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Abstract—We consider the scenario of a low voltage microgrid
populated by a number of distributed microgenerators. We focus
on the problem of obtaining a dynamic model that describes the
input-output relation between complex power commands sent
to the microgenerator inverters and the voltage measurements
across the network. Such a model is intended as a necessary tool
in the design of distributed and centralized control algorithms for
the provision of ancillary services in the power distribution grid.
Because this model is to be used for the design of such algorithms,
we look for an analytical derivation instead of a simulative tool.
The proposed model is linear and explicitly contains the network
parameters and topology. Simulation shows how the proposed
model approximates well the behavior of the original nonlinear
system.

I. INTRODUCTION

One of the major features that is going to characterize future
smart grids is the appearance of a large number of microgen-
erators connected to the LV power distribution network.

This scenario poses a number of nontrivial challenges,
together with exciting opportunities. The management of fu-
ture microgrids (portions of the power distribution network)
requires that many control and optimization algorithms are
executed at the same time: generation-demand matching pro-
tocols, energy market mechanisms, algorithms for optimal
energy use and quality of service, and many others. The
complexity of such scenario and the different time scales of
these control tasks, suggest that a layered architecture should
be adopted. In a layered architecture (similarly to the ISO/OSI
model in data communication networks), different algorithms
coexist at different levels and at different time scales. Lower
level algorithms, in charge of controlling the specific physical
devices, obtain references and commands from higher levels
of the architecture. Higher level algorithms command many
instances of the lower level ones, based on a simplified model
of their behavior and on the aggregated data provided by the
underlying layers.

One possible application of this structure to the control of
a smart microgrid has been depicted in Figure 1 (see also
[1] and references therein). Algorithms residing in the top
layer (tertiary control) dispatch active power generation on the
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Figure 1. A possible layered architecture for the simultaneous execution of
different algorithms in a smart microgrid.

basis of economic reasons, measured and predicted aggregate
demand, and availability of the microgenerators.

Secondary control algorithms, on the other hand, take care
of sharing the commanded power references among microgen-
erators, while satisfying a number of operational constraints
(voltage limits, stability, congestion avoidance) and optimizing
the network operation (power losses minimization, improved
power quality). These algorithms require some knowledge of
the grid parameters and on the system state.

Primary control algorithms are executed on a local level
(at the single inverter), with very little or no communication
between the devices, and on a faster time scale; on the basis
of the reference signals that they receive, they practically
command the power converters that equip each inverter, ensur-
ing frequency stability, avoiding detrimental interactions, and
ensuring safety of operation.

We focus here on the middle layer in this architecture.
In particular, ongoing studies are exploring the possibility
of controlling the microgeneration devices for the provision
of ancillary services inside the power distribution network
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Figure 2. The structure of a generic algorithm for the sharing of active (p)
and reactive (q) power references among the distributed microgenerators in a
microgrid, based on measured voltage phasors (u).

(reactive power compensation, voltage support, etc.), as ex-
plained for example in [2]. This direction of investigation
yielded a series of algorithms of different fashions and with
different requirements in terms of coordination of the inverters,
ranging from centralized architectures based on telemetry and
on the presence of a central controller (as in [3], [4], [5]), to
distributed ones where each inverter operates with little or no
communication with the others (as in [6], [7], [8]).

A generic algorithm of this type can be represented as in
Figure 2, where it has been highlighted how the controller
of each microgenerator decide on its own power reference
according to local measurements and according to the data
collected from other controllers.

In accordance to what is the state of the art in the control
of power converters [9], [10], [1] and in microgrid state
measurement and estimation [11], [12], we assume here that
reference signals consist in active and reactive power signals,
while measurements consist in phasor measurements.

For an appropriate design of such algorithms, it is necessary
to have a model capable of describing the dynamic behavior
of the measured signals (voltage phasors) as a function of the
complex power references sent to the microgenerators.

A static model (typically the solution of steady state power
flow equations) is unlikely to be enough for such task. Con-
sider for example the frequent case of iterative algorithms, that
require a repeated execution of

1y

2)

measurement of voltages on the grid;

communication and coordination among inverters and/or
with a central controller;

implementation of the algorithm via data processing;
actuation of the systems by commanding active and
reactive power injected by each microgenerator.

3)
4)

For these iterative algorithms, it is critical to estimate the
propagation time of the control action across the micro-
grid. In other words, we need to understand how long after
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changing the amount of injected active and reactive power at
the inverters, the grid voltages reach their state state value.
Only by answering this question it is possible to decide
on the time interval between consecutive iterations of the
algorithm, and on the appropriate feedback gain that guarantee
stability in presence of such delays. This question has an
almost immediate answer in the case of linear loads (constant
impedance loads). However, modern power distribution net-
works are populated by a large amount of non-linear loads, in
particular constant power loads (including the microgenerators
themselves), whose interconnection produce richer and more
complex dynamics.

In this work, we aim at obtaining a model of the input-
output relation between injected power and voltages that can
be used for control design purposes; we therefore focus on
the subclass of linear models, for which plenty of analysis
and control design methods exist.

The tools that we will use for the derivation of such model,
are the tools of complex systems, in which the complexity
of the entire dynamical system is not given by the complex
behavior of the single components, but by the interconnection
of a large number of them. Indeed, the presented results
show that a complex behavior emerges even if a very simple
nonlinear model is chosen for each node, once the nodes
are interconnected. On the other hand, by choosing a simple
model for the individual devices, it is possible to study the
behavior of the whole system in an analytical and rigorous
way, understanding how the resulting dynamical behavior
depends on the system parameters (power line impedances,
network topology, power demands).

This approach is quite new in the field of power systems,
but seems to be a powerful tool when the power grid becomes
populated by a large number of interacting devices, which is
the case in the future power distribution network.

II. MATHEMATICAL PRELIMINARIES AND NOTATION

Let G = (V,&,0,7) be a directed graph, where V is the
set of nodes, £ is the set of edges, and 0,7 : £ — V are two
functions such that edge e € £ goes from the source node
o(e) to the terminal node 7(e).

Let us define a path Ppi from node h to node k as a
sequence of consecutive edges (regardless of their orientation
and without repetitions) connecting node h and k. G is a tree
if for every pair of nodes 7,7 € V there is exactly one path
connecting them.

If v is a node of the graph, we define by 1, the vector of
size equal to the number of nodes of G, and whose value is
1 in the position corresponding to v, and 0 everywhere else.
We denote by 1 the vector of all ones, of the same size.

We denote by ~ the operation of element-wise complex
conjugation, and by 7 the operation of matrix transposition.

The incidence matrix A of a graph is defined via its elements

-1 ifv=o0(e)
Aey = 1 ifv=r7(e)
0  otherwise.

If the graph G is connected, then 1 is the only vector in ker A.



Figure 3. Graph model of a microgrid (based on the IEEE37 test feeder).
The nodes represent microgenerators (circled), loads, and the PCC (node 0).

III. DISTRIBUTION NETWORK MODEL

For the purpose of this paper, we model a microgrid as
a directed tree G, in which edges represent the power lines,
and nodes (indexed from 0 to n) represent both loads and
generators that are connected to the grid (see Figure 3). These
include the residential and industrial consumers, distributed
microgenerators, and also the point of connection to the
transmission grid (called point of common coupling, or PCC,
and indexed as 0).

We consider single-phase or balanced three-phase scenarios.
We also limit our study to the steady state behavior of the
system, when all voltages and currents are sinusoidal signals at
the same frequency wg. Each voltage and current can therefore
be represented via a complex number (phasor) whose absolute
value corresponds to its root-mean-square value, and whose
phase corresponds to its phase in ¢ = 0. Therefore the complex
number y represents the signal y(t) = |y|v/2sin(wot + Zy).

In this notation, the steady state of a microgrid is described
by the following system variables:

e uy, v=0,...,n, ie. the grid voltage at node v;
e iy, v =0,...,n, i.e. the current injected by node v into
the grid.

Each node v of the microgrid is characterized by a law
relating its injected current ¢,, with its voltage wu,,.
We model node 0, corresponding to the PCC, as a constant

voltage generator, i.e.
ug = Uo.

(D

For the remaining nodes (loads and microgenerators), we
adopt the following dynamic model:

2)

To—
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where 7, is the characteristic time constant, and s, is a
constant reference complex power (and, we recall, = means
complex conjugate). Notice indeed that the steady state of (2)
is _
. Sy
ly = —,
Uy
which is a static constant power model for each node v.
In other words, we assumed that loads and microgenerators
behave as constant power loads with a first-order dynamic.

This model corresponds to the widely adopted model in-
troduced in [13], [14], [15] on the basis of experimental data.
According to the literature, it describes quite well the behavior
of the vast majority of microgeneration devices [16], [10],
and is also a good approximation for many industrial and
residential loads.

The time constant 7, can differ a lot from node to node,
ranging from extremely fast nodes (microgenerators and in-
verters in general) to slower ones (thermal loads, tap changers).

We however neglected the possibility that the steady state
power reference depends on the voltage of the node (as in
constant-impedance and constant-current loads). Notice how-
ever that for the purpose of this study (the transient of the
measured signals across the microgrid) the steady state of the
individual node has little effect. As said in the Introduction,
the complex behavior of the global system emerges because
of the interconnection of a large number of nodes, each one
with a very simple, nonlinear, dynamic behavior.

Notice that in (2) we are describing the transient of a system
in a phasorial notation, which should rigorously be used for
steady state behavior only. This is however acceptable if the
typical transient duration that we are considering are longer
than the fundamental period of the signals. More on this issue
can be found in [17].

To catch the effect of the interconnection of many nodes via
the electrical network, we need to express u, on the right side
of (2) as a function of the currents injected by all the nodes.

To do that, we consider the incidence matrix A of G, and the
diagonal matrix Z whose elements are the impedances z. of
the edges of the graph. We can then define the complex-valued
Laplacian of the graph as

L=ATZ"1A.

By writing Kirchhoff current law for each node of the graph,
we obtain the following relation between voltages u, and
currents %,:

Uo %0

L 3)

Un in
where the left-hand side describe edge currents in terms of
voltage difference across the edges and of edge impedances,
and the right-hand side is the set of injected currents.
It is possible to show that, given L, there exists a unique,
symmetric, matrix X such that
{XL =7-117

X1, = 0. @



It can also be shown that the elements of the matrix
X can be directly obtained from the network topology and
parameters. If Py;, and Py, are the paths connecting the PCC
to nodes h and k respectively, then the element X is the
impedance of the intersection between the two paths, i.e.

>

e€PonNPok

X = ®)

Ze-

Note that Py is empty, and therefore the first row and column
of X are zero, i.e.

By left-multiplying (3) by X, we can express voltages as
an affine function of the currents:

0 0

0 X ©)

-

U 10
XL|:| =X
U, in
and therefore, via (4)
Ug 10
- X +upl. (N
Up, in

Based on (1), we can eliminate the voltage and current of
the PCC (which are trivially defined as uy = Uy and ip =
— Zvev\{o} 1,) in (7), and via (6) we obtain

u=Xi+Upl, ®)

where u and ¢ are the n-dimensional complex-valued vectors

11

in
Finally, we can plug the expression (8) for voltages in the
first order dynamical equations (2), obtaining
di,,
To— = —

dt

17Xi+ Uy’
This model is a m-dimensional nonlinear dynamic system,
in which the state of the system corresponds to the currents
injected by the nodes, and the coupling between the individual
nodes is due to the matrix X in the denominator. Together
with (8), it provides a nonlinear input-output relation between
power references s, and node voltages u,,.

con. 9

IV. APPROXIMATED MODEL

While model (9) could be easily used for simulation, its
nonlinear nature makes it unfit for a mathematical analysis
and for its use in the design of a controller. For this reason,
we will now derive an approximated linear version of (9).

Let € = 1/Uy. Equations (9) can be rewritten as

di,
T4t

. . €Sy
:fv(l>€) = _Zu‘f'm, v=1,...,n. (10)
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We now rewrite (10) via a second-order Taylor expansion of
fu(i,€) around € = 0, i.e.

. . Af, (i€ 1 9%f,(i,e
R0~ 6,0 + 0Dy ZORGI) o
€ e=0 2 e e=0
(1)
where
fv(iae)‘ezo = —1,
Ofu(i,e) 5,11 X7+ 1) — 5,17 X4 _
hCCASCAY) - — -3,
de | (17 Xi+1)° -
02 f,(iye) =23, (T Xi+1)17 X4
o |y (@rxi+1)" | _,
= —25,17X3.
Then, by (11), each node dynamics is approximated with
di, . _ T
Tvé ~ —i(v) + €5, — 25,11 Xi. (12)

While the first and the second term depend only by the current

and power reference of each node, the third term models the

coupling between all the grid nodes via the matrix X. We then

obtain the approximated system
di

T& = —i+e5— 25X

S1

,and s =

Tn Sn sn
To obtain a linear system, we augment the state ¢ and the
input s by including their complex conjugate ¢ and s, thus

obtaining a 2n-dimensional system in the form

T 0| d |4 7 s
o daEll=rl]+el] o
where
-1 —e258X 0 el
F:{—_QSX 7 ] and G:[H 0].

This system is a linear, time-varying system, as the input
s is also present in the state update matrix F'. However, if
we assume that power references change slowly compared to
the transient of the system, then we can assume that S are
constant and (13) becomes a linear, time invariant system.

Together with (8), we have therefore obtained an approxi-
mate, linear, description of the dynamic input-output relation
between the complex power references s, (inputs) and the
node voltages u, (outputs).

This result allows us to employ the tools of linear systems
(eigenvalue analysis, step response analysis, transfer functions
and Bode plots) to study the dynamic behavior of such system
and to design the appropriate controller.

Moreover, the explicit presence of the line impedances (via
the matrix X) and power demands in the model, allows to
understand how these parameters affect its dynamic behavior.



As an example of what can be done in this sense, we report
here a preliminary result regarding the eigenvalues of the
matrix F. The proof of this result is omitted due to space
limitations.

Result. The eigenvalues of F' corresponds, up to an approxi-
mation error that vanishes for small e,

-

Remember now that according to (5), X, is the impedance
of the path from the PCC to node v. Therefore this results
shows how the eigenvalues of the global system depends
on the time constant of each node, together with its power
demand and its distance from the PCC. As the settling time
(and, ultimately, the stability) depend on the largest of these
eigenvalues, this results gives important information about the
loads which are critical in this sense. It is clear how the fact of
having explicit parametric dependence in the proposed model
(13) allows some type of analysis that would be impossible if
only a simulation tool was available.

7& + l€l|s0 [ Xvol

) )

V. SIMULATIONS

In this Section we validate the approximation that yielded
to the linear model (13), by comparing its behavior with the
nonlinear dynamics described by (9).

As a low voltage testbed is currently missing in the lit-
erature, we considered a 4.8 kV testbed inspired from the
standard test feeder IEEE37 [18]. We however assumed that
load are balanced, and therefore all currents and signals
can be described in a single-phase phasorial notation. As
shown in Figure 3, we assumed that some of the nodes are
microgenerators connected to the microgrid via some power
inverters. Following the modeling proposed in Section III,
we assumed that every node (but the PCC) behaves as a
constant-power device with a first order dynamic. A quite short
time constant of 1.6 ms has been chosen to describe the fast
dynamic behavior of the microgenerator inverters, while the
time constants of the loads have been distributed between 200
ms and 10 s.

A step change of 60 kVAR in the reference for the injected
reactive power has then been commanded to the microgener-
ator connected to node 30. The first graph in Figure 4 shows
how the voltage at the same node (30) exhibit a rich dynamic
behavior, due to the coupling of many nonlinear systems.
Indeed, even if the inverter dynamic response is very fast,
the slower behavior of the loads affect the voltage response:
after an initial quick rise, the voltage approaches its steady
state value quite slowly.

The dotted line in the same graph show the value of the
voltage u%,, which is the voltage corresponding to the solution
of the static power flow equations. The second and third panel
in Figure 4 show the absolute value and the angle of the error
between u3o and u$},. The dashed line corresponds to the linear
approximated model (13), which appears to be extremely close
to the output of the nonlinear model.
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Figure 4.  Voltage at node 30, after a step change in the reactive power

injected by node 30. The dashed in the second and third panel is the output
of the approximate linear model.

In Figure 5, the same quantities have been plotted for
another node (22), which kept its power reference constant
while node 30 was actuating the system. This figure shows
how the effect of actuation in one point of the microgrid
propagates to other nodes, causing similar transients in the
voltage measurements of other nodes. It also shows how the
approximated linear model correctly describes this behavior.

Figure 6 shows how the same step change in the reactive
power injected by node 30 affects the amount of reactive
power flowing into the microgrid from the PCC. The proposed
model is capable of modeling this behavior too, and provides
extremely useful information for those algorithms (like [3])
in which a central controller measures the power flow at the
PCC and, on the basis of that measurement, commands the
microgenerators in the microgrid. For the controller to be
stable and effective, it is critical to have this kind of tools
to estimate which is the time delay that have to be waited
before sensing the PCC power flow again.

VI. CONCLUSIONS

In this paper we focused on a specific problem: obtaining
a dynamic model for the input-output relation between the
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Figure 5. Voltage at node 22, after a step change in the reactive power
injected by node 30. The dashed in the second and third panel is the output
of the approximate linear model.
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Figure 6. Reactive power flowing through the PCC, after a step change in
the reactive power injected by node 30.

complex power references commanded to the microgenerators
dispersed in a microgrid, and their phasorial voltage mea-
surements. The obtained approximated model exhibits many
remarkable features:
it is a linear system, meaning that classical analysis and
design tools can be employed;
o the network topology and parameters are clearly recog-
nizable in the model (which is not true, in general, in
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simulative approaches);

the model catches the most relevant phenomena emerging
because of the interconnection of a large number of
simple nonlinear loads;

the model gives important insight and guidelines for the
design of the algorithms intended to provide ancillary
services in the power distribution networks, as it provides
estimates on the time of propagation and settling time
after iterative actuations of the system.

The next step that will necessarily be explored is to validate
this model with more detailed simulators (or experimental
testbeds), in which loads with different steady state charac-
teristics and different dynamic behaviors coexist.
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