Chapter 3

Convolutions and the Discrete

Fourier Transform

3.1 The Cooley-Tukey Algorithm

Let n = pq, with p,q > 1. Given a vector x of size n, the Cooley-Tukey algorithm computes
DFT,(x) = F,z in terms of the lower-order transforms DF'T, and DFT, by performing
the following five steps:

1. Arrange x into a p X ¢ matrix X, in row major order;
2. For 0 < j < ¢ — 1, substitute column X7 of matrix X with DFT,(X’) = F,X7;

3. For0<i:<p-—1,0<j<q—1, multiply the (7, 7)-th entry of the matrix by the

twiddle factor w¥:
4. For 0 <i < p — 1 substitute row X; of matrix X with DFT,(X;) = F,X;;

5. Read out y = DFT,(x) by enumerating the entries of the resulting matrix in column-

major order.

For n = 2F, the Cooley-Tukey algorithm yields the FFT(x) algorithm seen in class.
Indeed, let n = p x ¢, with p = n/2 and ¢ = 2. Then, the first step creates the following



matrix with n/2 rows and 2 columns:

Zo T

X = Lo  T2i4+1

Tn—2 Tn-1

Observe that X = 2l and X' = 21, in other words, the two columns separate the
even-indexed entries of @ from the odd-indexed entries, as in the “Divide” step of FFT.
Step 2 of the Cooley-Tukey algorithm requires transforming the columns independently.
Therefore, if

Yy = F, 2 and y = F, !

we obtain
0] (1]
Yo Yo
X — ylo yl! ,
0 n

Ynjo—1 Ynj2—1
which corresponds to the “Recurse” step of FFT. In Step 3 (multiplication by the twiddle

factors), the i-th component of the second column X! is multiplied by wi! = w! yielding

v wny!
X=| v wn'y!

0 n/2—1. 1

?/7[1/]2—1 Wy 1y7[1/]2—1

In Step 4, we transform each row (y, w,’y!"). Since

a1 1
2 — 1_17



the i-th row of X becomes

11 u’ O\ v ety
1 -1 )\ wiy! ) —wiyt )
Finally, obtaining the components of y = F,, @ in column major order amounts to say that,

for 0 <i<n/2-1,

0 i 1 0 i |1
yi=u +wy and yipnse = ) — wa'yl,

which is exactly the recombination performed in the “Conquer” step of FFT.

Exercise 3.1 Let n =12, p =3, ¢ =4, and let x = (0,0,1,1,1,0,1,0,0,0,1,1). Com-
pute DFTis(x) by applying the Cooley-Tukey algorithm and showing the matrix at the

end of each step.

Answer: Let w = wiy = ¢™/% = +/3/2 +i/2. On input « = (0,0,1,1,1,0,1,0,0,0,1,1),

the Cooley-Tukey algorithm executes as follows.

Step 1: Arrange x into a 3 X 4 matriz, in row magjor order. We obtain:

>

I
S = O
o O O
T
—_ O

Step 2: Transform columns. We must replace each column X7 with F3X7, where Fy is
based on the third root w3 = —1/2 + (v/3/2)i. The result is:

2

+ =
o

+

N N[

~
o O O
oSO O W
D= N[
Sl
.

Step 3: Multiply entry (i,7) by w”. Note that the first column and the first row will be

left unchanged (multiplied by w® = 1), and there are several O-entries in the matrix. In

fact, we only need to compute w® = e™/? = § and w® = e™ = —1. The resulting matrix is:
1 0 3 2
— 1, V3 V3 | 1
X = —3 + ?Z 0 0 5 +3§
1 3 1 3,
-3 = 72 0 0 -3 72



Step 4: Transform rows. Similarly to Step 2, we replace each row X; with F;X;, where
F} is based on the fourth root wy; = 7. The result is:

6 —2 -2 2 —2 4 2i
D = | ¥l 13 0 B e B RVE)
—1-3i B 1 0 Va1 143y

Step 5: Read out the transform in column major order. We finally obtain:

DFTy(x) =
3—1 1443 1+v3 1-—4/3
af +'WQ4—ﬁp%m@—+f+ Jﬁ
2 2 2 2
1+v3 V3-1 3—1 143
Qﬁ_?r+fé@Q%+%—Hﬁ%¢; —'?Q)

3.2 Linear and Cyclic Convolution

Let a and b be two arbitrary vectors of n components. The linear convolution of a and b,

denoted w = a * b, is a vector of 2n — 1 components such that, for 0 <i < 2n — 1,

min{i,n—1}

w; = > ajbiy, (3.1)
j=max{0,i—n+1}

where the lower and upper bounds in the summation are chosen in such a way that the
indices j and ¢ — j always range between 0 and n— 1. Recall that w; is the i-th coefficient of
the polynomial of degree bound 2n which is obtained by multiplying the two polynomials
whose coefficient representations are a and b. By evaluating the polynomials on the 2n
2n-th roots of unity, pointwise-multiplying the values and interpolating from the resulting
point representation vector, we obtain the following theorem:

Theorem 3.1 (Linear Convolution Theorem) Let a and b be two arbitrary vectors of
n components, and let w = axb. Then

(w|0,) = DFT;! (DFT5,(al0,) ® DFT4,(b|0,)),

where ® denotes component-wise product, and (x|0y) denotes the vector obtained by padding



vector x with k zeroes.

Theorem (3.1) gives us a way to compute w in ©(nlogn) time by applying the FFT
algorithm.

Let us now introduce a new vector operator. For a and b, vectors of n components, we
define the cyclic convolution (also called wrapped convolution) of a and b, denoted a® b,

as a vector z of n components such that, for 0 <i <n —1,
n—1
2= a;b(i—j) mod n- (3.2)
j=0

Note the similarity between (3.1) and (3.2). However, recall that if @ and b have n com-
ponents, then a x b has 2n — 1 components, while a® b has only n components.

Cyclic convolution can be thought of as a “wrapped” version of linear convolution. To
see this, note that, for 0 <i <n —1,

% n—1
Zi = Z ajbi_j + Z (Zjbn+i_j (33)
j=0 j=i+1
(note that the second summation evaluates to zero for ¢ = n — 1). To obtain z;, we start
by multiplying, ag by b;, then a; by b;_1 ... until we multiply a; by bg. Then, we proceed
by “wrapping around” vector b and multiplying a;.1 by b,_1, a;1o by b,_5 and so forth.

Observe the multiplication pattern of the a;’s and the b;’s in cyclic convolution:

20 = aobo + albn_l + ... + (ln_ng + an_lbl

Z1 = G,le + CleQ + ... + an_gbg + an_lbg

zi = agby + abiy + ... + apabie + ap_1bi
Zn—1 = aobn_l + albn_Q + ... + (ln_le + (In_lbg



We can write the above system as z = C'(b) x a, where

bo bnfl b2 bl
b1 b() b3 b2
C(b) = :
bz bz—l bz+2 bz+1
Dot bos ... b by |

Note that the columns of C'(b) are obtained as consecutive cyclic right shifts of b. Matrix
C(b) is called a circulant matrix with first column b. A circulant matrix admits a very
compact representation, since the matrix is uniquely specified by its first column.

Note that computing w = a® b according to the definition takes ©(n?) time. However,
it turns out that we can use the FFT to compute cyclic convolutions in O(nlogn) time.
We have:

Theorem 3.2 (Cyclic Convolution Theorem) Let a and b be two arbitrary vectors of

n components, and let z = a® b. Then
z=DFT,' (DFT,(a) ® DFT,(b)), (3.4)
where ® denotes component-wise product.

Therefore, simply computing the DFT’s of @ and b with no padding, multiplying their

components and then taking the inverse DF'T gives us the cyclic convolution of a and b.

Proof: It suffices to show that DFT,(z) = DFT,(a) ® DFT,(b). We have:

n—1
(DFT,(a Z a;w? and  (DFT,(b)); =Y brwiF,
k=0
therefore
n—1 ) n—1n—1 N
(DFT,(a)); - (DFT,(b)); = Zajw” (Z bkw}f> =33 ajbwiVh), (3.5)
k=0 j=0 k=0

On the other hand, from Equation (3.3) we have:

(DFT,(z i (Zas s + Z b p )

s=p+1



n—1 n—1

Z Zas sl + 3 S by wl? (3.6)

p=0 s=0 p=0 s=p+1
Let us now show that, for any 0 < i < n — 1, Formulae (3.5) and (3.6) coincide. For this
purpose, it suffices to note that each term ayb,,, with 0 < £, m < n — 1, appears only once
n (3.5), multiplied by w/“*™. In (3.6), if £ +m < n, then asb,, appears only once in
the first double summation, for p = £ + m and s = £, and multiplied by w? = w!(+™) If
{+m > n, then asb,, appears only once in the second double summation, for p =f{+m—n
and s = £, and multiplied by w®? = iFm=n) = iltrm),—in — ilt+m)  The theorem

follows. O
The following are immediate corollaries of Theorems 3.1 and 3.2.

Corollary 3.1 Let a and b be two arbitrary vectors of n components. Then
(a xb|0;) = (a|0,)® (b|0,).
Corollary 3.2 Let a and b be two arbitrary vectors of n components. Then
a®b=b®a=Cb)xa=C(a)xb

Corollary 3.1 gives us a way to compute w = a x b through a cyclic convolution. In
what follows, we investigate the inverse relation: in particular, we will write z = a® b as
a function of w.

Recall that

i = Zayzj+zajn+2J

Jj=i+1
= Zi + Zi? (37)

for 0 <i <n—1. Note that 22_; = 0. By making the bounds in the summation explicit,

we can rewrite (3.1) as

;:0 ajbi_j, for 0 S 1 S n — 1,
Wi = (3.8)
ZglznﬂotjbZ _j, forn <i<2n-—2

From (3.7) and (3.8) it immediately follows that 2! ; = w,_;, therefore 2, = w,_;. For



0 <17 <n-—2we have:

n—1
2 _
5= ) Gbnrig
j=it1
n—1
= > iin)—
i= (+n)—
—n + 1
= Wiqn-

Therefore, for 0 <@ <n — 2, z; = w; + Wiyy.

3.3 Bluestein’s Technique

Let n > 1 be an arbitrary integer (not necessarily a power of two). Given a complex vector
x = (r9,%1,...,Ty_1), let y = DFT,(x), that is,
n—1
yi= > mwd, for0<i<n-—1. (3.9)
k=0
Bluestein’s technique reduces the computation of y to a cyclic convolution between two
vectors of size m = O(n), with m a power of two, where the two vectors can be easily
determined in ©(n) time. Observe that this reduction immediately yields an algorithm to
compute y = DFT,(x) in time ©(nlogn) through the Cyclic Convolution Theorem and
the FFT algorithm for vector sizes that are integer powers of two.
We proceed as follows. Let 8 be one of the two square roots of w, (e.g., take the

root whose polar representation is /). Since (i — k)2 = % + k? — 2ik, we have that
wik = B2k = B B+ ==K hence we can rewrite equation (3.9) as
2 nl k2 —(i—k)2
yB =3 (w7 B (3.10)

k=0

Let us now define ar, = z,8% and b, = B, for 0 < k < n — 1. Also, let m =

LAs an aside, it is important to observe that taking powers or roots in the complex field, is computa-
tionally very fast when complex numbers are given in polar representation. In particular, taking powers
or roots of numbers with unit modulus p = 1 amounts to perform simple arithmetic operations (products
or divisions) on the second coordinate 6.



2Mog2(2n=1)1 * Obgerve that m is the smallest power of two greater or equal to 2n — 1, hence

2n —1<m <2(2n —1) < 4n. We can define the following two vectors of size m:

a = (CLO?alw .- an—1|0m—n)

b, - (bo,bl,... n— 1’0 2n 1 |bn 1,...,b2,b1).

Let z = a’® b/, and consider the first n components of z. For 0 <i <n — 1 we have:

m— 1
i = (z k) mod m

k:O
n—1

= 2 [b)—k) mod m (3.11)
k=0

= Zakbz Kt Z apby—; (3.12)

k=i+1

— Z$k5k25—(i—k)2+ Z xkﬁkzﬁ—(k—
k=0 k=i+1
n—1

= > afp (3.13)
k=0

=y, (3.14)

where Equality (3.11) follows from the fact that [a@’]y = a; for 0 < k <n—1, and [a’]; =0
for n < k < m — 1; Equality (3.12) follows from the fact that [b'](;—r)modm = bk, if
0<i—k<n-1 and b]i-rmodm = [0lmii-k = bp—i, if =(n—1) < i—Fk < 0;
Equality (3.13) holds since g=*#=9° = g=(=%* for any 0 < i,k < n — 1; and finally,
Equality (3.14) immediately follows from Equality (3.10).

Putting it all together, in order to compute y = DFT,(x), we first compute the vectors
a’ and b’ in O(n) time and then obtain their cyclic convolution z = a’® b’. Observe that
this is a convolution between vectors of size m = O(n), a power of two, and can thus
be computed through the Cyclic Convolution Theorem and the FFT algorithm in time
©(nlogn). Once we have z; = yiﬁ_iQ, for 0 < ¢ < n, we can finally compute y in
additional ©(n) time as

yi:ziﬂi2, for0 <i<n-—1.

The overall time is still ©(nlogn).



3.4 Circulant Matrices

Given a vector @ = (ag, a1, ..., a,_1), the circulant matrix C(a) is an n x n matrix whose
first column is a, while the remaining columns are obtained as consecutive cyclic right
shifts of @ . In this subsection we design and analyze efficient algorithms for the following
problems:

(a) Determining the product of two circulant matrices.
(b) Determining a solution (if any) to the linear system C(a)x = b.

(c) Determining whether C'(a) is invertible and, if so, computing its inverse.

Note that ) )
ay QGp—1 - G2
aq Qo R ¢ 3 a9
Cla) = ,
Qp—2 Ap-3 - Qo Ap-1
| An—1 Gp—2 -+ 41 Qo |

therefore [C'(a)lij = a(i—j) mod n, for 0 < 4,5 <n—1.

(a) Let C(a) and C(b) be two circulant matrices. By the definition of row-by-column
product we have, for 0 <i,57 <n —1,

n—1

Cla) x OBy = Y [C@lu[C®)ly
- ngo G (;—s) mod nb(s—j) mod n-

Let k = (i — s) mod n. Note that when s varies between 0 and n — 1, so does k. Moreover,

s = (i — k) mod n. By substituting s with & in the above summation we obtain:

n—1
[C(CL) X C(b)L] = Z akb((z—k) mod n—7j) mod n
k=0

n—1

- Z akb((i—j) mod n—k) mod n
k=0

= (a'® b)(z—]) mod n-

10



This suffices to show that the product of C'(a) and C(b) yields a circulant matrix C(z),
with z = a® b. If circulant matrices are represented by storing only their first column,
then the representation of their product can be computed in O(nlogn) time using the FFT

algorithm.

(b) Consider the system
C(a) xx =0, (3.15)

where a and b are arbitrary complex vectors and « is the vector of the unknowns. Observe
that

[Cla) x x]; = Q(i—k) mod nTk
0

a® x);.

—_

Let F,, be the Fourier matrix of order n, and let A, X, B denote, respectively, F,a, F,x
and F,b. By the cyclic convolution theorem, System 3.15 is equivalent to the following

system
A6 X =B,

where ® denotes component-wise product. Note that such system consists of n equations,
one for each component of the (unknown) vector X. For 0 < i <n — 1, the i-th equation
is
A; X, = B, (3.16)
hence it contains the single unknown X;. Therefore it immediately follows that
1. The system has one and only solution iff A; # 0, for 0 <7 <n — 1.

2. The system has no solution iff there exists an index ¢ such that A; = 0 and B; # 0.

3. The system has infinite solutions iff for each index i such that A; = 0, then B; = 0,

and at least one such index exists.

By the equivalence of Systems 3.16 and 3.15, the above considerations also apply to our
original system. Note that A and B can be computed in O(nlogn) time using the FFT
algorithm, and that the subsequent test (as specified in Points 1..3 above) can be performed

in additional O(n) time.

11



Consider the case when at least one solution exists and define X as

i =

- {Bi/Ai if A; £ 0

0 otherwise,

for 0 <1

< n —1. Then, a solution to System 3.15 can be computed in O(nlogn) time as
T=F'X.

(c) By a well known theorem in linear algebra, C'(a) is invertible if and only if the linear
system
Cla)x=0b

has one and only solution & € C", for any given vector b € C™. By the results in Part
(b), we can therefore conclude that C'(a) is invertible if and only if A; = (F,a); # 0 for
0 < i < n—1. Such condition can clearly be tested in O(nlogn) time using the FFT
algorithm to compute A and a linear scan to test that A; # 0, for 0 <i <n —1.
Let us now prove that [C'(a)]™! is itself a circulant matrix. To see this, consider the
system
[C(a)]xz = (1,0,...,0). (3.17)

Since C(a) is invertible, System (3.17) has one and only solution Z such that
Cla)]z=Z®a=(1,0,...,0).
Consider now the circulant matrix C' (Z). We have
Cla) x C (@) =C (a®T) = C( (1,0,...,0) ) =1,
where [, is the n x n identity matrix. Therefore
[Cla)] ™! = C (@)

by the uniqueness of the inverse matrix. As shown in Part (b), System (3.17) can be solved

in time O(nlogn), therefore the inverse of C(a), can be computed within the same time.

12



3.5 Transforms of (n, k)-sparse vectors

Let n and k be powers of two, with 1 < k < n. We say that a vector * = (2o, 1, ...,Tn_1)
is (n, k)-sparse if x; = 0 for i mod k # 0, with 0 < ¢ < n — 1. In this section, we design
and analyze an algorithm which, on input an (n, k)-sparse vector x, returns DFT,(x) in
O (n + 7 log %) time, where the cost model assigns unit time to arithmetic operations and
assignments between complex scalars.

We follow a approach different from the one seen in class (which used the Cooley-Tukey
algorithm to determine the structure of the transform of an (n,k)-sparse vector) and,
rather, modify the recursive FFT algorithm to suit the special structure of an (n, k)-sparse
vector. Let 1 < k <n, and let ® = (xg, 29,...,7,_5) and Y = (z1,23,...,2,_1) be the
two n/2-vectors containing, respectively, the even-indexed and odd-indexed components
of . The immediate observation upon which we can base our algorithm is the following:
if x is (n, k)-sparse, then = is (n/2, k/2)-sparse, while ! is the null vector. To see
this, observe that, for 0 < i < n/2 — 1, J:EO] = 0 for 2¢ mod k£ # 0, and the latter implies
that i mod (k/2) # 0, while xE” = Z9;+1 = 0, since no odd index can be a multiple of
k > 1, a power of two. Recall that the FFT algorithm computes DFT, (x) by recursively
computing DFT,,o(z") and DFT, j»(x!)) and then performing another ©(n) additional
operations. When invoked on an (n, k)-sparse vector with k& > 1, the algorithm can save
one recursive call, since only DF'T,, /2(33[0}) must be computed. Moreover the recombination
work becomes straightforward. When k& = 1, there is no special structure of the vector and

the standard FFT algorithm is executed instead. The algorithm follows.

SPARSE_FFT(x, k)
n < length(x)
if £ = 1 then return FFT(x)
2l (2o, 29,..., 7, )
yl¥ < SPARSE_FFT(x%, k/2)
for i < 0ton/2—1do
Yi < yz[O]
4 (0]
Yitn/2 < Y,
return y
Note that at each recursive step, y is obtained as the concatenation of yl with itself. It
follows that the DF'T,, of an (n, k)-sparse vector is the k-fold repetition of the DFT,, ), of
the vector containing its n/k components of index ki, with ¢ = 0,1,n/k — 1.
The correctness of the above algorithm follows from the correctness of the FFT algo-

rithm and the observations made above. As for its running time, we can write the following

13



recurrence in n and k:

T(n,k) = T(Z,g) +n, n>k>1,
T(n,1) = ©O(nlogn).

By iterating the above recurrence we obtain:

k
T(n,k) = T (Z,2> +n

n k n

_ 7|z n

<4,4>—|—n+2
' n log k—1 '
— T(,l)—i—n Z 27"
k i=0

n, n
= O<klogk—|—n>.

As a last observation, observe that the work in the above recurrence is completely due to
assignments, while aroithmetic operations account for the work at the (single) leave. As
a consequence, if the cost model did not charge assignments, the running time (i.e., the

number of scalar complex arithmetic operations) would be ©((n/k/log(n/k)).

Exercise 3.2 The complex number w = ¢™/* = g + % is an 8-th principal root of unity

in the complex field.
(a) Compute w' fori =10,1,2,3,4,5,6,7.
(b) Write the Fourier transform matrix Fy = [w%] for 4,5 = 0,1,...,7.
(c) Write Fg'' = (1/8)[w™4] for i, =0,1,---,7.
(d) Compute X = Fgzx, for x = (1,0,1,—-1,0,0,—1,1).

(e) Let = (0,0,1,0,0,0,0,0) and y = (0,0,0,0,1,0,0,0). Compute the cyclic convo-

lution z = x® y using the definition.

(f) Repeat (e) using the cyclic convolution theorem.

Answer:

14



(a) Letd= ? We have:

W =1 w! = (d + di)

w? = (d+di)? =d® +25i —d* =i

w3 =w(d+ di) = di + di* = —d + di

wht=w3(d+ di) = —d?® + (di)? = -1

Wb =w(d+di) = —d — di

Wb = wd(d + di) =—d* — 2d*i—
—(di)? = —i

W = wS(d + di) = —di — di* = d — di

For higher powers w” with r > 7, recall that w" = w

(b)

[ WO W W W WO
WO Wl w? W Wt
W w? wt Wb WB
WO w3 Wb W Wiz
Fy = W0 wt W w2 16
WO WP w10 15 20
WO Wb W12 18 24
WO Wl Wt 2l 28
[ 1 1 1
1 (d+ di) 1
1 ) -1
_ 1 (—d+di) —i
N 1 -1 1
1 —(d—di) i
1 —1 -1
|1 (d—di) —i

E & & & & EE &
BB B& B & °

w
ot

(—d—di) -1 (—d+di) i

Imaginary
A
w2
w3//x\w1
/ N\
/ \
\ ,/7
w5 x%w
w
r mod 8.
Wb Wl ]
wb W
Wiz 14
Wit 2l
w2 28
w30 w35
w36 w42
w42 w49
1 1 1 1
(—d—l—di) —1 (—d—di) —1 (d—di)
) 1 7 -1 —1
(d+di) —1 (d—di) i (—d—di)
1 —1 1 —1

(d—di) —1 (d+di) —i (~=d+di)

15




T w0 w0 W0 L0 L0 L0 L0 0T
WOl w2 w3 Wt oW Wb W7
w—O w—2 w—4 w—6 w—8 w—l() w—12 w—14
. 1 w—O w—S W—G w—g w—lz w—15 w—18 w—21
Fy = Q| w0 wt w8 w12 yI6 (720 24,28
w*O wfs w*lo w715 w*QO w725 w*SO w735
w—O w—6 w—12 w—18 w—24 w—30 w—36 w—42
I w—O w—? w—14 w—21 w—28 w—35 w—42 w—49_
1 1 1 1 1 1 1 1 |
1 (d—di) —i (=d—di) =1 (—=d+di) i (d+di)
1 —i -1 i 1 —i —1 i
101 (=d=di) i (d—di) -1 (d+di) —i (—d+ di)
N 1 -1 1 -1 1 -1 1 -1
1 —(d—di) —i (d+di) -1 (d—di) i (—d—di)
1 i -1 —i 1 i -1 —i
1 (d+di) i (=d+di) -1 (—d—di) —i (d—di) |
(d)
1] [ 14+0+1-1404+0—-1+1
0 1+0+i—(=d+di) +0+0— (—i) + (d — di)
1 1+0+(=1)—(=9) +04+0—(=1) + (—9)
—1 1404+ (—%) —(d+di))+04+0—14+ (—d —di
X —F.z—F. _ +0+ (=) = (d+di) +04+0—i+( i)
0 1+0+1—-(-1)4+0+0—-14(-1)
0 1404+i—(d—di) +0+0— (—i) + (—d + di)
-1 1404+ (-1)—i+0+0—(=1)+1
1] | 140+ (=) = (=d —di) +0+0 — i+ (d + di)

1
(14 2d) + (2 — 2d)i
1

(1—2d) + (=2 — 2d)i
1

(1= 2d) + (2 + 2d)i
1

| (1+2d) + (—2+ 2d)i |
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(e) Letn =38. Since only 25 and y, are nonzero, the only way ;9(;_1) mod » can be nonzero
is when [ = 2 and ¢ = 6 (we get the value of [ directly; for 7, from (i — [) mod n = 4, we
get (i —2) mod n = 4, which implies ¢ = 6). Thus, z5 = w9y, = 1, while all the other z;’s

are zero.

(f) First, we note that, since & and y have only one nonzero element each, and that the
element is a 1, Fgx is column 2 of Fy and Fgy is column 4 of Fg. Now, from the definition
of Fg, we know that [Fg];; = w"7; thus, the i-th element of Fyx - Fyy is w"*™* = w"®. But
this is exactly column 6 of Fg! Therefore, multiplying Fy ' by Fsx - Fyy we obtain the
column 6 of the identity matrix, namely (00000010), exactly the answer in Part (e). O

Exercise 3.3 Consider the linear convolution u ~ &, where both sequences have length

n and w = (1,1,...,1). Design an algorithm that performs the above operation in time

O(n).
Answer: Let w = u xx. Recall that w has 2n — 1 components and that

min{n—1,i}

Wi = ) UjTi—j

j=max{0,i—n+1}
0T if0<i<n-—1,
= (3.18)

?:_Z-l_nﬂxj itn <:<2n—2.

From (3.18) we can easily derive the following two recurrences.

Wo = To Wap—2 = Tp—1
w; = w1+, 1<i<n-—1 Wop—2—j = Wop—2—i4+1 + Tpo1—j, N —1=>1=>1

(Note that both recurrences compute w,_1). The algorithm is the following:

UNIT_LIN_CONV ()
n < length(x)
2o < X
Zon—2 £ Tp—1
fori< 1ton—1do
2 < Zil1 Ty
Zon—2—i ¥ Z2an—2—i+1 + Tn—1—i
return z

The program performs exactly 2n — 2 additions and therefore runs in linear time. a
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Exercise 3.4 Let n = pq. Let x = (29, x1,...,2,_1) be a periodic sequence of period g,
that is, 2,4 = @, for i = 0,1,...,n — 1 —¢q. Let X = (X0, Xy,...,X,,1) = Fx. Prove
that Xy = 0 unless k is a multiple of p. (Hint: base your argument on the Cooley-Tukey

algorithm introduced in Section 3.1).

Exercise 3.5 Consider the following equation system
r®x =Db,

where © = (2,21, ...,2,_1) is a vector of complex unknowns and b = (bg, by, ...,b,_1) is

a given vector of complex numbers.

(a) How many solutions has the system? In case the number of solutions is a function

of b, derive this function.

(b) Give an O(nlogn) algorithm that, on input b, outputs one solution to the system,

if one exists.

Exercise 3.6 The complex number w3 = —1/2 + Z\/g/ 2 is the principal third root of the
unity in the complex field.

(a) Evaluate w for i =0,1,2,3,4.
(b) Write the Fourier matrix Fj.
(c) Write F5 !

(d) Let & = (0,1,2). Let y be the cyclic convolution of 8 vectors all equal to x.
Compute y.

Exercise 3.7 Let (X0, X1,...,X,-1) = DFT, (29, 21,...,2,_1). Consider now the vector
(Yo, Y1,..., Yo, 1) = DFTy,(x0,0,21,0,...,2,-1,0). Write the Y,’s as a function of the
XZ"S.

Exercise 3.8 Let m and n be two integers, with m > n a multiple of n. Describe and
analyze an algorithm to multiply the two polynomials p(z) = @, 12™ ! + @p_ox™ 2 +
<+ ap and q(z) = b, 12" + b0z % + -+ + by in time O(mlogn).
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