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Abstract

On-line estimation of the direction of feature points
moving in space from noisy projections on a plane is
a classical problem occuring in computer vision which
has traditionally been treated by ad hoc statistical
methods in the literature. In a previous paper [11]
we have formulated it as a Bayesian estimation prob-
lem on the unit sphere. A natural probabilistic struc-
ture which makes this estimation problem tractable has
been introduced. Within this structure, exact recursive
solutions can be given for sequential observations of a
fixed target point, while for a moving object in general
one has to resort to approximations. In this paper an
approximate ( “wide-sense”) solution is proposed which
leads to very simple recursions similar to the Kalman
Filter. In certain situations this solution may provide a
substantial improvement over the traditional EKF. As
an example, we discuss estimation of the direction of
points whose motion is described by a simple dynamic
model of the random walk type. This model is of in-
terest in pratical situations when dealing with slowly
time-varing observed feature points.

1 Introduction

The operation of perspective projection onto the image
plane of an ideal (pinhole) camera can be described ge-
ometrically as the intersection of the rays ( straight
homogeneous lines) emanating from the optical center
of the camera, connecting to the observed object in
R3, with the image plane. In practice the projections
are noisy and the detected feature points on the image
plane do not correspond exactly to straight projections
of the real feature points. This occurs because of dis-
tortion of the optical systems and noise of various kinds
entering the signal detection and the processing of the
electronic image formed on the CCD array. For these
reasons, the task of reconstructing the location in 3-
D of an observed object from its noisy projections on
the image plane, is a non trivial problem which should
be treated by appropriate statistical methods. So far
only ad hoc estimation methods have been used (most
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of the times variations of the Extended Kalman filter)
with generally poor performance and possible diver-
gence problems. A sound statistical analysis of the
problem has been lacking.

In the simplest case the observed feature objects are
points moving unconstrained in 2. Since we cannot
measure distances along the projecting rays and we
may at most recover the feature points modulo distance
from the optical center, we may, without loss of infor-
mation, normalize the vectors joining the optical center
to the measured projections on the image plane to unit
length. In fact, both the target point and its observed
projections on the image plane, may be described as
directions and represented, say, by the coordinates of
the corresponding unit vectors x and y lying on a unit
sphere centered at the optical center of the camera. In
this formulation, x is the true unknown direction point-
ing at the observed point in R3 and yx, k=1,...,m
(vectors on the unit sphere) are noisy measurements of
the “true” direction x. Hence the problem is formu-
lated as estimation on the unit sphere.

The precise nature of the observation noise will be dis-
cussed later, however it should be clear that the way the
noise affects the ideal perspective projection x cannot
be additive and a realistic formulation of the problem
must depart sharply from the standard linear-Gaussian
setup. In the next section we shall discuss a natural
family of probability distributions on the unit sphere.

2 The Langevin Distribution

A family of probability distributions on the sphere
which has many desirable properties is defined by the
Langevin density

expru'z,

p(z) =l =1 (1)

" 4msinhk
with respect to the spherical surface measure do =
sin @d@d$. The vector parameter p € S? ( p is con-
ventionally normalized to unit length) is the mode of
the distribution, while the positive number « > 0 is
called the concentration of the distribution. For x — 0
the density becomes the uniform distribution while for
K — o0, p tends to a Dirac distribution concentrated



at z = p. The density function (1), denoted L(u, k),
was introduced by Langevin (1905) in his statistical-
mechanical model of of magnetism [6]. Since then it has
been rediscovered and used in statistics by a number of
people, see [12]. Observe that the Langevin distribu-
tions form a one-parameter exponential family and are
invariant with respect to rotations. The functional form
is preserved under multiplication allowing a straightfor-
ward application of Bayes rule. Introducing a suitable
spherical coordinate system, (1) can be rewritten in the
form

{C —exprcosfd 0<0<m.
47 sinh k

p(8,4) =

which shows that L(u,x) is rotationally symmetric
around its mode .

The expression (1) is for a Langevin distribution on the
unit sphere in R3. For higher dimensions, the normal-
ization constant has a slightly more complicate expres-
sion. The distribution on S*~!, n > 3, has density

(n/2-1)

- (2m)™ 2, 9-1(K) el =1

(2)

p(x) exp Kp'z,

with respect to the spherical surface measure, where
I, /2-1(z) is a modified Bessel function of the first kind.
More generally, an arbitrary probability density func-
tions on S™~! can be expressed as the exponential of
a finite expansion in spherical harmonics. These are
discussed, for example, in [12, p. 80-88|. In this sense
the Langevin density is a sort of “first order” approx-
imation as only the first spherical harmonic, cos 8, is
retained in the expansion and the others are assumed
to be negligible.

Rotation-invariant distributions like the Langevin dis-
tribution are natural for describing random rotations.
Let x be a fixed direction, represented as a point in
S2?, which is observed by a camera. The observation
mechanism perturbs X in a random way ( say because
of lens distortion, pixel granularity etc). Since the out-
put of the sensor, y, is also a direction represented by
a vector of unit length, the perturbation may always
be seen as a random rotation described by a random
rotation matrix ! R = R(p) € SO(3), where p is the
polar vector of the rotation, i.e. R(p) := exp{pA} so
that

(3)

In other words we can always model the noise affecting
x as multiplication by a rotation matrix. The action
of the “rotational observation noise” on directions x €
S? can in turn be described probabilistically by the
conditional density function p(y|x = z) of finding the
observation directed about a point y on the sphere,
given that the “true” observed direction was x = z.

y = R(p)x

1The wedge A denotes cross product.
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A very reasonable unimodal conditional distribution,
rotationally symmetric around the starting direction x
(no angular bias introduced by the observing device) is
the Langevin-type density,

(4)

exp X'y

K
PWIX) = frsimhin

In this framework we may think of the ordinary distri-
bution L(p, ) as a conditional density evaluated at a
known point x = p.

The Angular Gaussian Distribution

Some of the properties of the Langevin distribution are
the natural analog of the properties of Gaussian dis-
tributions on an Euclidean space. There are various
attempts in the literature to derive the Langevin dis-
tribution as the distribution function of some natural
transformation of a Gaussian vector. Perhaps the easi-
est result in this direction is the observation, first made
by Fisher [5], that the distribution of a normal random
vector x with isotropic distribution N(x, 02I), condi-
tional on the event {||x|| = 1} is Langevin with mode
/||l and concentration parameter ||p||/o?.

A more useful result, discussed in [12, Appendix C]
is the remarkable similarity of the so-called Angular
Gaussian distribution to the Langevin. The angular
Gaussian is the probability density of the direction vec-
tor x := &/||€]] when £ has an isotropic Gaussian dis-
tribution, i.e. & ~ A(u, ¢2I). The distribution is ob-
tained by computing the marginal of N(u, ¢2I) on the
unit sphere ||z|| = 1. It is shown in [12, Appendix C]
that the angular Gaussian is a convex combination of
Langevin densities with varying concentration param-
eter s,

RSP BV
Ag{z)=N s leT 2T e T,
0

2]

where A = £ and it is seen from this for-

mula that Ag depends on p, o2 only through the two
parameters A and o. We shall denote it by Ag(}, o?).
The notation is convenient, since for either moderate
or large values? of a, Ag(), o?) is, to all practical pur-
poses, the same thing as L(\, k), where

& =

=1
flasl

Note that all distributions A (pu, p?a%I), p > 0, give
origin to the same angular Gaussian as N (u, o2I).
(This precisely is the family of isotropic Gaussians gen-
erating the same angular distribution.)

2
A n::agzn—fjg—. (5)

24Moderate or large” here means that x := o2 should be
greater than, say, 100 in order to have a fit within a few precent
of the values of the two functions. In fact the angular Gaussian
approximates a Langevin distribution also for o small, when both
of them are close to uniform, but the relation between o and
is different.



The role of the angular Gaussian in modeling direc-
tional observations can be illustrated by the following
example. Let &, ¢ be Gaussian isotropic random vec-
tors with & ~ N (p, 02I), ¢ ~ N(0, ¢2I) and assume
we observe the direction of the vector

n=C{+(¢ (6)

If &, ¢ are independent and C is an orthogonal ma-
trix (CC’" = I) the distribution of 7 is isotropic
Gaussian and the direction y := n/||n|| then has an
angular Gaussian (i.e. Langevin) distribution y =

Lip/Null, 35,

No matter how &, ¢ are correlated, the conditional den-
sity p(y | £) is also angular Gaussian. In fact this fol-

lows since the conditional distribution of n given £ = £
is Gaussian with mean C¢ and variance o2. Hence

Py | € = &) = Ag(CE/IIE)l, ICEN?/o2) = Ag(C, ||€)1%/a2)

where x is the direction vector of §&. We are interested
in the conditional density p(y | x). We shall state the
result in a formal way as follows.

Proposition 2.1 If the conditional variance o2, of
given € = € is proportional to ||€]|?, i.e. o2 = od||€|?,

then the conditional density p(y | x) for the model (6)
is angular Gaussian.

Proof:
from

Denote r := ||¢||. Then the claim follows

Py | ) = /0 " vy | 2, r)plr | 2)dr

since p(y, | ) = p(y | =, )p(r | x) = p(y | Ep(r |
z) and in the stated assumption, p(y | z, r) does not
depend on r. [ |

The £-dependence of the conditional variance (i.e. of
the power of the additive noise in the Euclidean model
(6)) is a condition of “angular noise” for the directions.
Note that the condition precludes independence of €, ¢.
This agrees with the intuition of (infinitesimal) angular
noise which, for each direction x, should be represented
locally as an additive vector on the tangent plane of the
unit sphere at the particular point x.

For the Langevin density, the parameters (u, x) can be
expressed as a function of the mean vector m of the
distribution. In $? one has for example

m
# ~ Jim]
coshw 1 ol )
sinhk & [

and it can be checked generally that the formula pro-
vides a one-one correspondence between m and (y, ).
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In other words, m is a vector parameter which deter-
mines L(y, k) completely. The following is the coun-
terpart on S”~! of a well-known characterization of the
Gaussian distribution on the Euclidean space R™.

Proposition 2.2 Among all probability densities on
the unit sphere having the same mean vector m, the
Langevin distribution is the one of mazimal entropy.

Proof: Denote by

Hy = —/Sn_l log f(z) f(x) dog

the entropy of the density f (or of the distribution
dF(z) = f(z)doy). Let l(z) be the Langevin den-
sity with mean m; from the expression of [ it is evident
that

H, — fon 1 logl(2) (x) do,

—1 o (n/2-1) ,
O8 Ty /oL a_i(m) — WHT

= Jon-1 logi(z) f(z) do,
for an arbitrary f of mean m. It follows that the dif-
ference
H, - Hy
= — fgn1 logl(x) f(z) dog + fg._,log f(z) f(x) do
= fgnr log & f(z) o,

Il

is the Kullback-Leibler distance of f from I, which is
known to be nonnegative unless f = [. Therefore H, >
Hy for all f of mean m. n

Best Approximation by a Langevin distribution
Let P be an arbitrary probability measure on the unit
sphere, absolutely continuous with respect to the sur-
face measure do = sinf df dp; we want to approximate
the density f(z) = dP/do by means of a density of the
Langevin type, i.e. by a density in the class

£={4) = i

£ 20, [lul =1}
(8)

using as a criterion of fit the Kullback-Leibler pseudo-
distance,

exp{rp’z}

Jiz) / /(@)
Kf,Z N :EIO —_ L = 10 fx
(f, bum) = Eylog Tom@ ~ S B T (@) (
(9)
The problem of finding the minimum:
min K(f, 2, « 10
{(u,k) K30, ull=1} (£, ) (10)

can be solved by introducing Lagrange multipliers and
taking derivatives with respect to u and . It can be
shown [4] that the minimum is attained for:

coshk 1 ' = 0
sinhe & T (11)
km —Au =0



where m is the mean vector of P
m:/ z f(z)doy. (12)
§2

Hence

Proposition 2.3 The best Langevin approrimant of a
probabilty distribution P on the sphere in the sense of
minimal Kullback-Leibler pseudo distance, is the one
having the same mean vector m of P.

and our approximation problem is solved simply by
equating the mean vectors of the two distributions. In
other words, to find the best Langevin approximant
of P, the only thing we need to know is its mean vec-
tor. This result leads to a kind of wide-sense estimation
theory on spheres with the mean parameter playing the
same role of the second order statistics in the Gaussian
case.

3 MAP Estimation

Assuming that the a priori model for x is of the
Liangevin type say,

X =~ L((Eo, /io)

and assuming independence of x and p, we can form
the a posteriori distribution p(z | y) by Bayes rule. The
joint density is

p(z, y) = p(y|z)p(z) = A(k, ko) expk i’z

where
L% Ko
A(k, kg - -
(%, o) 47 sinh k 4 sinh ko
Rz = ky'z+ koxhx.

Here & = #(y,z0) > 0 and 4 = j(y, zg) are functions
of y and of the a priori mode zy defined by

~ . Ky + Koxo .
fi= = k= ||lky + Kozol|. (13)

Note that ||| = 1. Dividing by the marginal one ob-
tains the a posterior: density

~
Al

p(zly) = expA(y) 4'(y)z

R
" 4wsinh &
which is still Langevin. The conditional mode vector
L(y) ( the Bayesian Mazimum a Posteriori estimate of
X, given the observation y) and the conditional con-
centration R(y) are trivial to compute in this case and
in fact still given by formula (13). These formulas can
be generalized to the case of sequential observations of
a fixed target point [11].
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Assume we have a sequence of observations
y(t) = R(p(t))x = exp{p(t)A}x t=12,... (14)

where the p’s are identically distributed independent
random rotations, also independent of the random vec-
tor x. The y(t)’s are conditionally independent given
x, and p(y(t) |x) = L(x, ), where & is the concentra-
tion parameter of the angular noise. Hence, denoting

yi=[y(),...,y(®)], we may write

t t

expr(x, Y y(s)  (15)

s=1

¢ K

X)= ———
Py’ |x) (47 sinh k)t
where (., .) denotes inner product i n R3. Assuming
an a priori density x ~ L{xp, ko), one readily obtains
the a posteriori measure

&(t)

@ simh ) CPRONAE), =) (16)

plzly’) =

which is still of the Langevin class with parameters

MO = o) R ()
s=1
At) = ll& D yls)+ Kowol| (18)
s=1

These formulas can be easily updated for adjunction of
the t+1-st measurement, obtaining formulas which look
like a nonlinear version of the usual “Kalman-Filter”
updates for the sample mean which one would obtain
in the Gaussian case.

Proposition 3.1 The MAP estimate (conditional
mode) [i(t), of the fized random direction x observed
corrupted by independent angular noise {p(t)} of con-
centration Kk, propagates in time according to the recur-
stons

At+1) = R—(ﬁl—)wmu) + ry(t + 1)) (19)
BE+1) = [REOAE + syt + D] (20)

with initial conditions 1(0) = zo and £(0) = kg. More-
over,as Ep(t) = p and 4(t) - u w.p.l ast — oo.

4 Dynamic estimation

Generalizing the recursive MAP estimation to the case
of a moving target point is a nontrivial problem.

Dynamic Bayes formulas

Assume the random motion of the target point x(t),
forms a stationary Markov process on the sphere and
denote by p(z.|y*) the a posteriori density given the



observations y*. A standard application of Bayes rule,
see e.g. [13, p.174], provides the formulas

1
plzealy™) = -ﬁp(yt+1lzz+1)p(mc+1l}") (21)

poualy') = [ Ptz pledy’) dos, (2

where N is a normalization constant. Note that if both
the observation noise model and the a priori condi-
tional density p(x;+1]y*) are Langevin-like, so is the
a posteriori density p(x:11]y**!). In this ideal situ-
ation the evolution of the conditional mode fji(t}t) of
p(z¢]yt) for adjunction of the (¢ + 1)-st measurement
is described by recursive formulas analogous to (19),
(20), Unfortunately, for this to be true, the Chapman-
Kolmogorov transition operator in (22) should map
Langevin distributions into Langevin distributions, ap-
parently a rather unlikely situation, if we exclude very
trivial examples. Anyway, in this fortunate situation
(assuming a Langevin initial distribution for x(0)), the
Bayes iteration wuold preserves the Langevin structure
and an exact finite-dimensional filter would result, de-
scribed completely in terms of conditional mode and
conditional concentration, (22) providing an updating
relation for the a priori mode of the form

At 1) = P(A(l) alele)) (23)
RE+11) = g(A(IAIL) (24)

where I’ and g are in principle computable from the
Markovian model. In reality, nontrivial examples where
the Langevin distribution is preserved exactly in the
prediction step, are hard to find. There are however
extensive comparison studies, reported e.g. in [12]
showing that some classical models (say Brownian mo-
tion on the sphere) tend in certain cases to preserve
the Langevin structure, at least approximately. These
examples are well-suited for the wide-sense approach
based on best Langevin approximation, which we have
mentioned in the previous section.

The wide-sense filter

Assume we are given a Markov model describing the
motion of the target point on the Sphere. The steps of
the estimation algorithm are the following

1. Let p(yex(t) = z:) ~ L(x,5,) (Langevin-
distributed angular observation noise and assume
p(@ey* 1) ~ L{fseje—1, Reje—1) is available.

2. (Measurement update) when the measurement y,
becomes available one has p(z;|y*) ~ L(fue, Reje)

where
. [P .
fae = —(Reje—1£e)e—1 + KoY:)
Rt
Ree = Mhye—1fue)e—1 + Kol

3. (Lifting ) compute the conditional mean

Ma(t+1[t) = E [x(t +1) | ¥']

using p(z:|y*) above and the given Markov model.

4. the best Langevin approximation of the condi-
tional distribution of x(t + 1) given ¢, is com-
puted by solving

. g (t+1]¢)

Htle = T+ 11O
cosh Ryy ) 1 _ 1
sinhRepae Repae e+ 110

5. pretend p(z;11ly*) is Langevin. Repeat the
first step when y:;4; is available to compute
p(@eraly*th), ete.

Estimation of a Brownian motion evolving on a
sphere

Brownian motion on spheres can be defined axiomati-
cally as the natural analog of the process in R™ and is
discussed by several authors. The classical references
are Perrin {10], McKean [8] and Brockett [2].

The stochastic differential equation

dx(t) = Ax(t) dt+ZP:Bixdb(t) IxO)] =1, (25)

i=1

where b(t) is p-dimensional standard Brownian motion
(in R?) and A is the sum of a skew symmetric matrix
plus a Itd “correction term”, i.e.

1L o ,
A:Q—§ZBiBi Q=-0

i=1

defines a homogeneous Markov process with values in
S~ which, in fact, represents a rotational Brownian
motion on the sphere. This can be seen by rewriting
(25) a little more explicitely as:

dx(t) = [wdt + Ldb(t)] A x(t) — % Xp: B.Bix(t) dt
=1

where @A := £} and L is defined in an obvious way.
The term between square brackets is an infinitesimal
random angular velocity vector dw(t), so that,

dx(t) = dw(t) Ax(t) + (Itd correction) . (26)

Now, assume that the observation process is governed
by a conditional law of the Langevin type p(y: | z:) ~
L(z:, ko) and that after the last available measure-
ment, y(tp), the a posteriori conditional distribution,
p(zeoly'®) ~ L{i(to[to), R(tolto)) is available at time ¢o.
We shall compute the best Langevin approximant of
the a priori conditional density before the next mea-
surement, say p(z;|y*°), t > ¢o .

To this end we don’t need to solve the Fokker-Planck
equation to obtain p(z; | ¥*°) and then approximate it



via minimization of the Kullback distance; we just need
to compute the conditional mean m(t | to) = E(x(¢) |
y*). The conditional mean is immediately computed
from the equation (25), making use of the zero-mean
property of the Ité’s integral, as

P
ma(t]t0) = exp{( ~ 3 3" BBt ~ to)}malto | o).

i=1
(27)
If

,
23 BB =

=21

with o2 a positive scalar variance paramenter,(isotropic
diffusion on the sphere) we obtain

ma(t | to) = e " exp{Q(t —to) }ma(to | to). (28)

which incidentally shows that the conditional mean
tends to zero as t — oo, a natural phenomenon for dif-
fusion processes. The parameters fi(t | o) and A(t |
to) of the conditional Langevin distribution L(A(t |
to), A(t | t0)) approximating p(z: | y*®) are obtained
from step 4 of the “wide-sense” algorithm above. Note
that in order to get A(t | tg) we need to solve a trascen-
dental equation. One may take advantage of the fact
that for moderately large A(¢ | to) the second equation
is well approximated by :

1

1- m = |lmg(t | o)l

to write an approximate explicit formula for &(¢|to) so
that

. I S

A(tlto) = 37— llma (2 | 20)]] (%)
, _ma(tto)

filtlto) {tma (¢ | to)ll )

Using this approximation and substituting (27) in the
expressions above we obtain

. _ A(to | to) o1
K,(t Ito) = ’%(t() I to)(l — e—Uz(t‘to)) + 6_020_{5')*)
At [to) = exp{Q(t —to)}ilto | to) (32)

In this way we obtain an approximate version of the
conditional density p(z.|y*) ~ L(a(t | to), &(t | to))
(valid for an isotropic diffusion on the sphere and condi-
tional concentration parameter larger than a few units).
In general the Langevin approximation is fairly good
for A greater than 2 or 3, see [12]. Simulations (not
reported here for reasons of space) show a very sat-
isfactory perfomance of the filter for a wide range of
parameter values.
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Conclusions

In this paper we have discussed a simple Bayesian esti-
mation problem on spheres related to a prototype direc-
tional reconstruction problem in computer vision. For a
fixed direction in space, a simple closed-form recursive
MAP estimator is derived. For a general Markovian
target an approximate “wide-sense” filtering algorithm
is presented which only requires the a priori updating
of the conditional mean. An example of wide-sense fil-
ter tracking a Brownian trajectory on the unit sphere,
has been discussed. Much work remains to be done.

References

f1]  D. Brigo, Fitering by Projection on the Manifold
of Exponential Densities, Ph. D. thesis, Department of
Mathematics, Vrije Universiteit, Amsterdam, 1996.

[2] R. W. Brockett, Lie Algebras and Lie Groups
in Control Theory, in Geometric Methods in Control,
R. W. Brockett and D. Mayne eds. Reidel, Dordrecht,
1973.

[3] R. W. Brockett, Notes on Stochastic Processes
on Manifolds, in Control Theory in the 21st Century,
C.I Byrnes, C. Martin, B. Datta eds. Birkhauser, 1997.
[4]  A. Chiuso and G. Picci, Tracking of point fea-
tures in computer vision as estimation on the unit
sphere, in The Confluence of Vision and Control, D.
Kriegman, W. Haeger and S. Morse eds, Springer
LNCIS series, to appear 1998.

[5] R. A.Fisher, Dispersion on a sphere, Proc. Royal
Soc. London, A 217, p. 295-305, 1953.

[6] P.Langevin, Magnetisme et theorie des electrons,
Ann. de Chim et de Phys., 5, p. 70-127, 1905.

[71 J. Lo and A. Willsky, Estimation for rotational
processes with one degree of freedom, parts I, II, III,
IEEFE Transactions on Automatic Control, AC-20, pp.
10-33, 1975.

(8] H.P. McKean, Brownian Motion on the Three-
Dimensional Rotation Group, Mem. Coll. Sci. Univer-
sity of Kyoto, Series A, XXXIII, N. 1, pp. 25-38, 1960.
[9] Oksendal, Stochastic Differential FEgquations,
Springer, 1990.

[10] F. Perrin, Etude Mathématique du Mouvement
Brownien de Rotation, Ann. Fcole Normale Superieure,
(3), XLV: 1-51, 1928.

[11] G. Picci, Dynamic Vision and Estimation on
Spheres, in Proceedings of the 86th Conf. on Decision
and Control, p. 1140-1145, IEEE Press, 1997.

[12] G. S. Watson, Statistics on Spheres, Wiley, N.Y
1983.
[13] A. H. Jazwinski Stochastic processes and Filter-

ing Theory Academic Press, New York, 1970.



