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Fondamenti di Informatica II – Ingegneria Informatica

COMPITO
(20/3/2003)

Durata: 2h 30m

Esercizio 1 [8 punti] Si risolva e si verifichi la seguente equazione di ricorrenza per
valori del parametro n = 22i

:

T (n) =
{

16T (
√

n) + log n, n > 2,
1 n = 2.

Answer: Use the general formula taking into account that s(n) = 16 = 24, f i(n) =
n1/2i

, f
∗
(n, 2) = log log n− 1, and w(n) = log n. We have that:

`−1∏
j=0

s(f j(n)) =

`−1∏
j=0

16

 = 16` = 24`,

while `−1∏
j=0

s(f j(n))

w(f `(n)) = 24` log n1/2`

=
24`

2`
log n

= 23` log n.

Hence

T (n) = log n
log log n−1∑

`=0

23` + 24 log log n

= log n

(
23 log log n − 1

7

)
+ log4 n

=
8 log4 n− log n

7
,

which can be easily verified using induction (verification omitted for brevity). 2

Esercizio 2 [8 punti] Per n > 0, si consideri la seguente equazione vettoriale:

(x�? x) + un = 0,

dove x è il vettore delle n incognite complesse, �? denota l’operatore di convoluzione
ciclica, 0 il vettore nullo e un = (1/n, 1/n, . . . , 1/n) il vettore le cui n componenti sono
tutte uguali a 1/n. Si dimostri che l’equazione ammette solo due soluzioni distinte e si
determinino tali soluzioni.

Answer: Let X = DFTn(x) and Un = DFTn(un). Note first that by the summation
lemma it follows that

[Un]i = (1/n)
n−1∑
j=0

ωij
n =

{
1/n · n = 1, i = 0
0, 1 ≤ i ≤ n− 1.



By applying the cyclic convolution theorem, we can solve the vector equation by first
solving the equation

X �X = (−1, 0, . . . , 0)

(where � denotes component-wise product) and then computing the inverse Fourier
transform of each distinct vector solution. The above vector equation is equivalent to
the following system, made of decoupled, scalar, degree-two equations:{

X2
i = −1, i = 0

X2
i = 0, 1 ≤ i ≤ n− 1.

The only two solutions are then X0 = (i, 0 . . . , 0) and X1 = (−i, 0 . . . , 0). Finally, we
obtain the desired solutions x0 and x1 by anti-transforming X0 and X1. Recalling
that DFT−1

n (y) = (1/n)DFTn(yrev), we obtain x0 = (i/n, i/n, . . . , i/n) and x1 =
(−i/n,−i/n, . . . ,−i/n) 2

Esercizio 3 [8 punti] Date due stringhe di interi positivi Z1 e Z2 con |Z1| =
|Z2| = k, di definisca il loro pseudorapporto, psr(Z1, Z2) =

∑k
i=1 Z1

i /Z2
i (si ponga, per

convenzione, psr(ε, ε) = 0). Si progetti e si analizzi un algoritmo di programmazione
dinamica che, date in ingresso due stringhe X e Y , calcoli il massimo pseudorapporto
realizzato da una sottosequenza di X e una sottosequenza di Y di egual lunghezza. La
complessità dell’algoritmo deve essere Θ(|X||Y |).

Answer: Let us choose as our subproblem space the cartesian product of all prefixes
of strings X and Y , that is, the set {(Xi, Yj) : 0 ≤ i ≤ |X|, 0 ≤ j ≤ |Y |}. Our dynamic
programming algorithm will be based on the following optimal substructure property.
Clearly, if either i = 0 or j = 0 (i.e., one of the two prefixes is the empty prefix), then
the maximum psuedoratio achievable by two equal-length subsequences of Xi and Yj

is psr(ε, ε) = 0. Otherwise, let Z1 = 〈z1
1 , z

1
2 , . . . , z

1
k〉 and Z2 = 〈z2

1 , z
2
2 , . . . , z

2
k〉 be the

two subsequences of Xi and Yj , respectively, which achieve maximum pseudoratio. We
have three cases: (1) if z1

k = xi and z2
k = yj , then Z1

k−1 and Z2
k−1 must be subsequences

of Xi−1 and Yj−1, respectively, achieving maximum pseudoratio among all equal-length
subsequences of Xi−1 and Yj−1, or we could obtain a larger pseudoratio in Xi and Yj

than the one realized by Z1 and Z2. Using a similar argument, it is easy to see that (2)
if z1

k 6= xi, then Z1 is a subsequence of Xi−1 and it must achieve maximum pseudoratio
with some subsequence of Yj . Analogously, (3) if z2

k 6= yj , then Z2 is a subsequence of
Yj−1 realizing maximum pseudoratio with some subsequence of Xi.

Let P (i, j) be the maximum pseudoratio achievable by equal-length subsequences of
Xi and Yj . The above substructure property immediately yields the following recurrence
for P (i, j):

P (i, j) =

{
0 if i = 0 or j = 0
max{xi

yj
+ P (i− 1, j − 1), P (i− 1, j), P (i, j − 1)} otherwise.

From the recurrence, we immediately obtain the desired algorithm.



PSEUDORATIO(X, Y )
m← length(X)
n← length(Y )
for i← 0 to m do

D[i, 0]← 0
for j ← 1 to n do

D[0, j]← 0
for i← 1 to m do

for j ← 1 to n do
D[i, j]← MAX(xi/yj + D[i− 1, j − 1], D[i− i, j], D[i, j − 1])

return D[m,n]

The correctness of the above algorithm easily follows from the correctness of the recur-
rence and from the fact that the row-major scan computes every table entry prior to
any of its uses. The running time of the algorithm is clearly Θ(mn) = Θ(|X||Y |). 2

Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:
3-CNF DISTINCT FORMULAE (3-CNF-DF):
ISTANZA: 〈Φ(x1, . . . , xn),Ψ(x1, . . . , xn)〉, Φ,Ψ, formule booleane in

forma 3-CNF.

DOMANDA: Esiste un assegnamento di valori di verità b alle n variabili
tale che Φ(b) 6= Ψ(b)?

Si dimostri che 3-CNF-DF è NP -Hard (Suggerimento: si pensi a come esprimere la
formula sempre falsa in forma 3-CNF. . .)

Answer: We reduce fron 3-CNF SAT as follows. Consider the following 3-CNF for-
mula:

Ψ(z1, z2, z3) =
∧

y1∈{z1,¬z1},y2∈{z2,¬z2},y3∈{z3,¬z3}
(y1 ∨ y2 ∨ y3).

In other words, Ψ is made of eight disjunctive clauses, which are all the possible clauses
containing one literal each for z1, z2 and z3. Note that Ψ is always false, since, for each
truth assignment (b1, b2, b3) to the three variables (z1, z2, z3), there is exactly one false
disjunction (e.g., (b1 = 1, b2 = 0, b3 = 0) falsifies (¬z1 ∨ z2 ∨ z3)) which in turn falsifies
the entire formula1. Our reduction from 3-CNF SAT is then

f(〈Φ(x1, . . . , xn)〉) = 〈Φ′(x1, . . . , xn, z1, z2, z3),Ψ′(x1, . . . , xn, z1, z2, z3)〉.

with Φ′(x1, . . . , xn, z1, z2, z3) = Φ(x1, . . . , xn) and Ψ′(x1, . . . , xn, z1, z2, z3) = Ψ(z1, z2, z3).
Clearly, f is computable in polynomial (in fact, linear) time.
We now show that f is a valid reduction.
(⇒) If Φ is satisfiable, then there exists a truth assignment b to its n variables such that
Φ(b) = 1. Then, under any truth assignment b′ obtained by extending b with three
arbitrary values, we have Φ′(b′) = Φ(b) = 1 and Ψ′(b′) = Ψ′(b′n+1, b

′
n+2, b

′
n+3) = 0,

hence the two formulae differ under b′.
(⇐) If Φ is not satisfiable, it follows that both Φ′ and Ψ′ are false under all truth
assignments to their n + 3 variables. Hence they never differ. 2

1Here, we are complying with the restrictive definition of 3-CNF form, where a clause cannot contain
two or more literals of the same variable. If we relax such a restriction, then the simpler formula
Ξ(z1) = (z1 ∨ z1 ∨ z1)∧ (¬z1 ∨¬z1 ∨¬z1) would be sufficient to express a contradiction in 3-CNF form.



Attenzione: Risposte immotivate e prive di prova di correttezza non saranno con-
siderate. Inoltre, l’algoritmo da sviluppare nell’Esercizio 3 va descritto utilizzando lo
pseudocodice usato in classe.



Fondamenti di Informatica II – Ingegneria Informatica

COMPITO
(4/4/2003)

Durata: 2h 30m

Esercizio 1 [8 punti] Si consideri la seguente equazione di ricorrenza definita per
valori arbitrari del parametro n > 0:

T (n) =
{

T
(⌊

n
5 + 1

⌋)
+ T

(⌈
n
7

⌉)
+ 3n n ≥ 5,

0 n < 5.

Dimostrare che T (n) = O(n).

Answer: Rather than using parametric induction, let us bound T (n) from above with
a function T ′(n) obeying a recurrence solvable with the Master Theorem. For n ≥ 5,
we have: ⌊

n

5
+ 1

⌋
≤
⌊
n

5
+

n

5

⌋
=
⌊
2n

5

⌋
,

while ⌈
n

7

⌉
≤ n

7
+ 1 ≤ n

7
+

n

5
=

12n

35
.

Since
⌈

n
7

⌉
is an integer, it follows that⌈

n

7

⌉
≤
⌊
12n

35

⌋
.

Since 2/5 > 12/35, we have that T (n) ≤ T ′(n), where T ′(n) obeys the following recur-
rence:

T ′(n) =

{
2T ′

(⌊
2n
5

⌋)
+ 3n n ≥ 5,

0 n < 5.

The above recurrence is solvable through the Master Theorem. Specifically, since
logb a = log5/2 2 < 1, we have that for ε = 1−log5/2 2 > 0: w(n) = 3n = Ω(nlogb a+ε),
hence T ′(n) = O(w(n)) = O(n). It follows that T (n) = O(T ′(n)) = O(n). 2

Esercizio 2 [8 punti] Siano n e k potenze di due, con 1 ≤ k ≤ n e sia z un arbitrario
numero complesso. Un vettore complesso x = (x0, x1, . . . , xn−1) a n componenti si dice
(k, n, z)−padded se xi = z per k ≤ i ≤ n−1. In altre parole, x ha le prime k componenti
arbitrarie e le ultime n − k fissate a z. Si sviluppi e si analizzi un algoritmo che, dato
in ingresso un vettore (k, n, z)−padded x, ritorni DFTn(x) eseguendo O(n + n log k)
operazioni aritmetiche.
Suggerimento: Si studi il passo di divide dell’algoritmo ricorsivo FFT e se ne deduca
una proprietà ricorsiva dei vettori (k, n, z)−padded con caso di base k = 1.
Attenzione: una risoluzione basata sull’algoritmo di Cooley-Tukey richiede un’analisi
molto più impegnativa.

Answer: The key observations upon which we base our recursive algorithm are the
following:

1. When k = 1, a (k, n, z)−padded vector x has a single arbitrary component x0,
while the remaining n−1 components are all z. In this case, letting y = DFTn(x)



we have:

y0 =
n−1∑
j=0

xjω
0·j
n

= x0 +
n−1∑
j=1

z

= x0 + (n− 1)z,

while, for 1 ≤ i ≤ n− 1,

yi =
n−1∑
j=0

xjω
ij
n

= x0 +
n−1∑
j=1

zωij
n

= x0 − z +
n−1∑
j=0

zωij
n

= x0 − z + 0 = x0 − z,

by the summation lemma. This will be our base case in the recursive algorithm.

2. When k > 1, let x[0] and x[1] be the vectors containing the even and odd compo-
nents of x, respectively. Then, both x[0] and x[1] are clearly (k/2, n/2, z)−padded,
since their last (n− k)/2 components are equal to z. Then, we can apply our al-
gorithm recursively to obtain y[0] = DFTn/2(x[0]) and y[1] = DFTn/2(x[1]) and
then combine the two vectors in the standard way to obtain y = DFTn(x).

The algorithm follows immediately from the above considerations.

PADDED FFT(x, k)
n← length(x)
z ← xn−1

if k = 1 then
y0 ← x0 + (n− 1)z
for i← 1 to n− 1 do yi ← x0 − z
return y

x[0] ← (x0, x2, . . . , xn−2)
x[1] ← (x1, x3, . . . , xn−1)
y[0] ← PADDED FFT(x[0], k/2)
y[1] ← PADDED FFT(x[1], k/2)
ωn← e2πi/n; ω ← 1
for i← 0 to n/2− 1 do

yi ← y
[0]
i + ωy

[1]
i

yi+n/2 ← y
[0]
i − ωy

[1]
i

ω ← ω · ωn
return y

The correctness of the above algorithm follows from the above considerations and
from the correctness of the conquer phase of the FFT algorithm. Its complexity is



described by the following recurrence, parametric in both k and n:

T (k, n) =

{
c1n k = 1,

2T
(

k
2 , n

2

)
+ c2n 1 < k ≤ n,

where c1, c2 are two given positive constants. By iterating the above recurrence, we
obtain, for all values i, 1 ≤ i ≤ log k,

T (k, n) = 2iT

(
k

2i
,
n

2i

)
+ c2in,

whence T (k, n) = c1k
n
k + c2n log k = O(n + n log k). 2

Esercizio 3 [8 punti] Sia n > 0. Dato un vettore di interi a a n componenti, si
consideri la seguente ricorrenza, definita per tutti i valori (i, j), con 1 ≤ i ≤ j ≤ n:

B(i, j) =
{

ai i = j, 1 ≤ i ≤ n,∑j−1
k=i(B(i, k)−B(k + 1, j)) 1 ≤ i < j ≤ n.

Si sviluppi e si analizzi un algoritmo iterativo che, dato in ingresso il vettore a, restituisca
il valore B(1, n) in tempo O(n3).

Answer:
In order to organize a bottom-up computation, let `i,j = j − i + 1 and note that the

computation of B(i, j) depends on elements B(i, k) and B(k + 1, j), with i ≤ k < j.
For such range of values of k, we have `i,k = k − i + 1 < j − i + 1 = `i,j and `k+1,j =
j − k ≤ j − i < j − i + 1 = `i,j . Hence, we can organize the computation of B(1, n)
in a bottom-up fashion by computing the table entries by increasing values of `. This
corresponds to scanning the upper triangle of the table storing the values B(i, j), for
1 ≤ i ≤ j ≤ n, by diagonals parallel to the principal one. The algorithm follows.

COMPUTE B(a)
n← length(a)
for i← 1 to n do

B[i, i]← ai

for `← 2 to n do
for i← 1 to n− ` + 1 do

j ← i + `− 1
B[i, j]← 0
for k ← i to j − 1 do

B[i, j]← B[i, j] + B[i, k]−B[k + 1, j]
return B[1, n]

The correctness of the above algorithm follows from the fact that it correctly implements
a bottom-up computation of B[1, n], as argued above. Its running time is dominated by
the overall number of iterations of the three nested loops, which yield a time complexity
of

Θ

(
n∑

`=2

n−`+1∑
i=1

i+`−2∑
k=i

1

)
= Θ

(
n3
)

.

(This is the same analysis of the matrix-chain multiplication algorithm seen in class.)
2

Esercizio 4 [8 punti] Si dimostri che 3-CNF SAT <P INDEPENDENT SET for-
nendo una esplicita riduzione polinomiale dal primo al secondo problema.



Suggerimento: Si ricordino le due riduzioni viste in classe da 3-CNF-SAT a CLIQUE e
da CLIQUE a INDEPENDENT SET.

Answer: Recall that in order to reduce a 3-CNF-SAT instance

〈Φ(x1, . . . , xn) =
m∧

i=1

(y1
i ∨ y2

i ∨ y3
i )〉 with yj

i ∈ {x1, . . . , xn,¬x1, . . . ,¬xn}

to an instance 〈GΦ = (V Φ, EΦ), k〉 of CLIQUE, we set k = m, V Φ = {y1
i , y

2
i , y

3
i , 1 ≤

i ≤ m}, (each node corresponds to a literal, for a total of 3m nodes), and, finally,
EΦ = {{yj1

r , yj2
s } : 1 ≤ r 6= s ≤ m and yj1

r 6= ¬yj2
s }. In turn, when reducing and instance

〈G = (V,E), k〉 of CLIQUE to an instance 〈G′ = (V ′, E′), h〉 of INDEPENDENT SET,
we set G′ = Gc = (V,Ec) and h = k. In order to obtain an explicit reduction from
3-CNF-SAT to INDEPENDENT SET, it is then sufficient to compose the two different
reductions. In other words, the sought reduction, on input 〈Φ〉 returns the instance
〈GΦc

,m〉 of INDEPENDENT SET. The correctness of the above reduction follows from
the transitivity property of polynomial reducibility. 2

Attenzione: Risposte immotivate e prive di prova di correttezza non saranno consid-
erate. Inoltre, gli algoritmi da sviluppare negli Esercizi 2 e 3 vanno descritti utilizzando
lo pseudocodice usato in classe.



Fondamenti di Informatica II – Ingegneria Informatica

COMPITO
(26/6/2003)

Durata: 2h 30m

Esercizio 1 [8 punti] Si consideri la seguente equazione di ricorrenza definita per
valori arbitrari del parametro n > 0:

T (n) =

{
T
(⌊

2n
7 + 1

⌋)
+ T

(⌈
n
7

⌉)
+ 2n n ≥ 7,

0 n < 7.

Dimostrare che T (n) = O(n).

Answer: Rather than using parametric induction, let us bound T (n) from above with
a function T ′(n) obeying a recurrence solvable with the Master Theorem. For n ≥ 7,
we have: ⌊

2n

7
+ 1

⌋
≤
⌊
2n

7
+

n

7

⌋
=
⌊
3n

7

⌋
,

while ⌈
n

7

⌉
≤ n

7
+ 1 ≤ n

7
+

n

7
=

2n

7
.

Since
⌈

n
7

⌉
is an integer, it follows that⌈

n

7

⌉
≤
⌊
2n

7

⌋
.

Since 3/7 > 2/7, we have that T (n) ≤ T ′(n), where T ′(n) obeys the following recurrence:

T ′(n) =

{
2T ′

(⌊
3n
7

⌋)
+ 2n n ≥ 7,

0 n < 7.

The above recurrence is solvable through the Master Theorem. Specifically, since
logb a = log7/3 2 < 1, we have that for ε = 1−log7/3 2 > 0: w(n) = 2n = Ω(nlogb a+ε),
hence T ′(n) = O(w(n)) = O(n). It follows that T (n) = O(T ′(n)) = O(n). 2

Esercizio 2 [8 punti] Siano n e k potenze di due, con 1 ≤ k < n e sia z un arbitrario
numero complesso. Un vettore complesso x = (x0, x1, . . . , xn−1) a n componenti si dice
(k, n, z)− interleaved se xi = z per i mod k 6= 0, 0 ≤ i ≤ n − 1. In altre parole, x
può avere componenti diverse da z solo in corrispondenza di indici che sono multipli
di k. Si fornisca lo pseudocodice e si analizzi un algoritmo che, dato in ingresso un
vettore (k, n, z)−interleaved x, ritorni DFTn(x) eseguendo O((n/k) log(n/k)) operazioni
aritmetiche tra scalari complessi.
Suggerimento: Prima di scrivere lo pseudocodice, si consiglia di studiare la struttura
della trasformata servendosi dell’algoritmo di Cooley-Tukey.

Answer: Let us “simulate” the Cooley-Tukey algoritm on a (k, n, z)−interleaved vector
for n = n/k×k. When we first fold the vector (in row-major) into a matrix X, we have
that the first column contains elements whose indices are multiples of k, while all the
other elements correspond to indices i such that i mod k 6= 0, hence they are all equal
to z. This means that we only have to compute w = DFTn/k(X0), since all the other



column transforms can be obtained analytically as

DFTn/k(X
j) = ((n/k)z, 0, . . . , 0), 1 ≤ j ≤ k − 1.

The subsequent multiplications by twiddle factors leaves the matrix unchanged, since,
after the colum transforms, Xi,j = 0 for i · j 6= 0. Finally, the row transforms can be
computed analytically again. We have:

DFTk(X0) = DFTk(w0, (n/k)z, . . . , (n/k)z)) = (w0+(n(k−1)/k)z, w0−(n/k)z, . . . , w0−(n/k)z)

and, for 1 ≤ i ≤ n/k − 1,

DFTk(Xi) = DFTk(wi, 0, . . . , 0) = (wi, wi, . . . , wi).

The final transform can be obtained by reading the matrix entries in colum-major order.
The above passages are implemented in the algorithm below.

SPARSE FFT(x, k)
n← length(x)
z ← xn−1

X0 ← (x0, xk, x2k, . . . , x(n/k−1)k)
w ← FFT(X0)
y0 ← w0 + (n(k − 1)/k)z
for i← 1 to n/k − 1 do

yi ← wi

{first n/k elements of the transform}
t← w0 − (n/k)z
for j ← 1 to k − 1 do

y(n/k)j ← t

for i← 1 to n/k − 1 do
y(n/k)j+i ← wi

return y

The correctness of the above algorithm follows from the correctness of the Cooley-
Tukey algorithm. As for its complexity, note that we only compute an FFT on an n/k-
vector and make a constant number of additional operations between complex scalars
in the subsequent code, for an overall running time of Θ(n/k log(n/k)), as required. 2

Esercizio 3 [8 punti] Sia n > 0. Dato un vettore di interi a a n componenti, si
consideri la seguente ricorrenza, definita per tutti i valori (i, j), con 1 ≤ i ≤ j ≤ n:

B(i, j) =
{

ai i = j, 1 ≤ i ≤ n,
max{B(i, k) ·B(k + 1, j) : i ≤ k ≤ j − 1} 1 ≤ i < j ≤ n.

Si sviluppi e si analizzi un algoritmo iterativo che, dato in ingresso il vettore a, restituisca
il valore B(1, n) in tempo O(n3).

Answer:
In order to organize a bottom-up computation, let `i,j = j − i + 1 and note that the

computation of B(i, j) depends on elements B(i, k) and B(k + 1, j), with i ≤ k < j.
For such range of values of k, we have `i,k = k − i + 1 < j − i + 1 = `i,j and `k+1,j =
j − k ≤ j − i < j − i + 1 = `i,j . Hence, we can organize the computation of B(1, n)
in a bottom-up fashion by computing the table entries by increasing values of `. This
corresponds to scanning the upper triangle of the table storing the values B(i, j), for
1 ≤ i ≤ j ≤ n, by diagonals parallel to the principal one. The algorithm follows.



COMPUTE B(a)
n← length(a)
for i← 1 to n do

B[i, i]← ai

for `← 2 to n do
for i← 1 to n− ` + 1 do

j ← i + `− 1
B[i, j]← −∞
for k ← i to j − 1 do

B[i, j]← MAX(B[i, j], B[i, k] ∗B[k + 1, j])
return B[1, n]

The correctness of the above algorithm follows from the fact that it correctly implements
a bottom-up computation of B[1, n], as argued above. Its running time is dominated by
the overall number of iterations of the three nested loops, which yield a time complexity
of

Θ

(
n∑

`=2

n−`+1∑
i=1

i+`−2∑
k=i

1

)
= Θ

(
n3
)

.

(This is the same analysis of the matrix-chain multiplication algorithm seen in class.)
2

Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:
0-1 KNAPSACK (01K):

ISTANZA: 〈a, b〉, a = (a1, a2, . . . , ak) ∈ Nk, ai 6= aj per i 6= j e b ∈ N.
DOMANDA: Esiste un vettore x ∈ {0, 1}k tale che aT x =

∑k
i=1 aixi = b?

Si dimostri che 01K è NP -Hard. (Suggerimento: Si riduca da SUBSET-SUM (SS).)

Answer: The reduction from SS is immediate. Our reduction function is defined as
follows:

f(〈S, t〉) = 〈a′, b′〉
with a′ = (s1, s2, . . . , s|S|) being a vector containing all the elements of S, and b′ = t.

Clearly,f can be computed in polynomial (in fact, linear) time by simply scanning
S and copying its elements into a′. To see that f correctly reduces SS to 01K, consider
a positive instance 〈S, t〉 of SS. Then, there is a subset S′ ⊆ S such that

∑
s′∈S′ s′ = t.

Let S′ = {sj1 , sj2 , . . . , sj|S′|}. Then, by considering a 0-1 vector x′ such that xi = 1 if

and only if ∃h : i = jh, we have that a′T x′ = b′.

Viceversa, if f(〈S, t〉) = 〈a′, b′〉 ∈ 01K, then there is a 0-1 vector x′ such that a′T x′ =
b′. The nonzero entries of x′ identify a subset S′ ⊆ S such that

∑
s′∈S′ s′ = b′ = t. Hence

〈S, t〉 ∈ SS. 2

Attenzione: Risposte immotivate e prive di prova di correttezza non saranno consid-
erate. Inoltre, gli algoritmi da sviluppare negli Esercizi 2 e 3 vanno descritti utilizzando
lo pseudocodice usato in classe.



Fondamenti di Informatica II – Ingegneria Informatica

COMPITO
(4/9/2003)

Durata: 2h 30m

Esercizio 1 [8 punti] Si consideri la seguente equazione di ricorrenza, definita per
valori arbitrari del parametro n > 0:

T (n) =
{

2T (bn/3c) + n n > 3,
1 n ≤ 3.

Si dimostri utilizzando l’induzione parametrica che T (n) ∈ O(n)

Answer: In order to apply parametric induction, let us assume that T (n) ≤ cn for
some constant c (to be determined by the analysis). For the base case n ≤ 3, we have
T (n) = 1 ≤ 1 · n, whence c ≥ 1 (obtained for n = 1). For n > 3 we have:

T (n) = 2T (bn/3c) + n ≤ 2cbn/3c+ n ≤ 2cn/3 + n.

Therefore, it suffices that
2cn/3 + n ≤ cn⇔ c ≥ 3.

Therefore, we have that T (n) ≤ 3n for n > 0, which can be easily verified using standard
induction (verification omitted for brevity). 2

Esercizio 2 [8 punti] Per n > 0, si consideri la seguente equazione vettoriale:

(x�? x) + bn = 0,

dove x è il vettore delle n incognite complesse, �? denota l’operatore di convoluzione
ciclica, 0 il vettore nullo e bn = (1, 1, . . . , 1) il vettore le cui n componenti sono tutte
uguali a 1. Si dimostri che l’equazione ammette solo due soluzioni distinte in Cn e si
determinino tali soluzioni.

Answer: Let X = DFTn(x) and Bn = DFTn(bn). Note first that by the summation
lemma it follows that

[Bn]i =
n−1∑
j=0

bjω
ij
n =

n−1∑
j=0

ωij
n =

{
n, i = 0
0, 1 ≤ i ≤ n− 1.

By applying the cyclic convolution theorem, we can solve the vector equation by first
solving the equation

X �X = (−n, 0, . . . , 0)

(where � denotes component-wise product) and then computing the inverse Fourier
transform of each distinct vector solution. The above vector equation is equivalent to
the following system, made of decoupled, scalar, degree-two equations:{

X2
i = −n, i = 0

X2
i = 0, 1 ≤ i ≤ n− 1.

The only two solutions are then X0 = (i
√

n, 0 . . . , 0) and X1 = (−i
√

n, 0 . . . , 0). Finally,
we obtain the desired solutions x0 and x1 by anti-transforming X0 and X1. Recalling
that DFT−1

n (y) = (1/n)DFTn(yrev), we obtain x0 = (i/
√

n, i/
√

n, . . . , i/
√

n) and
x1 = (−i/

√
n,−i/

√
n, . . . ,−i/

√
n) 2



Esercizio 3 [8 punti] Date due stringhe di interi Z1 e Z2 con |Z1| = |Z2| =
k, di definisca la loro pseudodifferenza, psd(Z1, Z2) =

∑k
i=1

(
Z1

i − Z2
i

)
(si ponga, per

convenzione, psd(ε, ε) = 0). Si progetti e si analizzi un algoritmo di programmazione
dinamica che, date in ingresso due stringhe X e Y , calcoli la massima pseudodifferenza
realizzata da una sottosequenza di X e una sottosequenza di Y di egual lunghezza. La
complessità dell’algoritmo deve essere Θ(|X||Y |).

Answer: Let us choose as our subproblem space the cartesian product of all prefixes
of strings X and Y , that is, the set {(Xi, Yj) : 0 ≤ i ≤ |X|, 0 ≤ j ≤ |Y |}. Our dynamic
programming algorithm will be based on the following optimal substructure property.
Clearly, if either i = 0 or j = 0 (i.e., one of the two prefixes is the empty prefix), then the
maximum pseudodifference achievable by two equal-length subsequences of Xi and Yj is
psd(ε, ε) = 0. Otherwise, let Z1 = 〈z1

1 , z
1
2 , . . . , z

1
k〉 and Z2 = 〈z2

1 , z
2
2 , . . . , z

2
k〉 be the two

subsequences of Xi and Yj , respectively, which achieve maximum pseudodifference. We
have three cases: (1) if z1

k = xi and z2
k = yj , then Z1

k−1 and Z2
k−1 must be subsequences

of Xi−1 and Yj−1, respectively, achieving maximum pseudodifference among all equal-
length subsequences of Xi−1 and Yj−1, or we could obtain a larger pseudodifference in
Xi and Yj than the one realized by Z1 and Z2. Using a similar argument, it is easy to
see that (2) if z1

k 6= xi, then Z1 is a subsequence of Xi−1 and it must achieve maximum
pseudodifference with some subsequence of Yj . Analogously, (3) if z2

k 6= yj , then Z2 is a
subsequence of Yj−1 realizing maximum pseudodifference with some subsequence of Xi.

Let P (i, j) be the maximum pseudodifference achievable by equal-length subse-
quences of Xi and Yj . The above substructure property immediately yields the following
recurrence for P (i, j):

P (i, j) =
{

0 if i = 0 or j = 0
max{xi − yj + P (i− 1, j − 1), P (i− 1, j), P (i, j − 1)} otherwise.

From the recurrence, we immediately obtain the desired algorithm.

PSEUDODIFFERENCE(X, Y )
m← length(X)
n← length(Y )
for i← 0 to m do

D[i, 0]← 0
for j ← 1 to n do

D[0, j]← 0
for i← 1 to m do

for j ← 1 to n do
D[i, j]← MAX(xi − yj + D[i− 1, j − 1], D[i− 1, j], D[i, j − 1])

return D[m,n]

The correctness of the above algorithm easily follows from the correctness of the recur-
rence and from the fact that the row-major scan computes every table entry prior to
any of its uses. The running time of the algorithm is clearly Θ(mn) = Θ(|X||Y |). 2



Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:
CONSTRAINED SUBSET INTERSECTIONS (CSI) :
ISTANZA: 〈S, C1, . . . , Cm, V1, . . . , Vn〉, S ⊆ N, finito, Ci, Vj ⊆ S, 1 ≤

i ≤ m, 1 ≤ j ≤ n.
DOMANDA: Esiste T ⊆ S tale che |T∩Ci| ≥ 1 e |T∩Vj | = 1 per 1 ≤ i ≤ m

e 1 ≤ j ≤ n?

Si dimostri che CSI è NP-Hard. (Suggerimento: Si riduca da 3-CNF SAT.)

Answer: We reduce as follows. Consider a generic 3-CNF SAT instance

Φ(x1, x2, . . . , xn) =
m∧

i=1

Ki,

where each Ki, 1 ≤ i ≤ m, is a disjunction of exactly three literals over the set of
n variables of Φ. In the reduction, we let S = {1, 2, . . . , n, n + 1, . . . , 2n}, where, for
1 ≤ j ≤ n, value j corresponds to the literal xj , and value j + n to the literal ¬xj .
Note that for 1 ≤ i ≤ m, each clause Ki can now be represented as a subset Ci of three
elements over S. Finally, for 1 ≤ j ≤ n we define subset Vj as {j, j + n}. The above
reduction is clearly computable in polynomial (in fact, linear) time.
We now show that f is a valid reduction.
(⇒) If Φ ∈ 3-CNF SAT, then there exists a truth assignment b to its n variables such
that Φ(b) = 1. Let T be the subset of S containing, for each j, 1 ≤ j ≤ n, j itself
if bj = true and j + n otherwise. By construction, we then have that |T ∩ Vj | = 1
for 1 ≤ j ≤ n. Moreover, since b is a satisfying assignment, there must be at least
one true literal in each clause. Since T contains all possible true literals, we have that
|T ∩ Ci| ≥ 1 for 1 ≤ i ≤ m.
(⇐) If f(Φ) ∈ CSI, consider the n intersections between T and the Vj ’s and define a
truth assignment b such that bj = true if T ∩ Vj = {j}, and false if T ∩ Vj = {n + j}
(note that it must be |T ∩ Vj | = 1.) It is then clear that Φ is satisfied by b, since for
1 ≤ i ≤ m, |T ∪Ci| ≥ 1 implies that clause Ki contains at least one literal which is true
under b. 2



Fondamenti di Informatica II – Ingegneria Informatica

COMPITO
(18/9/2003)

Durata: 2h 30m

Esercizio 1 [8 punti] Si risolva e si verifichi la seguente equazione di ricorrenza
definita per valori del parametro n = 33i

:

T (n) =

{
n4/3T

(
n1/3

)
+ n2 n > 3,

0 n = 3.

Answer: Use the general formula taking into account that s(n) = n4/3, f i(n) = n1/3i
,

f
∗
(n, 3) = log3 log3 n− 1, and w(n) = n2. We have that:

`−1∏
j=0

s(f j(n)) =
`−1∏
j=0

(
n

1

3j

) 4
3 = n

4
3

∑`−1

j=0
1

3j = n
2
(
1− 1

3`

)
,

whence `−1∏
j=0

s(f j(n))

 w(f `(n)) = n
2
(
1− 1

3`

)
· n

2

3` = n2.

Therefore

T (n) =
log3 log3 n−1∑

`=0

n2

= n2 log3 log3 n,

which can be easily verified using induction (verification omitted for brevity). 2

Esercizio 2 [8 punti] Per n potenza di due, sia x un vettore di n componenti
complesse e sia C(x) la matrice circolante la cui prima colonna è x. Descrivere ed
analizzare un algoritmo efficiente (O(n log n) per avere punteggio pieno) per il calcolo
del vettore z tale che C(z) = [C(x)]n.

Answer: Since C(x)×C(y) = C(x�? y), it immediately follows that z is the convolu-
tion of n vectors all equal to x:

z = x�? x�? · · · �? x︸ ︷︷ ︸
n times

.

Let X = Fn(x) and Z = Fn(z). From the cyclic convolution theorem, we have:

Zk = (Xk)
n , for k = 0, 1, . . . , n− 1.

The algorithm immediately follows:
CIRCULANT EXPONENTIATE(x)

n← length(x)
X ← FFT(x)
for i← 0 to n− 1

do Zi ← EXPONENTIATE(Xi, n)
return INV FFT(Z)



In the above algorithm, we made use of the subroutine EXPONENTIATE (as seen in
class), which computes the n-th power of a complex number through repeated squaring
in time O(log n).

The correctness of the algorithm follows from the previous discussion. Its running
time is dominated by the time for two FFT computations (O(n log n) time) and n calls
to EXPONENTIATE (n×O(log n) time), for an overall running time of O(n log n). 2

Esercizio 3 [8 punti] Per una stringa di interi Z = 〈z1, z2, . . . , zk〉 sia peso(Z) =∑k
i=1 zi (si noti che peso(ε) = 0). Date due stringhe di interi X = 〈x1, x2, . . . , xm〉 e

Y = 〈y1, y2, . . . , yn〉, si consideri il problema di determinare una Common Subsequence
(CS) Z di X e Y di peso massimo.

(a) [4 punti] Si provi una proprietà di sottostruttura ottima per Z e si derivi da essa
una ricorrenza appropriata per il peso massimo di una CS.

(b) [4 punti] Si scriva lo pseudocodice iterativo per il calcolo bottom-up della ricor-
renza sviluppata al Punto (a). L’algoritmo deve avere complessità Θ(mn).

Suggerimento: Si faccia attenzione ai valori < 0.

Answer:

(a) Let Z = 〈z1, z2, . . . zk〉 be a Maximum-Weight Common Subsequence (MWCS, for
short) of X and Y , with Z = 〈xj1 , xj2 , . . . xjk

〉 = 〈yh1 , yh2 , . . . yhk
〉, with 1 ≤ j1 < j2 <

. . . < jk ≤ m and 1 ≤ h1 < h2 < . . . < hk ≤ n. Note that for 1 ≤ i ≤ k, it must be
zi ≥ 0, or otherwise Z ′ = 〈z1, . . . zi−1, zi+1, . . . zk〉 (which is a CS of X and Y ) would
have a higher weight than Z. Furthermore, we can assume without loss of generality
that zi 6= 0, since otherwise we can simply remove zi, so that Z ′ remains an MWCS of
X and Y . We have:

1. If xm = yn ≤ 0, then Z is an MWCS of Xm−1 and Yn−1.
Proof: Since Z contains only numbers greater than zero, it must be jk < m and
hk < n. Hence Z is a CS of Xm−1 and Yn−1. Clearly, it must be an MWCS of
Xm−1 and Yn−1, or otherwise an MWCS of Xm−1 and Yn−1 would also be a CS
of X and Y heavier than Z.

2. If xm = yn > 0, then zk = xm and Zk−1 is an MWCS of Xm−1 and Yn−1.
Proof: If zk 6= xm = yn, it must be jk < m and hk < n. But then Z ′ = 〈< Z, xm〉
is still a CS of X and Y with weight xm +weight(Z) > weight(Z), a contradiction.
Also, Zk−1 is a CS of Xm−1 and Yn−1. By arguing as above we claim that it must
be the one of maximum weight.

3. If xm 6= yn then Z is the sequence of maximum weight between an MWCS of Xm

and Yn−1 and an MWCS of Xm−1 and Yn.
Proof: Since xm 6= yn, either jk < m or hk < n. Hence Z must be either an
MWCS of Xm−1 and Y (first case) or an MWCS of X and Yn−1 (second case).
Clearly, Z must be the sequence of largest weight among the two.

Let W [i, j] be the weight of an MWCS of Xi and Yj , with 0 ≤ i ≤ m and 0 ≤ j ≤ n.
The above property implies the following recurrence for W [i, j].

W [i, j] =


0 i = 0 or j = 0,
W [i− 1, j − 1] if xi = yj ≤ 0,
xi + W [i− 1, j − 1] if xi = yj > 0,
max{W [i− 1, j],W [i, j − 1]} otherwise.



(b) The bottom-up computation of the recurrence of Point (a) can be performed as
follows:

MWCS(X, Y )
m← length(X)
n← length(Y )
for i← 0 to m do W [i, 0]← 0
for j ← 1 to n do W [0, j]← 0
for i← 1 to m do

for j ← 1 to n do
if (xi = yj)

then if (xi ≤ 0)
then W [i, j]←W [i− 1, j − 1]
else W [i, j]← xi + W [i− 1, j − 1]

else W [i, j]← MAX(W [i, j − 1],W [i− 1, j])
return W [m,n]

The correctness of the above algorithm follows from Point (a) and from the fact that
the values W [i− 1, j − 1],W [i, j − 1] and W [i− 1, j] have already been computed when
W [i, j] is being computed. The algorithm’s running time is clearly Θ(mn). 2

Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:

CHS (CONSTRAINED HITTING SET):
ISTANZA: 〈n, k,E1, E2, . . . Em〉, 1 ≤ k ≤ n, Ei ⊆ {1, 2, . . . n}, |Ei| = 2,

1 ≤ i ≤ m.
DOMANDA: Esiste un sottoinsieme V ′ ⊆ {1, 2, . . . , n} con |V ′| = k e tale

che V ′ ∩ Ei 6= ∅, per 1 ≤ i ≤ m?

Dimostrare che CHS è NP-Completo. (Suggerimento: Ridurre da VERTEX COVER)

Answer: The proof that CHS is in NP is trivial and amounts to developing a polyno-
mial verification algorithm for the problem. We skip it here for the sake of brevity.

In order to show that CHS is NP-Hard, we show that VERTEX COVER (VC)
<P CHS. Recall that an instance of VC is 〈G = (V,E), k〉, with V ⊆ N finite and
E ⊆ {{u, v} : u 6= v, u, v ∈ V }, and the question is whether V contains a subset V ′ of
size k such that each edge in E has at least one of its endpoints incident on V ′. Let
π : V → {1, 2, . . . , |V |} be an arbitrary one-to-one function from V to {1, 2, . . . , |V |}.
Our reduction function is the following:

f (〈G = (V,E), k〉) = 〈|V |, k, E1, E2, . . . E|E|〉,

where Ei = {π(u), π(v)} if the i-th edge in E is ei = {u, v}.
Clearly, f is computable in polynomial (in fact, linear) time. To show that f reduces

VC to CHS, observe that if V ′ is a vertex cover of G of cardinality k, then each edge in
E (seen as a subset of two elements) contains at least one element in V ′. This means
that if we consider the set π(V ′) = {i : ∃v ∈ V ′ : i = π(v)}, then π(V ′) ∩ Ei 6= ∅
for 1 ≤ i ≤ |E|. Vice versa, if f(〈G, 〉) ∈ CHS), consider the cardinality k subset
V ′ ⊆ {1, 2, . . . , |V |} such that V ′ ∩Ei 6= ∅ for 1 ≤ i ≤ |E|. Then, π−1(V ′) ⊆ V contains
at least one node for each edge, hence 〈G, k〉 ∈ VC. 2

Attenzione: Risposte immotivate e prive di prova di correttezza non saranno consid-
erate. Inoltre, gli algoritmi da sviluppare negli Esercizi 2 e 3 vanno descritti utilizzando
lo pseudocodice usato in classe.



Fondamenti di Informatica II – Ingegneria Informatica
Compito, 17/3/2004 (Durata: 3h)

Esercizio 1 [8 punti] Utilizzando l’induzione parametrica, si individui la minima
costante c > 0 per cui risulti essere T (n) ≤ cn, per n ≥ 1, dove

T (n) =

{
5 n ≤ 4
T (bn/3c) + T (bn/5c) + 7n n > 4.

Answer: From the (parametric) induction base, we obtain c ≥ 5. When going from
inductive hypothesis to thesis, we get:

T (n) ≤ c(n/3) + c(n/5) + 7n ≤ cn⇔ (7/15)cn ≥ 7n⇔ c ≥ 15

Hence c ≥ max{5, 15} = 15. 2

Esercizio 2 [8 punti] Sia n una potenza di due. Una matrice intera n× n A si dice
supertriangolare di ordine n se n = 1 oppure

A =

[
A B
0 C

]
,

con A, B e C matrici supertriangolari di ordine n/2.

1. Dimostrare che la somma di due matrici supertriangolari è una matrice supetri-
angolare e sviluppare e analizzare un algoritmo di somma che esegue un numero
Tsum(n) ottimo di operazioni aritmetiche tra scalari interi.

2. Dimostrare che il prodotto di due matrici supertriangolari è una matrice super-
triangolare e sviluppare e analizzare un algoritmo di moltiplicazione che esegue
Tmult(n) = O(n2) operazioni tra scalari interi.

Answer: Point 1 The proof proceeds by induction. The base n = 1 is trivial. Assume
that the hypothesis holds for k < n. For k = n, let

A =

[
A1 A2

0 A3

]
and B =

[
B1 B2

0 B3

]

be two supertriangular matrices of order n. Then,

C = A + B =

[
A1 A2

0 A3

]
+

[
B1 B2

0 B3

]
=

[
A1 + B1 A2 + B2

0 A3 + B3

]
=

[
C1 C2

0 C3

]
.

By the inductive hypothesis, C1 = A1 + B1, C2 = A2 + B2, and C3 = A3 + B3, are
supertriangular matrices of order n/2, hence C is supertriangular of order n. The
algorithm for summing two supertriangular matrices is the following:



ST SUM(A,B)
n← rows(A)
if n=1 then return a1,1 + b1,1

? let A =

[
A1 A2

0 A3

]
and B =

[
B1 B2

0 B3

]
?

C1 ← ST SUM(A1, B1)
C2 ← ST SUM(A2, B2)
C3 ← ST SUM(A3, B3)

return

[
C1 C2

0 C3

]

The correctness of the above algorithm follows from the fact that the sum of two super-
triangular matrices is still supertriangular. It running time, in terms of scalar operations
(sums) is regulated by the following recurrence:

T (n) =

{
1 n = 1,
3T (n/2) n > 1

whose solution, by the Master Theorem, is T (n) = Θ
(
nlog2 3

)
(indeed, T (n) = nlog2 3

as can be easily proved by induction). This is clearly optimal, since T (n) is also the
maximum number of distinct nonzero entries of a supetriangular matrix. Therefore, in
the worst case, we need to add at least those many scalars to obtain the sum of two
supetriangular matrices.
Point 2 As before, we use induction. The base n = 1 is trivial. Assume that the
hypothesis holds for k < n. For k = n, let

A =

[
A1 A2

0 A3

]
and B =

[
B1 B2

0 B3

]

be two supertriangular matrices of order n. Then,

C = A×B =

[
A1 A2

0 A3

]
×

[
B1 B2

0 B3

]
=

=

[
A1 ×B1 A1 ×B2 + A2 ×B3

0 A3 ×B3

]
=

[
C1 C2

0 C3

]
.

By the inductive hypothesis and the fact that the sum of supertriangular matrices is still
supertriangular, C1, C2 and C3 are supertriangular matrices of order n/2, hence C is
supertriangular of order n. The algorithm for multiplying two supertriangular matrices
is the following:



ST MUL(A,B)
n← rows(A)
if n=1 then return a1,1b1,1

? let A =

[
A1 A2

0 A3

]
and B =

[
B1 B2

0 B3

]
?

C1 ← ST MUL(A1, B1)
C2 ← ST SUM(ST MUL(A1, B2), ST MUL(A2, B3))
C3 ← ST MUL(A3, B3)

return

[
C1 C2

0 C3

]

The correctness of the above algorithm follows from the fact that the sum and product
of two supertriangular matrices is still supertriangular. Its running time, in terms of
scalar operations (sums and products) is regulated by the following recurrence:

T (n) =

{
1 n = 1,
4T (n/2) + nlog2 3/3 n > 1

(the additive term nlog2 3/3 comes from the call to ST SUM on supertriangular matrices
of order n/2) whose solution, by the Master Theorem, is T (n) = Θ(n2). 2

Esercizio 3 [8 punti] I numeri euleriani del secondo ordine E(n, k), per 0 ≤ k ≤ n,
sono caratterizzati dalla seguente ricorrenza:

E(n, k) =


1 k = 0
0 k > 0, k = n
(k + 1)E(n− 1, k) + (2n− 1− k)E(n− 1, k − 1) 0 < k < n.

1. Si fornisca il codice di un algoritmo memoizzato (diviso in due procedure) che,
dati in ingresso n e k, restituisca E(n, k).

2. Si analizzi la complessità T (n, k) dell’algoritmo associando costo unitario alla
somma e sottrazione di interi.

Answer: Point 1 The code of the memoized algorithm that computes E(n, k) is
divided into two subroutines. The first, INIT E(n, k), solves base cases and initializes
an (n + 1) × (k + 1) table. Finally, for non-base values, INIT E(n, k) makes the call
REC E(n.k) to the second subroutine, which computes E(n, k) using the table to avoid
replicating subproblems. We will use −1 as a default value in the table (indicating that
the subproblem has not been solved yet) since an easy induction suffices to show that
for all relevant values, E(n, k) is non negative. Finally, particular care must be taken
when initializing the table for base cases, which correspond to all pairs (i, 0), 0 ≤ i ≤ n
and (j, j), 1 ≤ j ≤ k. The codes follow



INIT E(n, k) REC E(i, j)
if k = 0 then return 1 if E[i, j] = −1 then
if k = n then return 0 a← REC E(i− 1, j)
for i = 0 to n do b← REC E(i− 1, j − 1)

E[i, 0]← 1 E[i, j]← (j + 1) · a + (2i− 1− j) · b
for i = 1 to n do return E[i, j]

for j = 1 to min{k, i} do
E[i, j]← −1

for j = 1 to k do
E[j, j]← 0

return REC E(n, k)

Point 2 To evaluate the running time of the algorithm, note that the initialization
routine does not perform either sums or subtractions, hence its cost is null. As for
REC E, observe that in its associated recursion tree we have a single internal node for
each subproblem (i, j) for which we had E(i, j) = −1. These nodes are Θ(nk). Since
each internal node contributes a constant number of sums and subtractions to the overall
running time, we have T (n, k) = Θ(nk) 2

Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:
DSS (DISJOINT SUBSETS SUM):
INSTANCE: 〈S, t1, t2〉, S ⊆N , t1, t2 ∈N
QUESTION: Esistono S1, S2 ⊆ S, con S1, S2 6= ∅ e S1 ∩ S2 = ∅ per cui

t1 =
∑

s1∈S1

s1 e t2 =
∑

s2∈S2

s2 ?

Dimostrare che DSS è NP -Hard.

Answer: We show that SUBSET SUM (SS) <P DSS. Recall that an instance of the
former problem is simply 〈S, t〉, with S ⊆N and t ∈N . The question is whether there
exists a subset S1 ⊆ S such that

∑
s1∈S1

s1 = t. Let

s̄ = 1 +
∑
s∈S

s

and define the following reduction function.

f(〈S, t〉) = 〈S ∪ {s̄}, t, s̄〉.

Function f is clearly computable in polynomial time, since s̄ can be computed in time
linear in |S|, and the encoding 〈S ∪ {s̄}, t, s̄〉 can be computed in time polynomial in
|〈S, t〉|. Let us now show that f reduces SS to DSS.

Let x = 〈S, t〉 ∈ SS. Then, there exists S1 ⊆ S such that
∑

s1∈S1
s1 = t. Let

S2 = {s̄}. Clearly, S1, S2 6= ∅ and S1 ∩ S2 = ∅ (since s̄ /∈ S). Moreover,
∑

s2∈S2
s2 = s̄,

hence f(x) ∈ DSS.
Viceversa, let f(x) ∈ DSS. Then, there exists S1, S2 ⊆ S∪{s̄} such that

∑
s1∈S1

s1 =
t,

∑
s2∈S2

s2 = s̄. Since it must be S2 = {s̄} (there is no other choice of elements in
S ∪ {s̄} which sum to s̄), and S1 ∩ S2 = ∅, we have S1 ⊆ S, hence x ∈ SS. 2



Fondamenti di Informatica II – Ingegneria Informatica
Compito, 6/9/2004 (Durata: 2h30m)

Esercizio 1 [8 punti] Sia n una potenza di due. Utilizzando l’induzione parametrica,
si individui la minima costante c > 0 per cui risulti T (n) ≤ cn log2 n, per n ≥ 1, dove

T (n) =

{
0, n = 1, 2, 4
T (n/2) + T (n/4) + 2T (n/8) + 7n, n ≥ 8

Answer: From the (parametric) induction base, we obtain, for n = 1, 2, 4,

0 = T (n) ≤ cn log2 n⇔ c ≥ 0.

When going from inductive hypothesis to thesis, for n ≥ 8 a power of two, we get:

T (n) ≤ c(n/2) log2(n/2) + c(n/4) log2(n/4) + 2c(n/8) log2(n/8) + 7n

= cn log2 n− c(n/2 + 2 · n/4 + 2 · 3 · n/8) + 7n

= cn log2 n− (7/4)cn + 7n ≤ cn log2 n

⇔ (7/4)cn ≥ 7n⇔ c ≥ 4.

Hence c ≥ max{0, 4} = 4. 2

Esercizio 2 [8 punti] Per n > 0, sia x ∈ Cn un vettore di n incognite complesse. Si
consideri il sistema di equazioni espresso in forma vettoriale come segue:

(x�? x)− (2 · x) + (1, 0, . . . , 0) = 0n,

dove ’�? ’ denota la convoluzione ciclica; ’−’,’+’ sono operazioni tra vettori, ’·’ è il
prodotto tra uno scalare e un vettore, e 0n è il vettore con n componenti nulle.

1. Si calcoli esplicitamente una soluzione del suddetto sistema.

2. Si determini il numero di soluzioni distinte del sistema.

Answer: Point 1 Let X = DFTn(x) = Fnx, and recall that DFTn(1, 0, . . . , 0) =
(1, 1, . . . , 1). By multiplying both sides of the system by Fn and applying the cyclic
convolution theorem, we obtain the equivalent system in the unknown vector X:

(X �X)− (2 ·X) + (1, 1, . . . , 1) = 0n,

where ’�’ denotes the component-wise multiplication of two vectors. The above system
is much easier to solve than the original one, since it is made of the following n scalar
equations:

X2
i − 2Xi + 1 = (Xi − 1)2 = 0, for 0 ≤ i ≤ n− 1.

Clearly vector X = (1, 1, . . . , 1) is a solution of the transformed system. Hence x =
DFT−1

n (1, 1, . . . , 1) = (1, 0, . . . , 0) is a solution of the original system, as it can be easily
checked by direct computation.
[Point 2] Since each scalar equation has a unique solution of multiplicity 2, vector
(1, 1, . . . , 1) is the unique solution of the transformed system. Therefore, by the equiv-
alence with the original system, vector (1, 0, . . . , 0) is the unique solution of the latter
system. 2



Esercizio 3 [8 punti] Per n > 0, siano dati due vettori a componenti intere a, b ∈ Zn.
Si consideri la quantità c(i, j), definita per ricorrenza su coppie di indici (i, j), con
0 ≤ i ≤ j ≤ n− 1, come segue:

c(i, j) =


ai, 0 < i ≤ n− 1 e j = n− 1,
bj , i = 0 e 0 ≤ j ≤ n− 1,
c(i− 1, j − 1) · c(i, j + 1), 0 < i ≤ j < n− 1.

Si voglia calcolare la quantità m = min{c(i, j) : 0 ≤ i ≤ j ≤ n− 1}.

1. Si individui il tipo di scansione da effettuare per calcolare m utilizzando un algo-
ritmo iterativo bottom-up che riceva in ingresso i vettori a e b. Si fornisca inoltre
lo pseudocodice dell’algoritmo.

2. Si valuti la complessità esatta dell’algoritmo sviluppato associando costo unitario
ai prodotti tra numeri interi e costo nullo a tutte le altre operazioni.

Answer: Point 1 The problem requires computing the entries in the upper triangle
of an n× n array C, with C[i, j] = c(i, j), for 0 ≤ i ≤ j ≤ n− 1, and accumulating the
minimum m among these entries. Observe that the last column and the first row of the
array are given in input, since C[i, n − 1] = ai, for i > 0, and C[0, j] = bj , for j ≥ 0,
respectively. When 0 < i ≤ j < n−1, entry C[i, j] can be computed if entry C[i−1, j−1]
(on the previous row and previous column) and entry C[i, j + 1] (on the same row and
next column) have already been computed. This can be ensured by computing the
elements of C by increasing row indices and, on each row, by decreasing column indices.
Let MIN(x, y) be a simple routine which returns min{x, y}. The algorithm follows.

COMPUTE(a, b)
n← length(a)
m← +∞
for i← 1 to n− 1 do

C[i, n− 1]← ai

m← MIN(m,C[i, n− 1])
for j ← 0 to n− 1 do

C[0, j]← bj

m← MIN(m,C[0, j])
for i← 1 to n− 2 do

for j ← n− 2 downto i do
C[i, j]← C[i− 1, j − 1] · C[i, j + 1]
{C[i− 1, j − 1] and C[i, j + 1] already computed at this point}
m← MIN(m,C[i, j])

return m

Point 2 The running time T (n) of the algorithm is determined by the products per-
formed in its two nested loops. We have

T (n) =
n−2∑
i=1

n−2∑
j=i

1

=
n−2∑
i=1

n− 1− i =
n−2∑
k=1

k

= (n− 2)(n− 1)/2.



2

Esercizio 4 [8 punti] Si definiscano i problemi decisionali INDEPENDENT SET e
CLIQUE come coppia (ISTANZA, DOMANDA) e si dimostri che INDEPENDENT SET
<P CLIQUE.

Answer: Recall that given an undirected graph G = (V,E), an Independent Set of G
is a subset of nodes V ′ ⊆ V such that no two distinct nodes in V ′ are connected by an
edge in E. In contrast, a Clique of G is a subset of nodes V ′′ ⊆ V such that each pair
of distinct nodes in V ′ is connected by an edge in E. Then, the two decision problems
can be defined as follows:

INDEPENDENT SET:
INSTANCE: 〈G = (V,E), k〉, G undirected graph, k ∈N
QUESTION: Is there an Independent Set V ′ of G of size |V ′| = k?

CLIQUE:
INSTANCE: 〈G = (V,E), k〉, G undirected graph, k ∈N
QUESTION: Is there a Clique V ′′ of G of size |V ′′| = k?

Given G = (V,E), define now Gc = (V,Ec) as the graph with the same node set,
and set of edges Ec = { {u, v} : u, v ∈ V, u 6= v, {u, v} 6∈ E}. In order to show that
INDEPENDENT SET <P CLIQUE we resort to the following reduction function:

f(〈G = (V,E), k〉) = 〈Gc = (V,Ec), k〉

The above function is clearly computable in polynomial time. Let x = 〈G = (V,E), k〉.
All we are left to show is that

x = 〈G = (V,E), k〉 ∈ INDEPENDENT SET ⇔ f(x) = 〈Gc = (V,Ec), k〉 ∈ CLIQUE.

We can easily establish the above proposition as follows:

x = 〈G = (V,E), k〉 ∈ INDEPENDENT SET
⇔ ∃V ′ ⊆ V, |V ′| = k : ∀u, v ∈ V, u 6= v : (u ∈ V ′) ∨ (v ∈ V ′)⇒ {u, v} /∈ E

(setting V ′ = V ′′)
⇔ ∃V ′′ ⊆ V, |V ′′| = k : ∀u, v ∈ V, u 6= v : (u ∈ V ′′) ∨ (v ∈ V ′′)⇒ {u, v} ∈ Ec

⇔ f(x) = 〈Gc = (V,Ec), k〉 ∈ CLIQUE

2



Fondamenti di Informatica II – Ingegneria Informatica
Compito, 14/12/2004 (Durata: 2h30m)

Esercizio 1 [8 punti] Si consideri la seguente equazione di ricorrenza definita per
valori del parametro n = 22i , con i ≥ 0:

T (n) =

{
2, n = 2,√
n

2 T (
√
n) , n > 2.

(a) (6 punti) Risolvere la ricorrenza, determinando la forma esplicita di T (n) e (b)
(2 punti) verificare la soluzione ottenuta usando l’induzione.

Answer: Let n = 22i and 0 < k ≤ i. We have:

T
(
22i
)

=
22i−1

2
T
(
22i−1

)
=

22i−1

2
22i−2

2
T
(
22i−2

)
...

=

(∏k
j=1 22i−j

)
2k

T
(
22i−k

)
=

2
∑i−1

j=i−k 2j

2k
T
(
22i−k

)
When k = i, we obtain

T
(
22i
)

=
2
∑i−1

j=0
2j

2i
T (2)

=
22i−1

2i
· 2

=
22i

2i

Since n = 22i , we have that logn = 2i, therefore

T (n) =
n

log n
.

Let us now verify our solution using induction on i such that n = 22i . When i = 0
we have n = 2, and 2 = T (2) = (2/ log 2). Assume now that the property holds for
i− 1 ≥ 0. Note that if n = 22i , then 22i−1

=
√
n. Therefore we have

T (n) =
√
n

2
T
(√
n
)

=
√
n

2

√
n

log (
√
n)

=
√
n

2

√
n

logn
2

=
n

log n

2

Esercizio 2 [8 punti] Sia n una potenza di due e siano dati due insiemi A,B ⊆
{0, 1, 2, . . . n− 1} rappresentati in ingresso per mezzo dei loro vettori caratteristici (cioè
vettori binari a e b ∈ {0, 1}n con ai = 1⇔ i ∈ A e bj = 1⇔ j ∈ B). Si voglia calcolare,



per ogni intero i, 0 ≤ i ≤ 2n− 2, il numero zi di coppie distinte (a, b) ∈ A×B tali che
a+ b = i.

(a) (5 punti) Si riconduca il problema al calcolo di una opportuna convoluzione
lineare.

(b) (3 punti) Si fornisca lo pseudocodice dell’algoritmo CARTESIAN SUM(a, b) che
risolve il problema in tempo O(n log n).

Answer:

Part (a) It is sufficient to compute

z = (z0, z1, . . . , z2n−2) = a ? b,

where a ? b denotes the linear convolution of a and b. Indeed, by definition of linear
convolution we have:

zi =
∑

(j,k):j+k=i
0≤j,k≤n−1

ajbk

= |{(j, k) ∈ A×B : j + k = i}|,

since the only nonzero terms in the summation are all and only those with indices in
A×B.

Part (b) The algorithm is as follows:

CARTESIAN SUM(a, b)
n← length(a)
fa← FFT(a|0n)
fb← FFT(b|0n))
for i← 0 to 2n− 1 do

zfi ← fai · fbi
z ← INV FFT(zf)
return (z0, z1, . . . , z2n−2)

The above algorithm executes in O(n log n) time if we use the FFT algorithm to compute
the Discrete Fourier Transform and its inverse. 2

Esercizio 3 [8 punti] Dato il seguente codice di programmazione dinamica

DP SUM(n)
for i← 0 to n do

A[i, i]← i
A[0, i]← 1

for `← 2 to n do
for i← 1 to n− `+ 1 do

j ← i+ `− 1
A[i, j]← A[i− 1, j − 1] +A[i, j − 1] +A[i+ 1, j]

return A[1, n]



(a) (5 punti) si fornisca un codice memoizzato equivalente e (b) (3 punti) se ne
analizzi la complessità.

Answer: The given code computes the following recurrence:

A(i, j) =


1 i = 0, 0 ≤ j ≤ n
j 1 ≤ i = j ≤ n
A(i− 1, j − 1) +A(i, j − 1) +A(i+ 1, j) 1 ≤ i < j ≤ n

The memoized code to compute this recurrence is given by the following pair of routines:

INIT A(n)
if n = 1 then return 1
for j ← 0 to n do

A[j, j]← j
A[0, j]← 1

for i← 1 to n do
for j ← i+ 1 to n do

A[i, j]← 0 { note that A(i, j) is always positive}
return REC A(1, n)

REC A(i, j)
if A[i, j] = 0

then A[i, j]← REC A(i− 1, j − 1) + REC A(i, j − 1) + REC A(i+ 1, j)
return A[i, j]

To obtain A(1, n), we call INIT A(n). Note that in REC A, each entry is computed
exactly once for every pair (i, j), with 1 ≤ i < j ≤ n, hence INIT A(n) triggers Θ(n2)
recursive calls to REC A. Since each call performs constant work, the running time
of the memoized code is Θ(n2), which is also the running time of the corresponding
dynamic programming code. 2

Esercizio 4 [8 punti] Si consideri il seguente problema decisionale:

NCBC (NON CONSTANT BOOLEAN CIRCUIT):
ISTANZA: Circuito Booleano C a n ingressi x1, x2, . . . , xn.
DOMANDA: C realizza una funzione non costante (C 6≡ 0 e C 6≡ 1)?

Dimostrare che NCBC è NP-Hard.
(Suggerimento: Si riduca da BOOLEAN CIRCUIT SATISFIABILITY (BC-SAT) )

Answer: We show that BC-SAT <P NCBC using the following reduction function f :
given a circuit C, f(〈C〉) produces the encoding 〈C ′〉 of a circuit C ′ obtained from C by
introducing a new input xn+1, and an AND gate whose inputs are the (unique) output
of C and xn+1. The output of f(C) is the output of this AND gate. Note that f is
trivially computable in time polynomial in | < C > |.

Let us show that f reduces BCSAT to NCBC. If C ∈ BCSAT, then there ex-
ists a satisfying assignment (x̄1, x̄2, . . . , x̄n) such that C(x̄1, x̄2, . . . , x̄n) = 1. Then
C ′(x̄1, x̄2, . . . , x̄n, 1) = 1 and C ′(x̄1, x̄2, . . . , x̄n, 0) = 0, therefore f(〈C〉) ∈ NCBC. Vice
versa, if C /∈ BCSAT, then for any assignment (x1, x2, . . . , xn), it is C(x1, x2, . . . , xn) =
0, but then C ′(x1, x2, . . . , xn, xn+1) = (0 AND xn+1) = 0 regardless of the value of xn+1.
Therefore C ′ is a constant circuit (C ′ ≡ 0), hence f(〈C〉) 6∈ NCBC. 2



Fondamenti di Informatica II – Ingegneria Informatica
Compito, 8/9/2005 (Durata: 3h)

Esercizio 1 [8 punti] Utilizzando l’induzione parametrica, si individui la minima
costante c > 0 per cui risulti T (n) ≤ cn2, per n ≥ 1, dove

T (n) =

{
1, 1 ≤ n ≤ 8
8T (bn/8c) + 2T (bn/4c) + (3n2/4), n > 8

Answer: From the (parametric) induction base, we obtain c ≥ 1. When going from
inductive hypothesis to thesis, we get:

T (n) ≤ 8c(n2/64) + 2c(n2/16) + (3n2/4)
= c(n2/4) + (3n2/4) ≤ cn2

⇔ c(3n2/4) ≥ (3n2/4)
⇔ c ≥ 1.

Hence c = max{1, 1} = 1. 2

Esercizio 2 [8 punti] Per n potenza di due, sia x un vettore di n incognite complesse
e a ∈ Cn un vettore noto. Per un fissato valore m ≥ 2, si consideri il sistema di equazioni
espresso in forma vettoriale come segue:

x�? x�? · · · �? x︸ ︷︷ ︸
m volte

= a,

dove �? denota l’operatore di convoluzione ciclica. Si fornisca lo pseudocodice e si
analizzi un algoritmo NUM SOL(a,m) che, dati in ingresso a e m, ritorni il numero
di soluzioni vettoriali distinte del sistema effettuando O(n log n) operazioni tra scalari
complessi.

Answer: Let us transform the system by applying the DFTn operator to both its
sides. Let X = DFTn(x) and A = DFTn(a). By the convolution theorem we obtain
the equivalent system:

X �X � · · · �X︸ ︷︷ ︸
m times

= A,

where operator � denotes component-wise product. The i-th scalar equation of the
above system is:

Xm
i = Ai, for 0 ≤ i ≤ n− 1,

which is a simple m-th degree equation in the complex field in the isolated unknown Xi.
Such equation admits either m distinct solutions if Ai 6= 0, or the single solution Xi = 0
if Ai = 0. We can assemble one scalar solution to each equation arbitrarily to obtain
a vector solution for the transformed system. In turn, each distinct vector solution for
the transformed system yields a distinct solution to the original system (since DFTn is
a bijection). In summary, let nz be the number of nonzero entries of A = DFTn(a).
Then the number of distinct solutions to the system is s = mnz. The algorithm follows.



NUM SOL(a,m)
n← length(a)
A← FFT(a)
s← 1
for i← 0 to n− 1 do

if Ai 6= 0
then s← m · s

return s

The correctness of the above algorithm follows from the previous observations. Its
running time T (n) is dominated by the call to FFT, hence T (n) = Θ(n log n). 2

Esercizio 3 [8 punti] Sia n > 0 e sia x un dato vettore di ingresso a n componenti
intere. Si supponga che una certa strategia di programmazione dinamica conduca alla
seguente ricorrenza, definita in funzione di x per tutti i valori di i e j con 1 ≤ i, j ≤ n:

w(i, j) =

{
xj i = 1, 1 ≤ j ≤ n,∑i−1

r=1 w(r, j) +
∑n

s=j+1 w(i, s), i 6= 1, 1 ≤ j ≤ n

Si fornisca un algoritmo iterativo bottom-up che, dato in ingresso x, restituisca in una
tabella W i valori w(i, j), per 1 ≤ i, j ≤ n. Si analizzi la correttezza e la complessità
dell’algoritmo in funzione del numero di somme effettuate. Per ottenere il massimo
punteggio basta un algoritmo corretto di complessità O(n3). Punti aggiuntivi verranno
assegnati ad algoritmi corretti di complessità O(n2).

Answer: Let us first begin with a simple O(n3) algorithm. Consider a table W [i, j]
which stores the value of w(i, j), for 1 ≤ i ≤ j ≤ n. From the definition, it is clear
that we can compute W [i, j] if the table entries W [r, j], for 1 ≤ r < i and W [i, s], for
j < s ≤ n have already been computed. Observe that the needed values are either on
the same column j as w(i, j) but on previous rows, or on the same row but on columns
of higher index s > j. Therefore, a reverse column-major scan (decreasing column
index/increasing row index) will correctly compute all values. The code immediately
follows.

COMPUTE W(x)
n← length(x)
for j ← n downto 1 do
{ decreasing column index first ...}
W [1, j]← xj

for i← 2 to n do
{ increasing row index second ...}
W [i, j]← 0
for r ← 1 to i− 1 do

W [i, j]←W [i, j] + W [r, j]
for s← j + 1 to n do

W [i, j]←W [i, j] + W [i, s]
return W

The correctness of the code follows from the fact that the values W [r, j] and W [i, s]
have already been (correctly) computed when used. The running time of the above



algorithm is evaluated as follows:

TCOMP(n) =
n∑

j=1

n∑
i=2

[(i− 1) + (n− j)]

=
n∑

j=1

[(n− 1)n/2 + (n− 1)(n− j)]

= (n− 1)n2/2 + (n− 1)
n−1∑
k=1

k

= (n− 1)n2/2 + (n− 1)2n/2 = Θ(n3).

A much more efficient algorithm can be obtained by first observing that w(i, n) =
2i−2xn, for 2 ≤ i ≤ n and that for i > 1 and j < n, each w(i, j) is the sum of two
terms. By keeping these two terms separate, storing them into two distinct tables, we
can reduce the time to compute a single entry of W to a constant. Specifically, define
the following two tables:

Up[i, j] =

{
0 i = 1, 1 ≤ j < n,∑i−1

r=1 W [r, j] i > 1, 1 ≤ j < n;

and

Right[i, j] =

{
0 j = n, 2 ≤ i ≤ n,∑n

s=j+1 W [i, s], j < n, 2 ≤ i ≤ n;

Note that from the definition of w(i, j), it immediately follows that for i > 1 and j < n,
W [i, j] = Up[i, j] + Right[i, j]. Moreover, the following recurrences hold:

Up[i, j] =

{
0 i = 1, 1 ≤ j ≤ n,
Up[i− 1, j] + W [i− 1, j] i 6= 1, 1 ≤ j ≤ n;

and

Right[i, j] =

{
0 j = n, 1 ≤ i ≤ n,
Right[i, j + 1] + W [i, j + 1] j 6= n, 1 < i ≤ n.

Note that in order to compute the values at coordinates (i, j) for tables W , Up and
Right, we only need values at coordinates (i − 1, j) and (i, j + 1). Hence we can keep
the same type of scan used in the previous algorithm. We obtain the following code:



COMPUTE2 W(x)
n← length(x)
{ we need to treat the last column separately}
W [1, n]←W [2, n]← xn

Right[1, n]← Right[2, n]← 0
for i← 3 to n do

W [i, n]← 2 ·W [i− 1, n]
Right[i, n]← 0

for j ← n− 1 downto 1 do
{ decreasing column index first ...}
Up[1, j]← 0
W [1, j]← xj

for i← 2 to n do
{ increasing row index second ...}
Up[i, j]← Up[i− 1, j] + W [i− 1, j]
Right[i, j]← Right[i, j + 1] + W [i, j + 1]
W [i, j]← Up[i, j] + Right[i, j]

return W

As before, all values needed in an iteration have been computed previously, hence the
code is correct. The new algorithm performs a constant number of operations for each
entry of W to be computed, hence its running time is Θ(n2). 2

Esercizio 4 [8 punti] Siano L1 e L2 due linguaggi NP-Hard e si supponga che esista
una funzione di riduzione f da SAT a L1 calcolabile in tempo polinomiale tale che,
per ogni stringa x ∈ {0, 1}?, si abbia inoltre che f(x) /∈ L2. Si dimostri che allora il
linguaggio L1 ∪ L2 è anch’esso NP-Hard.

Answer: It is sufficient to prove that under the stated hypotheses, f also reduces
SAT to L1 ∪L2. Indeed, if x ∈ SAT, then f(x) ∈ L1, since f reduces SAT to L1, hence
f(x) ∈ L1∪L2. Vice versa, if f(x) ∈ L1∪L2, it must be that f(x) ∈ L1 (since f(x) /∈ L2

from the hypothesis), hence x ∈ SAT (again, since f reduces SAT to L1). 2


