most robust measures to pool downsampling while ERR is
more sensitive to it.

In the case of T14 (first row of Figure 2) we can observe two separate clusters
for all the cases (hard, medium, lenient): one for GAP and eRAP and the other
for gRBP and eRRBP where the former is more robust to pool downsampling
than the latter. In the case of GAP/eRAP we can see that the more we pass
from the hard to the lenient case the closer is their behaviour to the nDCG,
bpref, and infAP ones even if GAP has stable performances up to 30% reduction
rate while eRAP used in its intended way (option 2, continuous blue line with
squares) outperforms it and remains stable also for the more extreme reduction
rates, basically behaving like nDCG and bpref.

In the case of T21 (second row of Figure 2), we do not have anymore two
separate clusters but all the measures look very similar up to the 30% reduction
rate, being nDCG and bpref always the top performing ones. However, for the
10% and 5% reduction rates all the measures have a sudden drop, even below
the level of ERR, with the sole exceptions of nDCG, bpref, and eRAP used in its
intended way (option 2, continuous blue line with squares) which remain stable
and perform very similarly.

Figure 3 shows the Discriminative Power (DP) [13] achieved at different pool
samples for both T14 and T21 in the hard, medium, and lenient cases.



If we consider the full pools, we can see that, consistently with previous
findings in the literature, nDCG (DP = 75.44% on T14 and DP = 66.10% on
T21) together with bpref (DP = 68.18% on T14 and DP = 54.13% on T21) and
infAP (DP = 75.38% on T14 and DP = 57.26% on T21) are among the most
discriminative measures while ERR (DP = 41.38% on T14 and DP = 46.15% on
T21) is one of the least discriminative ones, due to its strongly top-heavy nature.
As a general trend, we can see how the DP improves passing from the hard to
the lenient case for both eRRBP and eRAP. In particular, we can see how gRBP
(DP = 50.57% on T14 and DP = 51.00% on T21) and eRRBP (DP = 44.00%—
55.00% on T14 and DP = 43.00%-53.00% on T21), due to their more top-heavy
nature, behave somehow similarly to ERR and tend to be less discriminative
than the other measures. On the other hand, GAP (DP = 72.00%-75.00% on
T14 and DP = 58.00%-60.00% on T21) and eRAP (DP = 63.00%-79.00% on
T14 and DP = 42.00%-74.00% on T21) behave closer to nDCG, bpref and infAP.
In particular, on both T14 and T21, eRAP used in its intended way (option 2,
continuous blue line with squares) outperforms even nDCG, bpref, and infAP in
both the medium case (DP = 77.92% on T14 and DP = 67.24% on T21) and in
the lenient case (DP = 79.19% on T14 and DP = 74.07% on T21).

If we consider the different down-sampled pools, we can observe that the
above mentioned trends are roughly respected and the discriminative power is
stable enough up to the 50% reduction rate. On the other hand, for higher pool
reduction rates, there is typically a drop in the performance with the exception
of nDCG, bpref, and eRAP used in its intended way (option 2, continuous blue
line with squares). These three latter measures behave quite similarly on T14
while eRAP used in its intended way (option 2) substantially outperforms both
nDCG and bpref on T21 in the hard, medium, and lenient cases.

Overall, this analysis suggests that the proposed random measures maintain
(or even improve) desirable properties in terms of robustness to incomplete in-
formation and discriminative power but providing a single unified vision which
account for binary and multi-graded judgements as well as for incomplete infor-
mation.

5 Conclusions and Future Work

In this paper, we have proposed a general stochastic approach for modelling rele-
vance as a random binomial variable. Besides modelling the intrinsic randomness
present in the relevance assessment process and the different viewpoints of a user
population, the random relevance allows us to turn evaluation measures into ran-
dom evaluation measures and to provide a single unifying vision between binary
and multi-graded measures as well as on the robustness to incomplete informa-
tion.

A systematic experimentation on TREC collections has shown how these new
random measures relate and differ from existing measures and that they have
desirable properties in term of robustness to pool downsampling and ability of
discriminating among different systems. Overall, this suggested that the pro-



posed new stochastic approach provides the aforementioned benefit at no cost
or even improving the properties of the random measures derived from it.

Future work will concern the investigation of further applications of the ran-

dom relevance and the random evaluation measures. In the crowd-sourcing con-
text, random relevance could be exploited as an alternative way, e.g. to majority
voting, to merge pools produced by multiple crowd-assessors, since the relevance
of a document could be expressed via a binomial random variable of parameter
(1,p), where p is determined accordingly to the different assessments given by
the assessors.
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