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Abstract

The aim of this survey paper is to provide the state of the art of the research on control and
optimal control of Boolean Control Networks (BNCs), under the assumption that all the state
variables are accessible and hence available for feedback. Necessary and sufficient conditions
for stabilizability to a limit cycle or to an equilibrium point are given. Additionally, it is shown
that when such conditions are satisfied, stabilization can always be achieved by means of state-
feedback. Analogous results are obtained for the safe control problem, that is investigated for the
first time in this survey. Finite and infinite horizon optimal control are subsequently considered,
and solution algorithms are provided, based on suitable adaptations of the Riccati difference and
algebraic equations. Finally, an appropriate definition of the cost function allows to restate and to
solve both stabilization and safe control as infinite horizon optimal control problems.
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1 Introduction

Recent times have seen an increasing interest in Boolean control networks (BCNs), witnessed by
the rising number of contributions dealing with either the theoretical or the practical aspects of this
subject. This renewed interest is strongly motivated by the large number of physical processes whose
logical/qualitative behavior can be conveniently described by means of this class of models. Indeed,
in a number of contexts, ranging from biology (Sridharan, Layek, Datta, & Venkatraj, 2012), to game
theory (Cheng, 2014; Thunberg, Ogren, & Hu, 2011), to multi-agent systems and consensus problems
(Green, Leishman, & Sadedin, 2007; Lou & Hong, 2010), to smart homes (Kabir, Hoque, Koo, &
Yang, 2014), the describing variables display only two operation levels (on/off, high/low, 1/0, ...),
and the status of each of them is related to the statuses of the others by means of logical functions
(combinations of “and”, “or” and “negation” operators). The application area where BCNs have
proved to be more successful, however, is gene regulatory networks (Kauffman, 1969; Shmulevich,
Dougherty, Kim, & Zhang, 2002). Indeed, genes may be regarded as binary devices that can be
either active or inactive. Also, genes can be activated or inhibited, and this action can be modeled by

resorting to external Boolean inputs.



Another research area where BCNs could prove their effectiveness is in the modeling and control
of hybrid systems. Typically, logic relationships among the various subsystems involved in their
description are formalized by means of discrete-event dynamic systems (DEDS), as for instance Petri
nets (Koutsoukos & Antsaklis, 1999; Xu, Li, & Li, 1996). As BCNs represent a powerful tool to
formalize dynamic systems whose describing variables update according to logical functions, they
can surely compete and possible outperform DEDS in this role, thus benefitting various application
areas where hybrid systems are used, e.g. intelligent manufacturing.

The algebraic representation recently introduced by D. Cheng and co-authors has allowed to cast
BCNs into the framework of linear state models (operating on canonical vectors) (Cheng, 2009; Cheng
& Qi, 2010a, 2010b; Cheng, Qi, & Li, 2011). This new set-up has proved to be highly beneficial for the
research in the field, since it has allowed to derive matrix based characterizations for a number of prop-
erties of BCNs, and hence has suggested new approaches to the solution of several control problems
for these networks. To mention a few, stability, stabilizability, controllability (Cheng & Liu, 2009;
Cheng, Qi, Li, & Liu, 2011; Fornasini & Valcher, 2013b; Laschov & Margaliot, 2012; F. Li & Sun,
2012), disturbance decoupling (Cheng, 2011), observability (Fornasini & Valcher, 2013a; Kobayashi
& Imura, 2009), Kalman decomposition (Zou & Zhu, 2015), fault detection (Fornasini & Valcher,
2015), and optimal control (Zhao, Li, & Cheng, 2011; Fornasini & Valcher, 2014b; Laschov & Mar-
galiot, 2011a, 2011b), have been successfully investigated by referring to the algebraic representations
of BCNs.

The aim of this survey paper is to overview some recent results regarding the control and optimal
control of Boolean Control Networks (BNCs), under the assumption that all the state variables are

accessible and hence available for feedback.

In detail, in Section 2 we review the algebraic representation of BCNs and recall the definitions of
reachability and controllability, as well as their algebraic characterizations. This section is based on
(Cheng, Qi, & Li, 2011; Laschov & Margaliot, 2012) and earlier works of D. Cheng and co-authors.

Section 3 addresses the problem of stabilizing a BCN to an equilibrium point and more generally
to a limit cycle. The first problem was investigated in (Cheng & Liu, 2009; Cheng, Qi, & Li, 2010;
Cheng, Qi, Li, & Liu, 2011; F. Li & Sun, 2012), and the latter in (Fornasini & Valcher, 2013b).
State feedback stabilization techniques for BCNs have been successfully applied to some special gene
regulatory networks. For instance, they have been used to control the dynamics of the lac Operon in
the bacterium Escherichia Coli in (R. Li, Yang, & Chu, 2013) (see also (Bof, Fornasini, & Valcher,
2015; H. Li & Wang, 2013), where output feedback techniques have been applied).



The safe control problem investigated in Section 4 is, at the best of our knowledge, original, and
can be regarded as a sort of stabilization to a given subset of states. In detail, the set of all states is
partitioned into safe and unsafe states, and the target is to control the state evolution so that it always
reaches the safe set, and once entered the safe set it can steadily remain there.

In many situations, a control problem is characterized not only by a target but also by a cost to
achieve the target. When so, the problem can be naturally stated as a (either finite or infinite horizon)
optimal control problem. This issue has been recently addressed in a few contributions. Specifically,
in (Zhao et al., 2011) (see also Chapter 15 in (Cheng, Qi, & Li, 2011)) the problem of finding the input
sequence that maximizes, on the infinite horizon, an average payoff that weights both the state and the
input at every time ¢ € Z,, was investigated. Also, (Laschov & Margaliot, 2011b) and (Laschov
& Margaliot, 2011a) considered the optimal control problem over a finite horizon, but restricted the
analysis to the case when the payoff function only depends on the state of the BCN at the end of the
control interval. The optimal solution is obtained by resorting to the maximum principle, and has the
structure of a time varying state feedback law. In Sections 5 and 6 we report in concise form some of
the results obtained in (Fornasini & Valcher, 2014b). A more comprehensive analysis of the optimal
control problem, including comparisons with the aforementioned results obtained by Cheng and co-
authors or Margaliot and co-authors, can be found in (Fornasini & Valcher, 2014b). Just to mention
an interesting motivating example, the constrained intervention in a mammalian cell-cycle network
(Faryabi, Vahedi, Chamberland, Datta, & Dougherty, 2008; Faure, Naldi, Chaouiya, & Thieffry, 2006;
Hochma, Margaliot, Fornasini, & Valcher, 2013) has been formalized in (Fornasini & Valcher, 2014b)
as an optimal control problem for BCNGs.

Finally, in Section 7, we show that an appropriate definition of the cost function allows to restate

and to solve both stabilization and safe control as infinite horizon optimal control problems.

A drawback of the algebraic state representation of BCNs is its computational complexity, as it
converts a BCN with n state-variables and m input variables, into a state model of size 2", with 2" in-
puts. Consequently, any algorithm based on these representations has an exponential time-complexity.
However, Akutsu et. al. (Akutsu, Hayashida, Ching, & Ng, 2007) have already proved that finding
control strategies for arbitrary BCNSs is in general NP-hard. So, the computational complexity of the
algorithms available to solve these problems seems to be intrinsic of the problems, and independent
of the model adopted to describe the BCNs.

Nonetheless, when the graphs associated with the BCNs are sufficiently sparse (as it typically

happens with large gene regulatory networks), the performances of the branch and bound algorithms
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proposed to solve such control problems are extremely good .

Notation. Z_ denotes the set of nonnegative integers. Given two integers k,n € Z,, with k < n,
by the symbol [k, n] we denote the set of integers {k, k+1,...,n}. We consider Boolean vectors and
matrices, taking values in B := {0, 1}, with the usual Boolean operations.

5}; denotes the ith canonical vector of size k, £ the set of all k-dimensional canonical vectors,
and Ly, C B> the set of all k x n matrices whose columns are canonical vectors of size k. Any
matrix L € Ly, can be represented as a row whose entries are canonical vectors in L, namely
L= 521 522 . 52" , for suitable indices i1, 7o, . . . , in, € [1, k]. The k-dimensional vector with
all entries equal to 1, is denoted by 1. The (¢, j)th entry of a matrix L is denoted by [L], ;, while the

(th entry of a vector v is [v],. The ith column of a matrix L is col;(L).

There is a bijective correspondence between Boolean variables X € B and vectors x € Lo,

defined by the relationship

We introduce the (left) semi-tensor product x between matrices (in particular, vectors) as follows

(Cheng, Qi, & Li, 2011; Laschov & Margaliot, 2012; H. Li & Wang, 2012): given L; € R™*l and

Ly € R (in particular, L1 € L, x¢, and Ly € L, x¢,), We set
Ly X Lo := (Ll ® IT/cl)(LQ (%9 IT/rg)a T:= 1.C.m.{61,’l“2},

where l.c.m. denotes the least common multiple. The semi-tensor product represents an extension
of the standard matrix product, by this meaning that if ¢; = 72, then L; x Ly = L;Ls. Note that
it x; € £,, and x9 € L,,, then x; X x2 € L, ,,. For the various properties of the semi-tensor
product we refer to (Cheng, Qi, & Li, 2011). By resorting to the semi-tensor product, we can extend
the previous correspondence to a bijective correspondence between 5™ and Ly-. This is possible in

T
the following way: given X = [Xl Xy ... X,| €B" set

X1 Xe.. . X1 X,
X1 Xo... X1 X,
X = X Koo X = | X1 Xe... X1 X,

_XlXQ XX



2 Preliminaries

A Boolean control network is described by the following equation

X(t+1) = f(X(t),U(t)), teZs, (1)

where X (¢) and U (t) denote the n-dimensional state variable and the m-dimensional input at time ¢,
taking values in 5" and B™, respectively. f is a (logic) function, i.e. f : B" x B™ — B". By resorting
to the semi-tensor product i, state and input Boolean variables can be represented as canonical vectors
in Ly, N :=2" and Ly, M := 2™ respectively, and the BCN (1) satisfies (Cheng, Qi, & Li, 2011)

the following algebraic representation:

x(t+1) =L xu(t) x x(t), teZs, ()

where x(t) € Ln and u(t) € L. L € Lyxnar is a matrix whose columns are canonical vectors
of size N. For every choice of the input variable at time ¢, namely for every u(t) = 6%, k € [1, M],

L x u(t) =: Ly is a matrix in Ly« y, and we refer to the Boolean network (BN)

x(t+1) = Lix(t), teZy, 3)

as to the kth subsystem of the BCN. Note that the matrix L can be expressed in terms of the matrices
Ly as:

L= L1 L2 LM .

Definition 1. (Cheng, Qi, & Li, 2011) Given a BCN (2), we say that x5 = 5?\/ is reachable from
Xg = (5%, if there exists T € 7 and an input u(t),t € [0,7 — 1], that leads the state trajectory from
x(0) = x¢ to x(7) = xy. The BCN is controllable if x; is reachable from x, for every choice of

X0, Xf € Ln.

A state Xy = 55'\[ is reachable from xy = 5{\, if and only if (Cheng, Qi, & Li, 2011) there exists

T € Z4 such that the Boolean sum of the matrices Ly, k € [1, M], namely

M
Lot := \/ Ly,
k=1

satisfies [L],,];j = 1. Consequently, by the theory of positive matrices (Brualdi & Ryser, 1991), the
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BCN is controllable if and only if Ly is an irreducible matrix, or, equivalently, the Boolean matrix

N-1

L:=\/ (Liot)’ )

=0

has all unitary entries. In the sequel, we will denote the set of states reachable from xg as R(xg).

3 Stabilization

The first natural target of control is stabilization. Since a BCN is not a linear system and there is no
equivalent of the zero state, we first need to understand what is a meaningful definition of stabiliza-
tion in this context. The most intuitive extension of the concept of stabilization to the zero state is

stabilization to some fixed state (an equilibrium point), namely regulation to a constant value. In turn,

this can be seen as a special case of stabilization to a limit cycle, namely tracking of a periodic state

trajectory.

Definition 2. A BCN (2) is stabilizable to the elementary cycle C = (5;&,, 53\2,, e ,55\’}), where 5iNh #*
55\’},for h # k, if for every x(0) € Ly there exist u(t),t € Z, and 7 € Z such that x(t) = (5;\’}f0r
everyt > 1, where j € [1,k]and j = (t — 7+ 1) mod k.

Stabilization to an elementary limit cycle is characterized in the following proposition.

Proposition 1. (Fornasini & Valcher, 2013b) A BCN (2) is stabilizable to the elementary cycle C =
(5?,, 5%, e ,55\’}), where 5iNh #* 55\’},f0r h # k, if and only if the following two conditions hold

1) 5?{ is reachable from every initial state x(0), which amounts to saying that

Sy eR == (] Rx(0));
X(O)E,CN

2) forevery (ig,ig41), L € [1, k], (with i1 = i1) there exists 5%[ such that (5%“ =LK (5%[ X 5% =
L;,6%.

In the special case of equilibrium points we have the following result.

Corollary 1. (Fornasini & Valcher, 2013b; R. Li et al., 2013) A BCN (2) is stabilizable to the state

X 1= 0% € Ly if and only if the following two conditions hold



1) x. is reachable from every initial state x(0), i.e., X, € R*;

2) x. is an equilibrium point of the kth subsystem (3), for some k € [1, M|, namely there exists
5%[ such that 6% = L x 5@1 X 8% = Lol

To understand what are the states to which we may stabilize a BCN (2), we can proceed as follows:
we first determine the set R* of all states that are reachable from every initial state. This amounts to
checking which rows of IL have all unitary entries. Then, we identify the set X, of all equilibrium
points of the various subsystems: this amounts to determine all the vectors &%;,7 € [1, N] such that
there exists j € [1, M] for which col;(L;) = &Y. Clearly, the BCN will be stabilizable to all vectors
5 € R* N X..

A similar characterization can be obtained for the set of all possible limit cycles to which the BCN
can be stabilized. Again, we first consider the set R* of all states that can be reached from every initial

state, and then consider all cycles involving only elements of R*.

Up to now the stabilization problem to some cyclic trajectory (in particular, to an equilbrium point)
has been addressed by assuming that at every time instant ¢ € 7 the input variable u(¢) can be freely
chosen in L£);. A quite interesting fact is that the stabilization problem can be solved by means of a
time-invariant state feedback law, by this meaning that at every time instant ¢ the input u(¢) can be
expressed as u(t) = Kx(t), for some matrix K = [5% 5]’;2[ 5@] € Larxn. When so, the

BCN is transformed into a BN:
x(t) = L¥)x(t), teZ,,

LK) = [coll(Lkl) coly(Lg,) ... coln(Liy)| >

having the cycle C as its unique attractive set.

Proposition 2. (Fornasini & Valcher, 2013b) If a BCN (2) is stabilizable to some elementary cycle

C= (53\1,, 55\2,, e 55\’}), then it is stabilizable by means of a state feedback law.

The proof of the previous result is constructive and provides all matrices that implement a feedback
law stabilizing the BCN in minimum time to the given cycle C. Suppose, first, that the BCN is
stabilizable to C, namely conditions 1) and 2) of Proposition 1 hold. By condition 2), we know that, for
every X = st e [1, k], there exists u = 5%,]’4 € [1, M|, such that 5%“ = Lxéﬁ Mé% = Lxuxx
(where i1 = i1). By imposing u = 5%‘”4 = K(Sj\", = Kx,V ¢ € [1, k], we actually impose that

col;, (K) := 66,V £ € [1,k].



Let S, t € Z4, denote the set of all states 5?\77 i € [1, N], whose minimum distance from the cycle
C is t, by this meaning that the length of the shortest path from the state §%; to any state of C is .
Clearly, Sy = C, and S;1 # () implies S; # (). On the other hand, for every t > N — k, §; = 0.
Finally, by assumption 1), So US1 USy U --- U Sy_; = Ly, and all sets S; are disjoint. Since for
every x = 84 € Si41 there exists u = &%, such that L x 07, x 84 € S, it is easy to see that by
assuming col;(K) := 5%4, for every 6% € S;US, U - - USN_j, we assign all the remaining columns
of K. Therefore, the feedback law u(t) = Kx(t) allows to converge to C and to remain therein.

An independent proof for the case of an equilibrium point has been given in (R. Li et al., 2013).

Remark 1. The state-feedback laws proposed in (Fornasini & Valcher, 2013b; R. Li et al., 2013)
are minimal time. If we drop this requirement, we can obtain a larger set of state-feedback laws. In
particular, when solving the stabilization problem by means of an output feedback law, the underlying
state-feedback law need not be minimal time (Bof et al., 2015).

On the other hand, a time-varying state feedback law does not represent an interesting option
for this control problem. Indeed, it does not allow to achieve stabilization when a stabilizing time-
invariant law does not exist, and it does not offer any advantage in terms of performances when it

exists.

Example 1. Consider a BCN (2), with n = 3 and m = 1, and suppose that

L, = Lx(s;:[ag 53 04 63 03 6L oF 55’}’

Ly = Lxé%:[ég’ 65 6% 63 oF of o8 55}'

A possible limit cycle is C = (62,03,64). The transition from 62 to 03 and from &3 to 83 is
associated with w = 6} (and hence with Ly),while the transition from 53 to 02 is associated with
u = 2 (with Ly). Accordingly we have that K53 = 63, K83 = 63, K§§ = 62. If we consider now the
states that have distance t from C, we find S = {0%,63,058}; So = {61}; S5 = {08}. Keeping in mind
what are the input values that induce the shortest paths from each of these states to C, we obtain as

possible feedback matrices all matrices
K=oy o} a) & » » &)

where * denotes columns that can be either 6} or §3.



4 Safe control

When dealing with a physical system whose logical functioning can be modeled by means of a BCN,

it may happen that a subset of all possible states of the BCN is regarded as unsafe. We denote the set

of all unsafe states by the symbol X, and accordingly think of the complementary set as the set of
safe states X. In this case, the natural problem arises:

Given a BCN (2), whose set of states L is partitioned into a set of unsafe states X,, and a set of
safe states X, is it possible to control the system so that every state trajectory that stems from a safe
state remains in X ¢ and every trajectory that originates in an unsafe state leaves X,, in a finite number

of steps and then remains in Xz?

The mathematical translation into the language of the BCNs of the safe control problem is rather

straightforward: we look for conditions ensuring that
e for every xo € X, there exists u(t),t € Z,, such that x(t) € X forevery t € Z;

e for every xg € X, there exist u(t),t € Zy, and T > 0 such that x(¢) € X, for every
teZyt>T.

This easily leads to a characterization of the problem solvability.

Proposition 3. Given a BCN (2) and a set of unsafe states X, the safe control problem is solvable if

and only if the following two conditions hold
1) foreveryx € Xy = L \ Xy there exists u € Ly such that L x u X x € X;

2) the set X is reachable from every x € X,, which amounts to saying that for every x € X,

there exists X € X such that X is reachable from x.

Proof. 1t is easily seen that condition 1) is equivalent to saying that every trajectory starting in X
can be kept, by resorting to a suitable input, within X;. On the other hand, it is easily seen that
the possibility of eventually leading any trajectory stemming from X, into X is equivalent to the
reachability of X from every state of X, and the first condition ensures that once the trajectory

enters X it will be able to remain therein. ]

A mathematical characterization of problem solvability in terms of the matrices L;,; and L we

introduced in Section 2 can be immediately provided.
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Proposition 4. Given a BCN (2) and a set of unsafe states X, suppose without loss of generality that
the BCN states are relabelled so that X,, = {8% :i € [k+1, N]} while X5 = {&% : i € [1,k]}. Then

the safe control problem is solvable if and only if the following two conditions hold
1) forevery j € [1,k] there exists i € [1, k] such that [Lin)i; = 1;

2) forevery j € [k + 1, N] there exists i € [1, k] such that [L];; = 1.

To conclude, we prove that also the safe control problem can always be solved by resorting to a

state feedback law.

Proposition 5. If the safe control problem is solvable for a BCN (2), then it is solvable by means of a

state feedback law.

Proof. If the safe control problem is solvable, then conditions 1) and 2) of Proposition 3 hold. We
want to make use of these two conditions to define the columns of K, one by one. We first consider
the indices ¢ € [1, N] such that 64 € X;. By condition 1), we know that, for every x = &% € X,
there exists u = 55&,]’ € [1, M], such that L x 55\/‘, x 0% = L x ux x € X, and hence it is sufficient
to impose

u =0, =Koy = Kx,

which amounts to imposing col;(K) := (5&.

Let S, t € Z, denote the set of all states 8% € X,, whose minimum distance from the set Xj is
t, by this meaning that the length of the shortest path from the state 55\, to any state of X is ¢. Clearly,
So = X, and Si11 # 0 implies Sy # ). On the other hand, for every ¢ > | X,|, S; = (). Finally, by
assumption 2),

SoUSlUSQU-”US‘Xu‘ =Ly,

and all sets S; are disjoint. Since for every x = 5§V € S;41 there exists u = 5%4 such that L x 5%4 X
5% € S, itis easy to see that by assuming col; (K) := (5%/[, for every 0% € S;US,U- - ‘US| x,| = Xu,
we assign all the remaining columns of K. Therefore, the feedback law u(t) = Kx(t) allows to solve

the safe control problem. O

5 Finite horizon optimal control of BCNs

The interest in the optimal control problem for BCNs arises primarily, but not exclusively, from two

research areas. On the one hand, interesting applications to game theory have been illustrated in
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(Cheng, Qi, & Li, 2011; Zhao et al., 2011). On the other hand, the results presented in (Ching et al.,
2009; Liu, 2013; Liu, Guo, & Zhou, 2010; Pal, Datta, & Dougherty, 2006; Yang, Wai-Ki, Nam-Kiu, &
Ho-Yin, 2010) provide evidence of the fact that optimal control problems naturally arise when dealing
with biological systems in general, and genetic networks in particular, and BCNs often represent a
very convenient set-up where to investigate these problems. In particular, the constrained intervention
in a mammalian cell-cycle network (Faryabi et al., 2008; Faure et al., 2006; Hochma et al., 2013) can
be naturally stated as an optimal control problem.

We first introduce the finite horizon optimal control problem. If we assume that the initial state is
given and the final state is potentially arbitrary, this problem can be stated in general form as follows:

Given the BCN (2), with initial state x(0) = xo € Ly, determine an input sequence that mini-

mizes the cost function:

T—

Jr(xo.u(-) = Qs (x(T)) + Y Q(u(t), x(t)), ®)

t=

[y

where Q(-) is any function defined on L, and Q(-, -) is any function defined on Lyr x L.

The cost function (5) weights the BCN state at every time instant: the final state is weighted by
a special function Q(-), while the state at every intermediate instant ¢ is weighted, together with the
input value at the same time, by the function Q(-, -).

In (Fornasini & Valcher, 2014b), we have shown that, by taking advantage of the properties of the
semi-tensor product and of the fact that the state and input vectors are always canonical vectors, every

cost function described as in (5) can be equivalently expressed as a linear cost function of the form

Jr(xgp,u(+)) = c}x(T) + Z c' xu(t) x x(t), (6)

T N
c Z[clT ‘ ‘ CL}, ci € R,

In order to solve this problem, we adopt a technique that is similar to the square completion
technique adopted to solve the quadratic optimal control problem for linear, time-invariant, discrete-
time state space models. However, since our cost function is “linear”, the terms we will add are in

turn “linear” functions of the state and input vectors. We observe that for every choice of a family of
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N-dimensional real vectors m(t),t € [0,77], and every state trajectory x(t),t € [0, 7], of the BCN,

one has
T

0=
t

|
—

m(t+1)"x(t+ 1) — m(t) " x(t)] + m(0) " x(0) — m(T) "x(T).

Il
=)

Consequently, the cost function (6) can be equivalently written as

T-1
Jr(xo,u(-)) = m(0)"x(0) + [y —m(T)]"x(T) + Y e xu(t) x x(t)
t=0

N

+ m(t + 1) "x(t + 1) — m(t) " x(t)].

Il
o

By making use of the state update equation of the BCN (2) and of the fact that, for every choice of
u(t) € Ly, one has

m(t) " x(t) = [m(t)—r m(t)" ... m(t)"| xut)xx(t),

we get

Jr(xo,u(-)) = m(0)"x(0) + [ef — m(T)]"x(T)

~
=

+ (cT +m(t+1)"L— [m@®)T ... m(t)TD X u(t) x x(t).

~
Il
o

Now, since the values of the vectors m(t),¢ € [0, 7], do not affect the value of the index, we choose

them according to the following algorithm:
e [Initialization] Set m(7") := c¢ ;

e [Recursion] Fort =T —1,T—2,...,1,0, the jth entry of the vector m(¢) is chosen according

to the recursive rule:

1€[1,M]

m()]; = min ([ei; + [m(t+1)"L;), ¥ € [1,N]. 7
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We notice that, by the previous algorithm, for every ¢ € [0,7" — 1] the vector

W) = [T w . wad)]
_ [CT ‘ c;Aer(tJrl)T [Ll Ly ... LM]
_ [m(t)T m(t)T m(t)T]

is nonnegative and satisfies the following condition: for every j € [1, N| there exists ¢ € [1, M] such
that [w;(¢)]; = 0. As a result, the index
T—

Jr(xo,u()) = m(0) x(0) + Y [wi(®)T wa(®)T ... war(t)T| xu(t) x x(0)

t=

[y

is minimized by the input sequence u(t),¢ € [0,7" — 1], that is obtained according to this rule:

x(t) =6y = ult) =",
where!
(. t) = argierﬁ%]ﬁcz]y + [m(t+1) Lz]g)-
In this way,

Wit .. wi] xu) xx(t) =0, vte 0T 1)

and by the nonnegativity of the vector w(¢), this is the minimum possible value that this term can take.

So, we have proved the following result.

Theorem 1. Given the BCN (2), with initial state x(0) = xo € Ly, the minimum value of the cost
function (6) is J1(xo) := miny.y Jr(xo,u(-)) = m(0) "'x(0), where m(0) is obtained according
to the previous algorithm. Moreover, the optimal control input can be implemented by means of a

time-varying state feedback law. Actually, the optimal input can be expressed as

u(t) = K(£)x(t),

"Note that the index that minimizes the function is not necessarily unique: so there is not necessarily a unique optimal
input.
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where the state feedback matrix is
K(t)= [st 10 s 20 g (O]

Remark 2. Equation (7) can be viewed as the equivalent for BCNs of the difference Riccati equation
for standard discrete-time linear systems with a quadratic cost function. The updating algorithm,
however, is based on a linear functional instead of a quadratic one, due to the structure of the cost

function and of the state updating equation.
Example 2. Consider the BCN (2) and suppose that N = 8, M = 2 and

Ly = Lxé;z[ag 63 o3 03 88 o1 oF 5;},

Ly = Lxd=|52 st ab of o8 a3 a% of.

We consider the problem of minimizing the cost function (6) for T' = 4, by assuming
T T
Cf:[l 1121100 o] ; c=[1g og] ;

and initial condition x(0) = 4.
It is worth noticing that the input u(t) = 5% has zero cost. So, one would be tempted to just
assume u(t) = 03 for every t € [0, 3]. This way, however, x(4) would be equal to 83, which is the

“most expensive” final state. So, we proceed according to the algorithm:

-
.m(4):Cf:111211000};

- T
em3)=1{12 10 10 1 1 1] andK(S)z[(S% 8 0 05 05 05 Oy 5%}%

- _T - -
om(2):_1 01 1121 1 andK(2)=_5% 63 63 62 63 o 63 (55_;

- _T - -
om(l):_o 11121 22 andK(l)z_é% 62 62 62 62 63 &3 6%_;

- AT - -
em@0)=|1 102121 1 adK(O0)= 53 o3 o3 63 63 63 63 43

As a consequence, J}(63) = miny(y J5(0§,u(-)) = m(0)76§ = 1. An optimal input sequence is
u*(0) = u*(1) = u*(2) = 63,u*(3) = 83, and it corresponds to the state-trajectory x*(0) =

63, x*(1) = 62, x*(2) = &g, x*(3) = 0f, x*(4) = 4§. [ )
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6 Infinite horizon optimal control problem

The natural extension of the previous optimal control problem to the infinite horizon case can be stated
as follows:
Given the BCN (2), with initial state x(0) = x¢ € Ly, determine an input sequence that mini-

mizes the quadratic cost function:

-
J(xo,u(-)) = > el xu(t) x x(t), (8)
t=0
where ¢ € RVM | As in the finite horizon case, we assume that the vector c is nonnegative.

We first remark that the only possibility of obtaining a finite value for the optimum index
J*(x¢) == m(il;l J(xp,u(+)),
ul-

is represented by the existence of a periodic state-input trajectory (x(t), u(t));ez, of zero cost, that
can be “reached” from x(. This amounts to saying that there mustbe 7" > 0, 7 > O and u(t),t € Z,
such that

(x(t),u(t)) = (x({t+T),u(t+T)),VteZlyt>r, )

and

c' xu(t)xx(t)=0,VteZ,,t>r. (10)

Condition (10) implies, in particular, that the optimal control problem has a finite solution only if the

vector ¢ has some zero entry.

Proposition 6. (Fornasini & Valcher, 2014b) The minimum value J*(X¢) of the infinite horizon cost
function (8) is finite for every choice of the initial state xo € Ly if and only if for every x there exists
an input sequence that makes the resulting state-input trajectory both periodic and zero-cost starting

Jfrom some time instant T > (.

The previous characterization essentially requires to perform two checks on the BCN: (1) to verify
the existence of zero-cost periodic state-input trajectories, and (2) to check that every initial state xg

can reach (at least) one of the states belonging to any such periodic trajectory®. So, we now look into

*In the following, we will informally talk about zero-cost periodic state trajectory by this meaning the projection of a
zero-cost periodic state-input trajectory over the state component.
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these two issues. (1) How can we check whether zero-cost periodic state-input trajectories exist? A

simple test can be performed in the following way. Let Ci(o) be the N x N matrix, whose columns are
T

obtained from the cost vector ¢; according to the following rule

&, if [ei]; = 0;
colj(C.(O)) =" ’ Jj €1, N].

Oy, otherwise;

It is easily seen that LiCi(O) is obtained from L; by simply replacing with zero columns the columns

corresponding to state transitions (driven by the input value u = 5}\/[) of positive cost. Consequently,
LO = (L, v (L) v .V (L)

is the Boolean matrix representing all the state transitions that can be achieved at zero cost, provided
that a suitable input is selected. In other words, [L(?)];, ; = 1 if and only if there exists i € [1, M]
such that

o =Lxdy,xdy and ¢ x 8y x =0

So, it is clear that a zero-cost periodic state (and hence state-input) trajectory exists if and only if the

digraph D(L(O)) has at least one cycle or, equivalently, L(%) is not nilpotent.

(2) Is it possible from every initial state to reach at least one of the (states belonging to) periodic

zero-cost state trajectories? If L is not nilpotent, then (L(O))N = 0. Consequently, we may intro-

duce the set

H = {he[L,N]: (&%) (L)Y +0) (11

of the indices of the nonzero rows in (L(O))N . Elementary graph theory allows us to say that h € H if
and only if the state ¢ ]}{, belongs to one of these periodic zero-cost state trajectories. From every initial
state X9 = 55\, € Ly itis possible to reach some state 3%, h € H, if and only if for every j € [1, N]

the jth column of LYY, has at least one nonzero entry indexed by H.

The previous comments immediately suggest a way to obtain the minimum cost J*(xg) for every
Xo = 6%, € Ly. Clearly, J*(6%) = 0 for every h € H. On the other hand, for every state (55'\,, j & H,
it is sufficient to determine the minimum cost state-input trajectory (x(t),u(t)):cz, starting from

x(0) and reaching some state 6%, h € H, in a finite number (at most N — 1) of steps.
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Remark 3. It is worthwhile noticing that
H C H* :={h € [1,N]: J*(0%) = 0},

but the two sets do not necessarily coincide, as there may be states 55\, that access at zero cost some

states (5?\,,h € H butj ¢ H.

Under the previous assumptions, and by making use of the results regarding the finite horizon opti-
mal control problem, we can derive the expression of the optimal cost corresponding to any given ini-
tial condition, and show that the optimal solution can be expressed as a time-invariant state-feedback.

We first note that, when 7" is sufficiently large, the finite vector sequence {m(t)}—77-1,...2.1,0,
generated by the algorithm described in Section 5, starting from the initial condition m(7") = 0,

converges in a finite number of steps to a nonnegative vector m”*.

Lemma 1. The finite vector sequence {m(t) }s—1 7-1,.. 21,0, generated by the algorithm:

m(T) = 0
T Tr
[m(#)]; i erf}{rj\}][cz +m(t+1) Lij,
jeE,N,t=T-1,T—2,...,1,0,
satisfies
0=m(T)<m(T—-1) <---<m(1l) <m(0). (12)

Moreover, for T sufficiently large, there exists A > 0 such that

m*:=m(7T - A)=m(T —71), VrelAT. (13)

As an immediate consequence of the previous lemma, we can claim what follows:

Theorem 2. Assume that the set H defined in (11) is not empty, and for every choice of xq there exists

at least one state Xy = 6]}{,, h € H, reachable from xq. Then

1. there exists T > 0 such that, for every xg,

J3(x0) = J3(x0) = (m*) 'x0, ¥

~
v
\.ﬂ‘
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and therefore

. m”* is obtained through the algorithm of Section 5, by assuming cy = 0, and is a fixed point of

the algorithm, namely a solution of the family of equations:

[m"); = min e +(m)TL;, g€ LN, (14)

that represent the equivalent, for BCNs, of the algebraic Riccati equation for linear systems.

. Upon defining

iy . T T
i*(7) arg gﬁ{rﬂlﬂ[cz + (m*) " Li];,

the optimal control input can be implemented by means of the time-invariant state-feedback

law:

u(t) = Kx(t),

where the (not necessarily unique) feedback matrix is

K= 53\2(1) 55\}(2) 55\}(1\7) .

For all the computational issues related to the solution of the infinite horizon optimal control

problem we refer the interested reader to the paper (Fornasini & Valcher, 2014b).

7 Stabilization and safe control as optimal control problems

We have seen in Section 3 that if a BCN (2) is stabilizable to an elementary cycle C, and in particular

to an equilibrium point x., then stabilization is achievable by means of a static state-feedback law.

We want to show that the same result can be obtained by casting this problem into the optimal control

set-up, and by resorting to the results of the previous section.

Assume C = ((5}},, 65\%, e ,55\’;), where (53\7 #* 65\’}, for h # k, and set

i (e[, M]: 60" =L &, xo}, ifhell k-1
V(o) =

(Gell,M]:6t=Lxd, xo%}, ifh=~k
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Introduce the cost vector ¢ := clT czT o c& , with

0, if Ihe[l,k]st.i=i,andje V(6R);
[cj)i = (15)

1, otherwise.

We can now provide the following result, whose simpler version for an equilibrium point has been

given in (Fornasini & Valcher, 2014a).

Theorem 3. Given C = (5%,0%2,... (5““), the BCN (2) is stabilizable to C if and only if J*(x¢) =

miny.) J (%o, u(+)) = ming. Z:rog c' xu(t)xx(t), with c given in (15), is finite for each xo € L.

Proof. If the BCN is stabilizable to C then, by Proposition 1 point 1), for every xg there exists 7 € Z
and an input sequence @(t),¢ € [0, 7 — 1], that drives the BCN state, say X(t), to 5% at time 7. On
the other hand, by Proposition 1 point 2), if such input sequence satisfies for ¢ > 7 the following
conditions:

6%4,EIjGV(5§\1,), ift—74+1=0modk;

§;,37€V(6%), ift—74+1=1modk;

§;,35eV©%), ift—7+1=k—1modk

then ¢ x w(t) x X(t) = 0 for every t > 7. We therefore have J*(xq) < Y74 ¢! x a(t) x %(t) <
+o0.

Conversely, if J*(xg) < +oc for every xg € Ly, there exists 7 € Z, such thatc' x u(t) x x(t) =
0, Vt > 7. By the way the vector c has been defined, this implies, in particular, that the state trajectory

from 7 onward moves along the cycle C, and hence the stabilization problem is solved. O

This result allows to reduce the solution of the stabilization problem to the solution of an infinite-
horizon optimal control problem. This provides an alternative proof of the fact that when the stabiliza-
tion problem is solvable, then it can be solved by means of a time-invariant state-feedback law. Note

that J*(x¢) will always be equal to the length of the shortest path from x to C.

Similarly to what we just did for the stabilization problem, we can translate also the safe control

problem into an infinite-horizon optimal control problem. Assume, w.l.o.g., X, = {d%,i € [1,k]},
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and X,, = {6%,7 € [k + 1, N]}. Introduce the cost vector c' := c/ cg ... c&] , with

0, if 84 € Xyand L x &), x 84 € X;
[cj]i = (16)

1, otherwise.

We can now provide the following result, whose proof can be derived along the same lines as the

previous proof.

Theorem 4. Given X = {04, € [1,k]|} and X,, = {0%,i € [k + 1, N]}, the safe control problem
is solvable for the BCN (2) if and only if J*(xo) = miny(.) J (%o, u(-)) = miny.) S el xu(t) x

x(t), with ¢ given in (16), is finite for each xy € Ly.

8 Conclusions

In this paper we have investigated a number of fundamental control issues for BCNs. In detail, after
having introduced the concepts of reachability and controllability, we have addressed the stabilization
to a limit cycle (in particular, to an equilibrium point) and the safe control of a BCN. In both cases,
we have proved that when the problem is solvable it can be solved by means of a time-invariant state-
feedback law.

Finite and infinite horizon control problems have been posed and solved. In both cases, by re-
sorting to a technique that is similar to the square completion typically adopted in linear quadratic
optimal control, we have been able to derive an algorithm that leads to the optimal solution and allows
to determine a state-feedback law implementing the optimal control.

To conclude, we have shown that also stabilization to a limit cycle and safe control can be stated
and solved as optimal control problems.

Future research directions include exploring under what conditions the aforementioned issues may
be solved by resorting to output feedback techniques. Some results about output feedback stabilization
have appeared in (Bof et al., 2015) and (H. Li & Wang, 2013), but a complete solution is still missing

and represents a challenging open problem.

References

Akutsu, T., Hayashida, M., Ching, W.-K., & Ng, M. (2007). Control of Boolean networks: hardness
results and algorithms for tree structured networks. J. Theoret. Biol., 244, 670-679.

21



Bof, N., Fornasini, E., & Valcher, M. E. (2015). Output feedback stabilization of Boolean control
networks. Automatica, 57, 21-28.

Brualdi, R. A., & Ryser, H. J. (1991). Combinatorial matrix theory. Cambridge Univ. Press.

Cheng, D. (2009). Input-state approach to Boolean Networks. IEEE Trans. Neural Networks, 20, (3),
512 - 521.

Cheng, D. (2011). Disturbance decoupling of Boolean control networks. IEEE Trans. Automatic
Control, 56, 2-10.

Cheng, D. (2014). On finite potential games. Automatica, 50 (7), 1793-1801.

Cheng, D., & Liu, J. (2009). Stabilization of Boolean control networks. In Proc. of the joint 48th
IEEE Conference on Decision and Control and 28th Chinese Control Conference (p. 5269-
5274). Shanghai, China.

Cheng, D., & Qi, H. (2010a). Linear representation of dynamics of Boolean Networks. IEEE Trans.
Automatic Control, 55, (10), 2251 - 2258.

Cheng, D., & Qi, H. (2010b). State-space analysis of Boolean Networks. IEEE Trans. Neural
Networks, 21, (4), 584 - 594.

Cheng, D., Qi, H., & Li, Z. (2010). Vector metric of Boolean matrices and its application to stability
and stabilization of Boolean networks. In Proc. of the 2010 IEEE International Conference on
Control and Automation (p. 1747-1751). Xiamen, China.

Cheng, D., Qi, H., & Li, Z. (2011). Analysis and control of Boolean networks. Springer-Verlag,
London.

Cheng, D., Qi, H,, Li, Z., & Liu, J. (2011). Stability and stabilization of Boolean networks. Int. J.
Robust Nonlin. Contr., 21, 134-156.

Ching, W., Zhang, S., Jiao, Y., Akutsu, T., Tsing, N., & Wong, A. (2009). Optimal control policy for
probabilistic Boolean networks with hard constraints. IET Syst Biol., 3 (2), 90-99.

Faryabi, B., Vahedi, G., Chamberland, J.-F., Datta, A., & Dougherty, E. (2008). Optimal constrained
stationary intervention in gene regulatory networks. EURASIP J. Bioinformatics and Systems
Biology, Article ID 620767, 10 pages DOI:10.1155/2008/620767.

Faure, A., Naldi, A., Chaouiya, C., & Thieffry, D. (2006). Dynamical analysis of a generic Boolean
model for the control of the mammalian cell cycle. Bioinformatics, 22, e124-e131.

Fornasini, E., & Valcher, M. (2014a). Feedback stabilization, regulation and optimal control of
Boolean control networks. In Proc. of the 2014 American Control Conference (p. 1993-1998).
Portland, OR.

Fornasini, E., & Valcher, M. (2014b). Optimal control of Boolean control networks. IEEE Trans.
Autom. Control, 59 (5), 1258-1270.

Fornasini, E., & Valcher, M. (2015). Fault detection analysis of Boolean control networks. IEEE
Trans. Automatic Control, DOI: 10.1109/TAC.2015.2396646.

Fornasini, E., & Valcher, M. E. (2013a). Observability, reconstructibility and state observers of
Boolean control networks. IEEE Tran. Automatic Control, 58 (6), 1390 - 1401.

Fornasini, E., & Valcher, M. E. (2013b). On the periodic trajectories of Boolean Control Networks.
Automatica, 49, 1506-1509.

Green, D. G., Leishman, T. G., & Sadedin, S. (2007). The emergence of social consensus in Boolean
networks. In Proc. IEEE Symp. Artificial Life (ALIFE17) (p. 402-408). Honolulu, HI.

Hochma, G., Margaliot, M., Fornasini, E., & Valcher, M. (2013). Symbolic dynamics of Boolean
control networks. Automatica, 49 (8), 2525-2530.

Kabir, M. H., Hoque, M. R., Koo, B.-J., & Yang, S.-H. (2014). Mathematical modelling of a context-
aware system based on Boolean control networks for smart home. In Proc. of the ISCE 2014
Conference (p. 1-2). JeJu Island, Korea (South).

22



Kauffman, S. (1969). Metabolic stability and epigenesis in randomly constructed genetic nets. J.
Theoretical Biology, 22, 437177.

Kobayashi, K., & Imura, J.-i. (2009). Observability analysis of Boolean networks with biological
applications. In Proc. Int. joint Conf. ICROS-SICE (p. 4393-4396). Fukuoka, Japan.

Koutsoukos, X., & Antsaklis, P. (1999). Hybrid control systems using timed Petri nets: Supervisory
control design based on invariant properties. In P. Antsaklis, W. Kohn, M. Lemmon, A. Nerode,
S. Sastry (Ed.), Hybrid systems V, Lecture Notes in Computer Science, LNCS 1567 (p. 142-
162). Springer-Verlag.

Laschov, D., & Margaliot, M. (2011a). A maximum principle for single-input Boolean Control
Networks. IEEE Trans. Automatic Control, 56, no. 4, 913-917.

Laschov, D., & Margaliot, M. (2011b). A Pontryagin maximum principle for multi-input Boolean
control networks. In E. Kaslik & S. Sivasundaram (Eds.), Recent advances in dynamics and
control of neural networks. Cambridge Scientific Publishers.

Laschov, D., & Margaliot, M. (2012). Controllability of Boolean control networks via the Perron-
Frobenius theory. Automatica, 48, 1218-1223.

Li, F, & Sun, J. (2012). Stability and stabilization of Boolean networks with impulsive effects.
Systems & Control Letters, 61(1), 1-5.

Li, H., & Wang, Y. (2012). Boolean derivative calculation with application to fault detection of
combinational circuits via the semi-tensor product method. Automatica, 48, (4), 688-693.

Li, H., & Wang, Y. (2013). Output feedback stabilization control design for Boolean control networks.
Automatica, 49, 3641-3645.

Li, R., Yang, M., & Chu, T. (2013). State feedback stabilization for Boolean control networks. IEEE
Trans. Automatic Control, 58 (7), 1853-1857.

Liu, Q. (2013). Optimal finite horizon control in gene regulatory networks. Eur. Phys. J. B, 86: 245,
1-5,DOI: 10.1140/epjb/e2013-30746-7.

Liu, Q., Guo, X., & Zhou, T. (2010). Optimal control for probabilistic Boolean networks. IET Syst
Biol., 4 (2), 99-107.

Lou, Y., & Hong, Y. (2010). Multi-agent decision in Boolean networks with private information
and switching interconnection. In Proc. of the 29th Chinese Control Conference (CCC 2010)
(p. 4530 - 4535). Beijing, China.

Pal, R., Datta, A., & Dougherty, E. (2006). Optimal infinite-horizon control for probabilistic Boolean
Networks. IEEE Trans. Sign. Proc., 54 (6), 2375-2397.

Shmulevich, 1., Dougherty, E., Kim, S., & Zhang, W. (2002). From Boolean to probabilistic Boolean
networks as models of genetic regulatory networks. Proc. IEEE, 90 (11), 1778-1792.

Sridharan, S., Layek, R., Datta, A., & Venkatraj, J. (2012). Boolean modeling and fault diagnosis in
oxidative stress response. BMC Genomics, 13, suppl. 6: S4, DOI:10.1186/1471-2164-13-S6-
S4PMCID: PMC3481480.

Thunberg, J., Ogren, P., & Hu, X. (2011). A Boolean control network approach to pursuit evasion
problems in polygonal environments. In Proc. of the 2011 IEEE International Conference on
Robotics and Automation (p. 4506-4511). Shanghai, China.

Xu, X., Li, Z., & Li, Y. (1996). Generalized Petri nets for a class of hybrid dynamic systems. In Proc.
of the 13th IFAC world congress (p. 305-311). San Francisco, USA.

Yang, C., Wai-Ki, C., Nam-Kiu, T., & Ho-Yin, L. (2010). On finite-horizon control of genetic
regulatory networks with multiple hard-constraints. BMC Systems Biology, 4 (Suppl. 2):S14,
1-7, DOI: 10.1186/1752-0509-4-S2-S14.

Zhao, Y., Li, Z., & Cheng, D. (2011). Optimal control of logical control networks. IEEE Trans.
Automatic Control, 56, (8), 1766-1776.

23



Zou, Y., & Zhu, J. (2015). Kalman decomposition for Boolean control networks. Automatica, 54 (4),
65-71.

24



Notes on contributors

! Ettore Fornasini received the laurea degrees in Electronic Engineering and in Math-
ematics from the University of Padova. Since November 1980 he is full professor of Mathematical
System Theory in the Faculty of Engineering, University of Padova, and taught courses in the ar-
eas of Systems Theory, Automatic Control and Ecological Modelling. He spent research periods in
Gainesville (Florida) at the Center for Mathematical Systems Theory , at MIT (Massachusetts), at the
Technical University of Delft (Holland), at the Institut fuer Mathematik der Universitaet Innsbruck
(Austria), at the University of Aveiro (Portugal). He is an editor of Multidimensional Systems and
Signal Processing and a reviewer of several technical journals. His research interests include mod-
elling and realization of nonlinear systems, dissipative systems, the polynomial approach to linear
systems, structure, realization and control of multidimensional systems, modeling of 2D ecological
systems, multidimensional Markov chains, 1D and 2D convolutional coding theory, 1D and 2D posi-
tive systems.

- Maria Elena Valcher received the Master Degree (cum laude) in Electronic En-
gineering (1991) and the Ph.D. Degree in Systems Engineering (1995) both from the University of
Padova (Italy). Since January 2005 she is Full Professor of Control Theory at the University of
Padova. She is author/co-author of 70 papers appeared on international journals, about 90 confer-
ence papers and 14 book chapters. Her research interests include multidimensional systems theory,
polynomial matrix theory, behavior theory, Boolean control networks, switched systems and positive
systems. She was in the Editorial Boards of the IEEE Transactions on Automatic Control (1999-
2002), Systems and Control Letters (2004-2010), Automatica (2006-2013), SIAM J. on Control and
Optimization (2012-2014), and she is currently in the Editorial Boards of Multidimensional Systems
and Signal Processing (2004-today), the European Journal of Control (2013-today) and IEEE Access
(2014-now). She held various positions within the IEEE Control Systems Society (CSS) and she is
the 2015 CSS President. She received the 2011 IEEE CSS Distinguished Member Award and she is
an IEEE Fellow since 2012.

25



