Some results on optimal estimation

and control for lossy NCS
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D"i"'b'Wi systems o orm robotics Smart structures:

adaptive space telescope

Wireless Sensor
Networks

Traffic Control: Smart materials:
In‘rer'nfaf and _Tr‘ansportanon sheets of MEMS

sensors and actuators

NCSs: physically distributed dynamical systems
inferconnected by a communication network
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Classical architecture: Centralized structure
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NCSs: Large scale distributed structure
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Interdisciplinary research needed :];,&

COMMUNICATIONS
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-Comm. protocols for RT apps -Embedded software design
‘Packet loss and random delay *Middleware for NCS

‘Wireless Sensor Networks NETWORKED ‘RT Operating Systems

*Bit rate and Inf. Theory ‘Layering abstraction for

CONTROL interoperability
SYSTEMS

COMPUTER SCIENCE

*Graph theory
-Distributed computation
‘Complexity theory
-Consensus algorithms
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Average TimeSync (ATS): a distributed consensus
protocol for sensor networks clock synchronization



® NCS example: Pursuit Evasion
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Motivating example:
wireless sensor networks
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Forest Temperature Monitoring Wildfire detection & tracking
(data-extraction application) (real-time application)

Event-triggered routing

\ / TDMA-based routing

\

" real-time apy

) .
data-extraction apps

[

Packet loss

Packet délay

= Can we design optimal estimators that compensate for random delay and packet
loss ?

= What is the performance if we have packet arrival statistics ?

= How can we compare different communication/routing protocols in terms of
estimation performance ?
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Sensors and actuators are co-located, i.e. no delay nor loss
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. ’U,g = ’U,g B xt_i_l;Axt—!—Bug—!—wt yr = Cxy + v
uj
LQ State| Static Kalman filter
feedback| %t
uf = Ly ) Ty = A1+ Bup+K(y — Cy) ‘Lyt

Separation principle holds: Optimal controller = Optimal
estimator design + Optimal state feedback design

Closed Loop system always stable (under standard cont/obs. hypotheses)
Gains K,L are constant solution of Algebraic Riccati Equations



Optimal LQG control over DCN

Random delay or drop
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® Some consideration on the
separation principle
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Random delay
Packet loss
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o Modeling of Digital
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Data sent )
arrived
i acket
Aqalog (N bits) p packet delay
signal - »
st)| Sampling |y | ENCOUET Digital Decoder . \.
— Quantization [ (' Communication t—7
DSP Network CRC —
redundancy
packet
data header
4 - A —
ATM 384 bits 40 bits
Ethernet >368 bits 112 bits
Bluetooth >499 bits ~100 bits
Zigbee <1000 bits 128 bits
Assumptions:

(1) Quantization noise<<sensor noise

(2) Packet-rate limited (I bit-rate) ‘

(3) No transmission noise (data corrupted=dropped packet)
(4) Packets are time-stamped

Random delay
&

Packet loss (0=1)
at receiver
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Estimation modeling

PLANT

Wi, Yt
vy 41 = Az +wp p—3)

— yt = Cxy + vy

ESTIMATOR
It-h Buffer lt Lt
ya| * [y3|ya| = |ye| x1 @ oe

Digital
Communication
Network

.
t= 3l .
ys — (V1] [¥3 |
t=4]
No packet arrives TE |
t=5|
Packet out of order Y2 — |Y11Y2]Y3 i
t=6)
Multiple packets arrive ya,y6 — |y1|yolyslval [ve|




Minimum variance estimation ! fﬂn&-'f
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PLANT e ESTIMATOR
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,U_t’ Ti41 = Az 4wy ﬁ Communication yt—h: Buffer lt Lt
L yt = Coe + vy Network y1| 0|y3|va| O|ve| Or @ ®e

b if yp arrived before or at time ¢, t > k

k= otherwise

7 — AL — 1t t

Ik = 7;.(Cxp +v) = Clap + u

Kalman

time-varying
linear system
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Minimum variance estimation
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AZ + K[(J}, — CAZ)
APAT + @ — apcT(cprc” + R)"lcpAT

Lyapunov Equation\/ Riccati Equation

(unstable) (stable)




i 2 Minimum variance estimation
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7t = Az
Pt = ApAT 4@

Lyapunov Equation Riccati Equation
(unstable) (stable)
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Minimum variance estimation & il
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Minimum variance estimation
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® Mini - A
Minimum variance estimation & il

Y2|y3

AZ + KL(7L — CAZ)
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Lyapunov Equa’rion\/ Riccati Equation
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Pt = APAT +Q
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Lyapunov Equation

(unstable)

v=1

= AZ+ KL(§} — CAR)
= APAT + Q- ArcT(cprcT 4+ R)~tcpa”

Riccati Equation
(stable)



Minimum variance estimation G
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Lyapunov Equation

(unstable)
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AZ + K (7}, — CAZ)
APAT 4 Q- ApcT(cpPc” + R)~tcpAT

Riccati Equaﬂon
(stable)



Properties of Optimal Estimator

= Optimal for any arrival process

-1 ESTIMATOR = Stochastic time-varying gain K=K(y,,..,y,)
__ e 7, = Possibly infinite memory buffer
Yt—h ||Zo |t Tt
Nl = [03lval= loal « Toee [ = Inversion of up to £ matrices at any time ¢
ESTIMATOR
Yt—h P N > it <:> 7]2 = cost, ¢t > k + Tmax
Pft—_j\i'l'l“—:\r . — Tmar — N, delay
TLN|t=-N
e A
B Npn = F it = Az 4+ PCT(CPCT + R)“N(jil_y — CAZ),
pt-1 A, Pt = APAT + Q-+l yAPCT(cPCT 4+ R)"topaT

t—N+1[t—N
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Minimum variance estimation
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Lyapunov Equation Riccati Equation
(unstable) (stable)
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Lyapunov Equation

(unstable)

y=1

Az + K[ (3}, — CAZ)
ApAT +Q — APCT(C’PCT + R)—lcpAT

Riccati Equqfion
(stable)
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Additional assumption on arrival sequence necessary:
i.i.d. arrival with stationary distribution

71, . delay of packet y., 7. = oo if y,, never arrives

A\ M\ = Plry, < hl,
y A
Aloss — IP>[7-I<: — OO]




® Optimal estimation with constant
gains and buffer finite memory

{Kh}h o, N static gains

it = A+, Kp(jt_, —CAZ), h=N-1,...,0
ESTIMATOR
yt_h < N > pt
——
T e | [PR] k (V2| Y] ok

Does not require any matrix inversion

Simple to implement

Upper bound for optimal estimator: P, < P, == E,[P,,] <Ey[P,] = Py,
N is design parameter

GOAL: compute Ft|t




e Suboptimal minimum variance
estimation

st = Az 4+ K (it D

Open loop \/ Closed loop




e Suboptimal minimum variance
estimation

Az + K (§}, — CAZ)

Lyapunov Equation\/ Riccati Equation

(unstable) (stable)




Fixed gains:
LAK. PY= )MM(I—-KO\P(I—KO\T AT £ (1= MAPAT L O+ MNAKRKT AT
/\\.ll,_l. } /\ﬂ\.l. .llk/}.l. \.L .llL/} 41 T\_L /\}ﬂ_l. L1 T\odT/\ﬂ.ll_l.L_ll L1
) r (T DY
= = L’)\N_]_\AN—].?F}
S+ Vald [/ 1. T\ 1. __ AT ~ N
L, S, 1), K —= IN—2,...,U
Moo Pt|t = P
Modified Algebraic
Riccati Equation (MARE)

( 1(P)=ARE)

Optimal fixed gains:
®,(P) = APATH+Q-NAPCT(cPCT+R)"1cPAT

Py_1 = &), ,(PNn_1)
k=N—-2,....0

e mlfr(] P > P, = &, (Prt1),
O+ AN—-1 K, = PPt +R)!
(off-line computation)
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Numerical example (1)

Discrete time linearized inverted pendulum:

|r 1.01 0.05 |

A A _ | 0.01 0.01 |

“70.05 1.01 |’ ¢=[10] k=1, Q_Lom 1|
GL- ’—v— Eqn. (54)‘
= Eqn. (56)
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Time-varying arrival probability distribution

18 g : I I T T
- = - Time-varying gain
1 17| —— Smart Sensor
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0
2 04l I 1 @
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! mee 92
I L
0 - | | | | | | T T 1
0 1 2 3 4 5 6 7 8 9 10
delay (h) 09 L
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Back to the control problem

Actuators Plant Sensors Yt
uf =uf || zeg1=Az+Buftw yt = Coy + vy
-1
Z C
Stat iy
are | Static Kalman filter
feedback| Tt
uf = L ) Ty = AZp1+Bui g+ Ky — Ciy) gt




Plant Sensors Yt

yt = Cxp + vt \

Random delay

ui_+ | Actuators |

a — C
‘ Uy = Uy

Random delay

Packet loss Packet loss
z-1
State | | Time-varying Kalman filter
uy feedback| Tt w/ memory
T Yt
up = L Tt = AT+ Buj 1+ K(yr — C7y) [«

= — a a
It — E[xt‘yta Yt—15--,Y0, Up—_15 -y ul]

I Ui q # Uy | == €t = Tt—Tt = f&yh oy YO, Ugy -5 U, Uty -+5 UQ)
Pyi-1=AP,_131A" +Q+ B(uf_q —uf_1)(uf_y —uf ;)" B

Estimation error coupled with control action = no separation principle




® | QG over TCP-like (ACK-based)

protocols
C a
Uy Ac*jff‘"fisl Uy Plant Sensors | Ut
| i = { O'f y: ; 0 | vyp1=Ax+Bultwy yr = Cxy + vy _‘
Vi z-1 ACK = vt Random delay
Packet loss Packet loss
‘ 2 ? uy_q
0 State | | Time-varying Kalman filter [—
ug feedback Lt w/ memory
c—1 & | Yt
Ut = vt Tt = AZp1+Bui g +EKi(yr — CZt) [«

Separation principle hold (I know exactly u@, ;)
L], Bernoulli rand. var and independent of observation arrival process

Static state feedback, L solution of dual MARE
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® LQG over UDP-like (no-ACK) AT
SHMIE
protocols Gy
Uy ACT_U(_.CWO':Sl uy Plant Sensors Yt
| ui = { o 3; —o | | mr1i=Am+Buftw| | yve=Cxr+ v _‘

SL Packet loss

C

Uy

uf = f(yg,...,yo) Non linear

Yt

Random delay
Packet loss

= LQG problem still well defined: minye, e B[S 4_, a7 W, + (u)TUug]
= No separation principle hold ( u2_, NOT known exactly)

= ... but still have some statistical information about u?,_,



® | QG over UDP-like (no-ACK) ,]D
SIS
protocols e

uf | Actuators | Plant Sensors | Yt

a uf vp=1 |—
| uf = { Of V: -0 Ty 1= Axi+ Bui+w; yt = Cay + vy _‘ T
vt SL Packet loss Packet loss 7Vt \ /

‘ z-1 uC
t—1
0 State “Static” Kalman filt
ug feedback Ty aTtic aiman Tiurter
_ - T Yt
ul’? — L:Ct Ty = Ay +178u§_1 +v K (yr — CZy) <

= Bernoulli arrival process Plvi=1]=v, Ply=1] =%

s vup g = Eluf 4]

= Sub-optimal controller forced to be state estimator+state feedback

= Optimal choice of K,L is unique solution of 4 coupled Riccati-like equations

“Compensability and Optimal Compensation of systems with white parameters”, De Koning, TAC'92
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LQG as optimization problem

w0 1.\ PRE||E|ET =] g p
Ming , Trace %l 0 DLC':UL JP) - 12 =
B T
P | —uBL ], A —wBL 17, (@ o .
I_L WwKC A—vBL—yKC |° | wKC A—-vBL—-v%wKC | J | 0 YKRK"' |

= Non convex problem even for [=[=1, i.e. classic LQG

= Classic and TCP-based LQG become convex when exploiting optimality conditions
like uncorralation between estimate and error estimate Elz(z — )T] =0

= For UDP-like problem non convex but unique solution using Homotopy and Degree
Theory (DeKoning,Athans,Bernstain) (maybe using Sum-of-Squares?)

= Stability on [J and [J is coupled
v

1

UDP-stable

TCP-stable

unstable




e Side note: Kalman filter 1s not

always optimal !
o o e Optimal Regulator

|
> u
Y Kalman filter L |LQ State feedback :

——)
: l(klm l'LQ :
L o o2
: Y Stabilizing U
—>y I(almT(n filter L | State feedback
kim L
A — U
Y Filter T Stabilizing
— _ » State feedback
K=K(L) L

= Kalman filter always gives smallest estimate error regardless of controller L
= If controller LU L, then performance improves if my estimate is “bad” !



Numerical example:
TCP vs UDP
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I
' TCP-like
I 1
1 protocols !
Utuf Actuators Plant Sensors SRR S ‘
uf = vyuf — @it1= Az Buf+uy [ yr = Cxp + vy yi 20 : S - : = ; : 3 .
1
18 i — UDP
_ COMM. NETWORK Ut ll = = upper bound TCP
vy —;’-’w =1 ACK nl%v e — 10 ol :
| IZ_I Y = 0 “
s i 14
e
uf 'J ‘
* 7 Vi-1 12
State Tt 3
feadback Estimator | ¢
TYtYt 10-
e OPTIMAL LQG CONTROLLER 8
oo memmm_——— | 6
. UDP-like |
| protocols 1 4
¢ Plant Sensors I e =
Vil | Actuators s |
ul = vyu§ - #i1 = Az + Buf +uy s i " 2
) u 1 1 1 1 1 1 1 1
v =0 COMM. NETWORK vt 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.9
Y == =1 Arrival packet probability Y=V
I 7% =0
0]
: WL
ug -
State xt .
foodback Estimator |-y
tYt

T OPTIMAL LQG CONTROLLER
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To hold or to zero control |nput’>

¢ a
Ht Ac}ua’ro: ° g Plant Sensors | Yt
= o ) U t— 1.1 1= Ax:+ Bud-+w, —C
U'f { (}(’U'?—l) = O t+1 (A £ t Yt Tt + o
vt SL Packet loss
0
ug Controller :

Most common strategy:

g(uf 1) =0 zero-input strategy (mathematically appealing)
g(u$ 1) =uf 1 hold-input strategy (most natural)



e To hold or to zero control In
no noise (Jump linear systems) ©
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Zero-input Strategy

Plant
ud = ypuf
.’Ek_|_1 - Axk—I—Bug
— =1
vk =0 &‘ vk Controller
uf = Laxy
0 uf - :

J: =ming, E[} 7,

Lk

Hold-input Strategy

-':
q

Plant

put.

k:uk + (1 - Vk)uk 1

— A 4 pa:p
[ k

L

eI Wz + (u®) T Uud]

p —
u, =
* u(/lc_l_l — Ad] (97
Z1 =1
Vi = e Controller
d

“k

Jj =ming, B[} 2,

uk == thk:

A

eI Wz + (u)TUud]

Using cost-to-go function (dynamic programming)

z

J* = E[z{S,

w()]

S. = ®.(5,) «— Riccati-like equation —— §; = ®,,(S},)

L}, = fn(Sh)
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A=1.2, U=0 (fastest convergence) A=1.2, U=10 (small input)

60 T T T T 60 T T T T T T]
|

zero=input | —— zero-input
hold-input hold input

30 r

40

20r

101

0 0.4 06 0.8 1 00 0.I1 072 D.I3 . Q‘A D.IS 076 D.I? O.IS D.IQ 1

Loss probability v Loss probability v



LQG over TCP-like protocols revised © ¢

C a
Uy Actuators Uy Plant Sensors Yt

P vp =1 —
‘ U { puf ; vy =0 Ti41 :waL‘!‘ng_!_”u’/L yr = Cxy + vy \

Uy SL B oy Random delay
| Packet loss Ack = L Packet loss
‘ z1 J._—I
0 State % Time-varying Kalman filter
uy feedback | w/ memory
uf = La+luf_y U & = ABq+Buly+Ki(y - Ca) [ Yt

Conjecture:

= Separation principle hold

= Optimal function g(uf 1) = pus_1

= Design parameter L,[l,p obtained via LQ-like optimal state feedback



C a
Ui—r | Actuators | U¢ Plant Sensors | Ut
—
uy =7 Ti41=Azi+ Bui+w; yr = Czy + vy
classic ]
LQ contoller classic
¥ static
. . kalman
Time-varying| |,
kal ) -
amen no input packet loss —
- Tt
Lt—1
Random delay
t Packet loss
|
y1| O[ly3|va[Olve[ O
ug | 1211912374 0126 0, o tnoller
Y1y2|ys3fy4{ysiyel O _ prm.l,.. - ” 3
T7 = L|Tt|Y6, Y5 - Y 6
"Opti = os, Murray, Submitted to Sys.Cont.Lett. 05

"Estimation under controlled and uncontrolled communications in networked control systems”, Xu, Hespanha, CDC 05




Numerical example:
remote vs co-located controller
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.
' COLOCATED

. ' CONTROLLER |
YVt Yt Optimal Uy Actuator + | - '
Controller RRAME Yt
Sensor
400 w
= COMM. NETWORK Ui remote contr.
. _% n=1 =11 - colocated contr. | |
| 7(\ =0
0 300 -
YtYt 250 -
P oo | 200
! REMOTE :
(o o]
! NTROLLER
viug Actuator + vt '—q(—)— -- —(—) ————— i 1501
Plant +
Sensor 100 -
COMM. NETWORK vt
v =0 =1 =1 I 50
lka w=20
O 0 | | | |
0 02 0.4 0.6 0.8 1
Arrival k bability Y=+
s rrival packet probability Y
Optimal I
Controller
YUYt
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Takeaway points *"*Z

A

0 L

Input packet loss more dangerous than measurement
packet loss

TCP-like protocols help controller design as compared to
UDP-like (but harder for communication designer)

If you can, place controller near actuator
If you can, send estimate rather than raw measurement

Zero-input control seems to give smaller closed loop state
error (||x|) than hold-input (but higher input)

Trade-off in terms of performance, buffer length,
computational resources (matrix inversion) when random
delay

Can help comparing different communication protocols
from a real-time application performance



Future work

Lsq

Plant

| \ 4 A 4

— el
COMMUNICATION
NETWORK

> oooi ;

|(n ooolm |(n

C cl***lC| |C]| |C

= Multiple sensors:
= data fusion, i.e. y,,..,y,, arrive at different times
? A A
= distributed estimation & consensus FE|x|y1,...,yn] = Flx|Ts,, Tsy]

= Multiple actuators
= trade-off between distributed control & centralized coordination



	Some results on optimal estimation and control for lossy NCS 
	Networked Control Systems
	NCSs: what’s new for control?
	NCSs: what’s new for control?
	Interdisciplinary research needed
	Interdisciplinary research needed
	Motivating example:�wireless sensor networks
	Optimal LQG control over DCN
	Modeling of Digital Communication Network (DCN)
	Estimation modeling
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Minimum variance estimation
	Properties of Optimal Estimator 
	Minimum variance estimation
	Minimum variance estimation
	What about stability and performance?
	Optimal estimation with constant gains and buffer finite memory
	Suboptimal minimum variance estimation
	Suboptimal minimum variance estimation
	Steady state estimation error 
	Numerical example (I)
	Numerical example (II)
	LQG as optimization problem
	Side note: Kalman filter is not always optimal !
	Numerical example:�TCP vs UDP
	Numerical example:�remote vs co-located controller
	Takeaway points
	Future work

