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Dealingwith delays
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DT models of sampled-data systems
Using Z transform

— UKT) I p/a (zoH) -G YO . oap [ YK,
G(2)

Supposed G(s) = H(s)e ° ,
can be used to model computation delays

The presence of a delay makes CT synthesis much more
dif cult (in nite dimension)
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Example
Example: G(s) = e 5 2-witha> 0

S+ a
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B Matlab Control toolbox code

10cm Td = 1.5
a= 1

sysc = tf(a, [1 a],'td',Td);
sysD = c2d(sysc,T);
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Effects of delays
Due to the delay

| poles arose in the origin

a zero arose at
! I +0 when m! 1 (small delay)
! Il +1 whenm! O(large delay)
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Samplerateselection
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Effects of sample rate selection
Shannon theorem: not obvious!!!

smoothness of responses
Noise rejection
Robustness
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Block-diagrams

Sampled-data
Control system

Continuous-Time
Control system

A\%Y% \%Y%
_Lt Plant _I't Plant

Continuous '
i - 70H Discrete

Controller Controller
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Continuous-time system
Let the closed loop equation of the system be:

X=Fx+ Giw

where w(t) is a wiener Process.
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Continuous-time system
Let the closed loop equation of the system be:

X=Fx+ Giw

where w(t) is a wiener Process.

A random process w(t) is said a Wiener process if:
w(0) =0
w(t) w(s) is a Gaussian process with mean 0 and
variance (t S)Ry
foralltimes 0< t; < ty < :i:ith, w(ty), w(ta)  w(ty), ...,
w(ty) w(t, 1) are independent
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Continuous-time system -|
Property: w is gaussian with mean 0 and variance Ry,

Assume that increments dw are incorrelated with x and
with w
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CT system (Mean)
If the Initial state has nonzero mean then

dm _
ot = Fm
m(0) = mo

where m(t) is the mean of x(t).
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CT system (continued)
Introduce P = Efxx'g, where x=x m
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CT system (continued)
Introduce P = Efxx' g, where x = X

%—f = Fx+ GldW

Intuitive way:
dx = Fxdt + Gidw

m
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CT system (continued)
Introduce P = Efxx'g, where x=x m

Cdl—)f = Fx+ GldW

Intuitive way:
dx = Fxdt + Gidw

Expressing variations of xxT (from now on use x for x):

dxx' = xx' (x+ dx)(x+ dx)" = xdx" + dxx" + dxdx'
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CT system (continued)
...from which

dxxT = x(Fx)Tdt + x(Gidw)Tdt + FxxT + Gidwx" + (Fx)(Fx)T dt?+
+( FX)(G1dw) T dt?2 + (Grdw)(Fx)T dt? + (Grdw)(Grdw)T
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CT system (continued)
...from which

dxxT = x(Fx)Tdt + x(Gidw)Tdt + FxxT + Gidwx" + (Fx)(Fx)T dt?+
+( FX)(G1dw) T dt?2 + (Grdw)(Fx)T dt? + (Grdw)(Grdw)T

Taking expected values of both sides and considering that 1) w is incorrelated with
X, 2) E(dwdw') = Ry dt we get

dP
e PFT + FP + G1RwG]
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CT system (continued)
...from which

dxxT = x(Fx)Tdt + x(Gidw)Tdt + FxxT + Gidwx" + (Fx)(Fx)T dt?+
+( FX)(G1dw) T dt?2 + (Grdw)(Fx)T dt? + (Grdw)(Grdw)T

Taking expected values of both sides and considering that 1) w is incorrelated with
X, 2) E(dwdw') = Ry dt we get

dP
o PFT + FP + G1RwG]

Taking the limitdt ! O:

P=PF' + FP + GiRyG]
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Covariance
De nition
r(s;t) = Covfx(t);x(s)g= Ef (x(t) m(t)'(x(s) m(s))g

Lets t,the systerrhevolution IS given by:
x(s) = €A Ux(t) + [ eAl Dw( )d

Computing the expectation value and because x(t) is
Incorrelated from w(t) we get

r(s;t) = e UP(t);s t
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Example

& = fx+ gw;f <0

First order systems:
varfx(to)g = ro; mean(x(tp)) = m(0) = mo

Mean value:

dm
—— =fm! m(t) = mge (t to)

dt

Covariance function
Differential equation, letr, = gf Rw,

r
R=2fP + g?Rw;P(to) = ro! P(t)=e*(t 0)ry+ i(ezf (t to) 1)

Assuming f < 0and mg = 0, we get: r(s;t) = shefit sl

the process is asymptotically stationary: r( ) = s+e'l ]

1

the spectral density is (! ) = Z+ =
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Sampled-data systems
Sampled-data equation:

x((K + 1F2T) = ( T)x(k) + e(kT)
()= | eA)d
e(kT) = ST AT )G w( )d
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Sampled-data systems
Sampled-data equation:
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Sampled-data systems
Sampled-data equation:

x((K + 1F\)T) = ( T)x(k) + e(KT)
()= | eA)d
e(kT) = ST AT )G w( )d

Mean value Evolution:
m(k+ 1) = ( T)m(k);m(0) = mg
Covariance evolution:

rwx (K;h) = cov(x(k);x(h)) = Efx(k)x(h)T g; wherex=x m
x((k+ 1)T)= ( T)x(kT) + e(kT)
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Sampled-data systems
Introduce P (k) = cov(x(k); x(k)) (T implied):

¥(k+ D)xT(k+ 1) = x(k)x(k)T T+ x(k)e(k)"+

+e(k)( x(k) "+ e(k)e(k)’
Taking the expectation and considering that e(k) and x(k) are independent...
P(k+ 1) = P(k) T+ Efek)ek)"g
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Sampled-data systems
Introduce P (k) = cov(x(k); x(k)) (T implied):

¥(k+ D)xT(k+ 1) = x(k)x(k)T T+ x(k)e(k)"+

+e(k)( x(k) "+ e(k)e(k)’
Taking the expectation and considering that e(k) and x(k) are independent...
P(k+ 1) = P(k) T+ Efek)ek)"g

R
Considering that e(kT) = K™ T A T G w( )d , we get:
Z 1

Ca = E(e(kT)e(kT)") = ( )GiRwG]i ( )d
0

Real-time embedded controllers — p. 19/:



Sampled-data systems
Introduce P (k) = cov(x(k); x(k)) (T implied):

¥(k+ D)xT(k+ 1) = x(k)x(k)T T+ x(k)e(k)"+

+e(k)( x(k) "+ e(k)e(k)’
Taking the expectation and considering that e(k) and x(k) are independent...
P(k+ 1) = P(k) T+ Efek)ek)"g

R
Considering that e(kT) = K™ T A T G w( )d , we get:

Z
Ca = E(e(kT)e(kT)") = ' ( )GiRwG]i ( )d
0

To compute the covariance:

¥(k+ 1)x(k)T = ( %k + e(k))x(k)::

Because e(k) has zero mean and is independent from x(Kk)...
rw (K + 1;k) = P(k) from which

o (k)= " kP(k);h Kk
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Example

& =fx+u+ gw;f >0

First order systems:
varfx(to)g = ro; mean(x(tp)) = m(0) = mo

Design a discrete-time controller such that the equivalent CT system has a pole at
S= Sg
First order systems (ZoH for outputs):

x(k+ 1) = e Tx(k)+ C—tu(k)+ &P T grw( )d

varf0)g = ro; mean(x(0)) = m(0) = mg

fT
Choose u(k) = kx(k) such thate' T + &1 = gsoT

Mean value:

m(k+ 1) = €T m(k);m(0) = mg! m(k) = eSolk ko)Tm,
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Example (continued)
Covariance function

Computation of P (k)

P(k+ 1) = e?SoT P (k) + Cq
R 2
Ca= o € GZRyd = 3w (T 1)= L (2T 1)

— a2so(k ko)T 1 e2soT (k_ ko)
P (k) = 0tk ko)Trg + Cq*—peir

Steady state (k! 1 ):

m(k)! 0
C
P! s
[ (kh): CdeSO(k h)T

1 eZSoT

Compare ryx (0) with what the value rg, (0) that we found for the continuous-time

case:
rw (00 (e?'T 1)

ré, (0) 1 e2soT

, Which is increasing with period.
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Outline
Sample-rate selection

Shannon theorem
smoothness of responses
Noise rejection
Robustness
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Robustness
Consider a rst order system: x = ax + bu

We consider a robustness problems
b is known with uncertainity b= B+ db

Sample with period T and design so that the closed loop poles are at eS0T | sg < 0

DT system:
aT 1
x((k+ 1)T) = e®" x(kT) + bu(kT)
Feedback: u(kT) = x(kT) s.t.
eaT + eaT 1b: SoT

a
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Robustness with respect to db
Stability je™ + € 1(b+ dbj 1

a

From which:

1 eoT € lgp 1 eT

a

a b
1 eSoT @ 1+ eSoT
esolT gal b esol gaTl

The measure of the maximum relative deviation:

2
gl eal

db —
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