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Introduction

Considered system (at the receiver side, by means of a discretization
process, the received signal r(t) is converted into a discrete-time sequence r)

a c T a= (ah az, )
——» Encoder Channel E— c=(cr,c...)
6 = (0,0, )
r=(r,r )

7]

Problems of interest in the present talk:
@ MAP symbol detection:

&, = argmax P(a|r)
a
@ MAP sequence detection:
a= argmax P(alr)

@ MAP estimation:

Ok = argmax p(Ok|r)
k
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Introduction (contd)

@ All problems have, in general, exponential complexity in the
transmission length (NP-hard), unless proper conditions occur

@ The first and the third problems have in common a marginalization of
the joint distribution P(a, ¢, 8|r)

@ Apparently, this is not the case of the second problem. We will come
back on MAP sequence detection later

@ When is it possible to implement a marginalization in a more effective
way?
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Introduction (contd)

@ Algorithms that must deal with complicated global functions of many
variables often exploit the manner in which the given functions factor as
a product of “local" functions, each of which depends on a subset of the
variables

@ Such a factorization can be visualized with a factor graph, a bipartite
graph that expresses which variables are arguments of which local
functions

@ The sum-product algorithm works on the factor graph and
computes—either exactly or approximately—the marginal functions
derived from the global function

@ A wide variety of algorithms developed in artificial intelligence, signal
processing and digital communications can be derived as specific
instances of the sum-product algorithm
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FGs and SPA

Let x1, X2, . .., Xn be a collection of variables
X; takes on values in some (usually finite) domain (or alphabet) A;

Let g(x1, X2, . . ., Xn) be an R-valued function of these variables, i.e., a
function with domain S = A; x A> x --- x A, and codomain R

Associated with g(x1, X, . .., X») there are n marginal functions g;(x;)
defined as

ax)=> - > ST D> glxaxe, . Xn)

X1 €A Xj—1 €A1 Xiy1 €A1 Xn€An
This operation is called not-sum or summary and will be denoted by

()= > gxi, %, ..., )
~{x}

applications of factor graphs and the sum-p ct algorithm to detectio
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Factor Graphs (FGs)

@ Suppose that g(x1, X2, . . ., Xn) factors into a product of several local
functions, each having some subset of {x1, X2, ..., Xa} as arguments:

g(X17X27 ce 7X") - H 6()(/)
jed
where J is a discrete index set, X; is a subset of {x1, X2, ..., X»}, and
fi(X;) is a function having the elements of X; as arguments

@ A factor graph is a bipartite graph that expresses the structure of this
factorization

@ It has a variable node for each variable x;, a factor node for each local
function f;, and an edge connecting variable node Xx; to function node f; if
and only if x; is an argument of £;
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Example

@ Let g(x1, X2, ..., Xn) be a function of five variables, and suppose that g
can be expressed as a product

(X1, X, X3, Xa, Xs) = fa(X1)f(X2)Tc(X1, Xe, X3)fp (X3, Xa) e (X3, X5)

@ Inthiscase, J={A,B,C,D,E}, Xa = {x1}, Xg = {x2},
Xe = {x1,x2,x3}, Xp = {x3, X}, and Xg = {x3, X5 }

(@) @\@\@ D

fa 8 fc fo s
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Marginalization of a Joint Pmf

@ If g(x1, X2, ..., Xn) is a joint probability mass function (PMF), we are
interested in computing the marginal functions g;(x;)

@ In the case of the previous example, by using the distributive law:
91(x1) = fa(x1 {Zfs X2 [ch X1, X2, X3 (Zfo X3, Xa )(ZfE(X&Xs))}}

(a(b + c) is more cost-effective than ab + ac)

@ In summary notation

gi(x) =falx) D {fB(Xz)fc(Xan,Xs)( > fD(Xs,X4)>< > fE(Xa,X5)>}

~{x1} ~{x3} ~{x}
@ Similarly
g3(xs) = [ Z fa(x1)fa(Xx2)fe(X1, X2, X3 H Z fD(X37X4)][ Z fE(X37X5)]
~{xs} ~{x3} ~{x3}

@ We have some operations in common!

11/111
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Expression Trees

@ In computer science, arithmetic expressions are often represented by
ordered rooted trees (the expression trees) in which internal vertices
(i.e., vertices with descendants) represent arithmetic operators and leaf
vertices (i.e., vertices without descendants) represent variables or
constants. Ex.: x(y + 2)

@ Expression trees may be extended such that the leaf vertices represent
functions not just variables or constants
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Expression Trees: gi(x1)

g1(x1) = fa(xy) Z {fB(XZ Ve(x1, Xe, X3 ( E fo(Xa, Xa )( Z fE(X3,X5)>}

~{x} ~{x3} ~{x3}
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g3(x3) = [ Z fa(x1)fa(X2) fe (X1, X2, X3 H E fo(X3, Xa H Z fE(X37X5)}

~{x3} ~{x3} ~{x3}

fe fo M fg
@) @) @) @

fa /s
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Expression Trees and Factor Gr?fﬁfit %

WEANNNE
%
"

W

@ When a factor graph is cycle free, the factor graph not only encodes in
its structure the factorization of the global function, but also encodes
arithmetic expressions by which the marginal functions associated with
the global function may be computed, following these rules

» Replace each variable node in the factor graph with a product
operator

» Replace each factor node with a “form product and multiply by f”
operator

> Between a factor node f and its parent x inserta }__,,, summary
operator

@ Trivial products (those with one or no operand) act as identity operators

@ A summary operation ZN{X} applied to a function with a single
argument x is also a trivial operation, and may be omitted

15/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Computing a Single Marginal F%%%tb%u %\% 04
N

@ Every expression tree represents an algorithm for computing the
corresponding expression, a “bottom-up” procedure that begins at the
leaves of the tree, with each operator vertex combining its operands
and passing on the result as an operand for its parent

@ Rather than working with the expression tree, it is simpler and more
direct to describe such marginalization algorithms in terms of the
corresponding factor graph

@ Let us imagine that there is a processor associated with each vertex of
the factor graph and that the factor-graph edges represent channels by
which these processors may communicate

16/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Single-i Sum-Product Algorithm @
9 9 spaDR (e

@ |t computes a single marginal function g;(x;) in a rooted cycle-free factor
graph, with x; taken as root vertex

@ Rules

» Each leaf variable node sends a trivial “identity function" message
to its parent

» Each leaf factor node f sends a description of f to its parent

» Each vertex waits for messages from all of its children before
computing the message to be sent to its parent

» A variable node simply sends the product of messages received
from its children

» A factor node f with parent x forms the product of f with the
messages received from its children, and then operates on the
result with a ZN{X} summary operator

» The computation terminates at the root node x;, where the
marginal function gi(x;) is obtained as the product of all messages
received at x;

17/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Computing All Marginal Functiorslgm 04
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@ Computation of gi(x;) for all i simultaneously can be efficiently
accomplished by essentially overlaying on a single factor graph all
possible instances of the single-i algorithm

@ No particular vertex is taken as a root vertex, so there is no fixed
parent/child relationship among neighboring vertices

@ Message passing is initiated at the leaves

@ Each vertex v remains idle until messages have arrived on all but one
of the edges incident on v; then, it is able to compute the message on
the remaining edge to another vertex w as in the single-i algorithms.
After that, the vertex v returns to the idle state, waiting for a return
message from w. Once this message has arrived, the vertex is able to
compute and send messages to each of its neighbors (other than w)

18/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Computing All Marginal Functiogm’d

@ The algorithm terminates once two messages have been passed over
every edge, one in each direction

@ At the variable node x;, the product of all incoming messages is the
marginal function gi(x;), just as in the single-i algorithm

19/111 he applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Sum-Product Algorithm

@ The resulting algorithm is called sum-product algorithm and is based on
the following two rules. Let us denote by n(v) the set of neighbors of a
given node v

» variable to local function

Px—f(X) = H Lh—sx(X)
hen(x)\{f}

» local function to variable

pen) =30 (100 TT myarn)
~{x} yen(H\{x}
where X = n(f) is the set of arguments of the function f

@ Note that all messages are functions

20/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Example

@ Step 1
Bhax (X1) = Z fa(x1) = fa(x1)  pryox(Xe) = Z fg(x2) = fa(x2)
~{x} ~{x}
Hxg—tp(Xa) = 1 Pxs—1e(Xs) =1
@ Step 2
Py —1o(X1) = s (X1) Hxp—1g(X2) = fhig—sxp (X2)
'u’fD*’Xa(X3) - Z :U’X4*>fD(X4)fD(X37X4)
~{x3}

21111
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Example (contd)

Sions

@ Step 3

Hig—x3(X3)
Mxg—ty(X3) =
@ Step 4

Hofo— x4 (X1 ) =
Hic—xo (XZ) =

Hxz—fp (XS) =

Hoxz—fe (XS) =
@ Step 5

Hoxy—fa (x1)
Hxy—sfg (x2)

Hfp—sxq (X4)

Z Poxy =15 (X)) oy — 15, (X2 ) Fe (X1, X2, X3)
~{x3}

Hip—sxg (Xs)MfE—>x3 (x3)

Z Mx3~>fC(X3),U/X2*>fC (XZ)fC(X1 , X2, X3)
~{x1}

Z Poxg— 10 (X3) by 10 (X1 ) fe (X1, X2, X3)
~{x}
Hic—x3 (XS)MfE%Xg (XS)
Htg—sxy (Xa) i —xs (X3)

Hfo—xy (X1)
= ,UffCHXQ(XZ)

= Z MX3~>fD(X3)fD(X37X4)
~{x4}
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Example (contd)

@ Termination

G1(X¥1) = By (X1) gy (X1)
R(x) = ,U‘)‘BHXZ(XZ),U)‘CHXQ(XZ)
a(xs) = ,u‘fc~>X3(Xs),UJfDHXS(XS);UJfEHXS(XS)
94(Xa) = Hrpysx(Xa)
95(X5) = Hrg—xg(X5)
@ Equivalently
93(X3) = i (X8) txg—1o(Xa)
— ,U/fD~>X3(X3),U/X3~>fD(X3)

=  Hfg—xg (XS),U/X3~>fE (XS)

23/111
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Marginalization in Graphs with %% % 04
%

When a graph has cycles, in the sum-product algorithm there is not a
natural termination

Because of the cycles in the graph, an iterative algorithm with no
natural termination will result, with messages passed multiple times on
a given edge

It is not possible to obtain an exact marginalization of the global function

Some of the most exciting applications of the sum-product algorithm
(turbo codes, LDPC codes) arise precisely in situations in which the
underlying factor graph does have cycles

Extensive simulation results show that such decoding algorithms can
achieve astonishing performance even though the underlying factor
graph has cycles

The adopted schedule assumes a key role (ex. flooding schedule)

24/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Transformations of Factor Graplgim

@ These transformations can be used to remove cycles

@ Clustering
fa
fs fe
I
fo fr
(a)

25/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Transformat}ons of Factor Grap}gmd % S
W\

@ Stretching

D @
r1r
(a) (b) (c)
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e Applications
@ Decoding of LDPC Codes
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Modeling Systems with FGs

@ Definition: Iverson’s convention. If P is a predicate (Boolean

proposition), then
1 if Pistrue
[P1= { 0 otherwise

@ Definition: characteristic function of a code with codebook C
XC(C17023"'7CN) = [(015027"'7CN) € C]

@ Tanner graph for a linear code: it represents the characteristic function
of the code. Ex.: a (6, 3) block code with parity check matrix H

(He” = 0)
10
0 1
00

— O O

11 0
H=|0 1 1
1 0 1

29/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Modeling Systems with FGs (congﬁm %A b
Wt

@ Membership in C is completely determined by checking whether each
of the three equations is satisfied

XC(C17023037C47 C5505) - [(017023037047 C5aCG) € C]
[crdcdc=0][ccdcsdcs =0][ci®csd s =0]

@ Usually, this graph has cycles

30/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Decoding of Block Codes (LDP(&}M

probabilities P(cy|r) from the joint pmf P(c|r)

@ On an AWGN channel with received samples r, = ¢, + wp
(n=1,...,N), we have

N

P(clt) x P(c)p(rlc) = |‘a><c(c) NECE)

n=1

1 |rn—cnl?
2oz exp{— "5 7}

where p(ri|cn) =

p(riler) p(ralez) p(rsles) p(rales) p(rsles) p(relcs)

31/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Decoding of Block Codes (LDP?}&&?&@%

WEANNNE
%
"

W

@ The application of the SP algorithm to this factor graph allows the
computation of the marginal probabilities P(ca|r) (the code is assumed
to be

@ The graph has cycles: the algorithm proceeds iteratively until all checks
are satisfied (or a maximum number of iterations is reached)

@ Usually, the flooding schedule is adopted

@ The messages on the edges of the graph are functions of discrete
variables

@ In the case of binary block codes, if log-likelihood ratios (LLR) are used
instead of probabilities, the passed messages become real numbers

32/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Simplifications for Binary Block ggﬁﬁé %&§

@ A variable node makes the product of the incoming messages ) in terms
of the LLR a variable node simply adds the incoming messages

@ Check node to variable node

alcr) = Y a(e)a(g)[c® ¢ ® ok =0]
~{ex}

= ZZ a(c)a(c)le @ ¢ & ok = 0]

33/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Simplifications for Binary Block gg%ﬁé (%

@ Hence

afck =0) = afci=0)a(c=0)+a(ci=1)a(g )

afck =1) = a(ci=0)a(c=1)+a(ci=1)a(c =0)
@ By defining

a(Ck =
=i e =1)
one has
1 li ¢ .
l = 2tanh” " |tanh > tanh 2| = sgn(¢i)sgn(¢;) min(|4;], |¢;])

@ This decoding algorithm is used to decode Low-Density Parity-Check
(LDPC) codes, very long block codes with sparse (to reduce the
decoding complexity) parity-check matrix

@ In practice, only cycles of length 4 must be avoided

34/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Performance of LDPC Codes

@ Regular LDPC codes were proposed by Gallager in 1963

LDPC, max 200it
10° : .
—+— (504.252)
—*— (1008,504)
10! —e— (4000,2000)

> —a— (20000.10000)
w
1072 >

LN
\

5 2 25
EI/NO

BER
S5
9
— | _—* //./

0 0.5 1

@ Irregular LDPC codes, proposed in 2001, outperform the best known
turbo codes

ITARN

e applications of factor graphs and the sum-pro

algorithm to detection and decoding Giulio Colavolp
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Outline

e Applications

@ BCJR Algorithm
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Decoding of Trellis Codes

@ A generic code can be modeled as a finite state machine:

¢ = gi(an, )
Hnyt = Q2(@n, i1n)
@ When this code is transmitted over an AWGN channel (r, = ¢, + w,) we

can write
P(c,a,plr) o p(rja,c, p)P(c, nla)P(a)

~ [[Teteien]pte.o[ [T plan)

n=1

» P(c, i|a) is an indicator function, equal to one when a,c and p
are in a one-to-one correspondence, to zero otherwise. It can be
expressed as the product of indicator functions for all trellis
section (Wiberg graph)

N
P(c, ula) = P(u1) H Ir(@n, Cny tiny fnst)

n=1

Ir(8n, Cn, fin, pins1) = [(8n, Cn, fin, pins1) € T]

Giulio Colavolpe
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Decoding of Trellis Codes (

contd) ng %\V\\A

P(c,a, plr) oc P(u1) | [ p(ralcn)Ir(@n, Cn, pin, ini1) P(an)

n=1

p(rifer) p(r2]e2) p(r3les) p(rales) p(rsles) p(relce)

@ The application of the SP algorithm leads to the BCJR algorithm

@ The graph is cycle-free = the exact marginal pmfs P(as|r) are obtained
(also pmfs P(cn|r) useful in serially concatenated schemes and P(pqlr)
are also obtained)

38/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Decoding of Trellis Codes (contd)

alpnit) = E a(un)p(rnlcn)lT(@n, cn, 1n, wny1)P(an)
~{rpprd
Blpn) = Z B(rns1)P(rnlen)Ir(@n, cn, pn; tiny1)P(an)
~{un}
P(anlr) = Z a(pn)B(kn1)P(rnlcn)lT(an, Cny wns pny1)P(an)
~{an}
Plan)

B(tnt1)
TN
a(pn) a(pnt1)
[p("‘n‘cn)
pralen)

39/111 he applications of factor graphs and the sum-pro algorithm to detection and decoding Giulio Colavolpe
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e Applications

@ Turbo Codes
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lterative Decoding of Turbo Cod? 7 %;

7
\' 3

@ Decoding is not performed on the Wiberg graph of the overall code =
cycles = iterative decoding

u u

41111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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e Applications

@ Detection over ISI Channels
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Detection over ISI Channels

@ Received samples after the WMF: r, = Z?:o fean—e¢ + Wn
@ Defining on = (an—1,an—2,...,an—1)

P(a,olr) « p(rja,o)P(ola)P(a)

— [ﬁp(rnan., O'n)} P(o|a) [ﬁ P(an)]

n=1

L
> p(n|an, on) = 53 exp{—|r — 32y, fran—c[?/20%}
» P(ola) is an indicator function, equal to one when a and o are in
a one-to-one correspondence, to zero otherwise:

N
P(ala) = P(o1) [ | ir(an, on, 1)

n=1

Ir(an, on,ont1) = [(@n, on,0n11) € T]

43/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Detection over ISI Channels (coné’?m

N

@ The application of the SP algorithm to this cycle-free FG still leads to
the BCJR algorithm

44/111 he applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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e Applications

@ Viterbi Algorithm
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Viterbi Algorithm

This framework is based on the application of the distributive law

The codomain of g can be any semiring with two operations “+” and ”-”
that satisfy the distributive law

We can use the “min-sum” semiring:
+ — min
- +

MAP sequence detection strategy can be expressed in the following
equivalent ways

a

argmax P(alr) = argmain [— log P(a|r)}
a

(a,6) arg(ravjtlp) —log P(a, a\r)]

since, given o1, a and o are in a one-to-one correspondence

46/111
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Viterbi Algorithm (conta)

@ The problem
(%1, %) = arg min f(x1, x2)
(x1,%2)

can be solved in two steps:

> | step: compute
Xo(x1) = argmin f(x1, X2)
X2

> |l step: compute
X1 = argmin fxq, X2(x1)]
Xq

@ Hence, in case of MAP sequence detection, decision on symbol ax can

be taken as
& = argmin { min [ —log P(a, a\r)] }
ax L ~{ac}
@ min_ g,y | —log P(a, a\r)] is a marginalization in the “min-sum”
semiring

e applications of factor graphs and the sum-pro algorithm to detection and decoding Giulio Colavolp
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Viterbi Algorithm (conta)

@ Factors become addends

N

~log P(a, o) oc [#

n=1

:

—log P(an) +T(an,on, ons1)

[

L
I'n — Z fran—s
Lo

An(an,on)

O (an¢0n70n+1) € T

T(a , , = —log I+(a 5 > = I
(an,on, oni1) g Ir(an; on, oni1) {—|—00 otherwise

@

Blon) B(ont1)
~~~~~~~ D (e @
a(on) a(on+1)
A+ T
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Vlterbl Algorithm (contd)

@ Algorithm:
alont) = min [a(an) + An(@n,on) + T(an, on, oni1)]
Blon) = anmvlnn [B(ons1) + An(@n, on) + T(@n, 00, 0ns1)]
a, = argmln min [a(on) + An(@n, 0n) + B(oni1) + T(@n, o0, oni1)]

an on,0p4q

@ The last equation is equivalent to compute the forward recursion up to
n = N, to choose the best survivor, and then to come back taking
decisions on it since Vn

min a(on41) = . min  [a(on) + An(@n, on) + B(ons1) + T(@n, on, 0ni1)]
ON+1 n,on,0 ny1

49/111 he applications of factor graphs and the sum-product algorithm to detection and decoding Giulio Colavolpe
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Outline

e Applications

@ LDPC over Channels with Unknown Parameters
@ A Priori Average over Channel Parameters
@ Numerical Average over Channel Parameters
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Channels with Unknown Paramgé%ﬁZ %

\e

@ We now consider an LDPC coded transmission over an unknown
channel

@ We will not consider non-Bayesian algorithms (using the “min-sum”
semiring)

@ We will consider Bayesian algorithms:

> a priori average over channel parameters
» numerical average over channel parameters (canonical
distributions)

@ The considered algorithms can employ soft estimations for code symbol
probabilities available in iterative decoding schemes

@ They can be used for turbo-codes also

e applications of factor graphs and the sum-pro algorithm to detection and decoding Giulio Colavolp
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System Model

A sequence of M-ary coded symbols {c,}, obtained from the encoding
of a sequence of information bits and a proper mapping on a multilevel
constellation, is transmitted from epoch 0 to epoch N — 1

To avoid phase ambiguity problems, pilot symbols or differential
encoding may be also inserted in the sequence {c,}

A sequence of coded symbols is denoted in vector notation as
CZ? - (C"1 ) Cn1+17' < acﬂg)v N2 > My

The entire sequence is denoted by ¢ = cg”1

This sequence is then modulated and transmitted over a channel which
is modeled as a noiseless filter (possibly stochastic) plus additive white
Gaussian noise (AWGN) with two-sided power spectral density No/2

52/111
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System Model (contd)

@ We assume that a single sample r, is used for each coded symbol,
which is practically sufficient in many cases

@ We also assume that the channel is causal, that is rg up to epoch n
depends on the coded sequence up to epoch n only:

p(rslc) = p(rg|co)

@ This condition characterizes a noncoherent channel, a flat or a
frequency-selective fading channel, and a channel with known and
time-invariant 1SI

53/111
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System Model (contd)

@ In the numerical results, we will focus on linear modulations on the:

» noncoherent channel characterized by an unknown stochastic and
possibly time-varying phase 6, and model (true in the absence of
strong phase variations):

In = CneIG’7 + Nn

For the phase noise process {05}, different statistics will be
considered
» flat fading channel
n = hnCn + Nn

where {h,} is a sequence of zero-mean complex Gaussian
random variables with autocorrelation sequence E{h,h;_,}
= Jo(27fp Tk), where fp T is the normalized Doppler rate
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Factor Graph

@ FG representing the joint APP of transmitted symbols {c,}

P(clr) o< P(e)p(rle) o< x(e prn\r ,€0)

where x(c) is the code indicator function, and the causality condition
has been used

@ Channels with finite memory (e.g., a channel with finite known ISI)

p(r’7|r871 ) cS) = p(rn|r871 ) szc)

C is the finite memory parameter
P(clr) oc P(c)p(r|c) o x(c H p(rlrg ", €5-c)

@ The application of the SP algorithm to this FG allows us to compute the
marginal APP P(cs|r) = MAP symbol detection is implemented
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Factor Graph (contd)

Code constraints, x(c)

p(roleo) prilro,eh) p(ralrg, ef) plrsfeg, ef) pralrd, i) p(rsfrg, ef)

@ Graphfor C =2

@ With respect to a memoryless channel, we now have additional factor
nodes which perform a marginalization, based on the channel model,
without taking into account the code constraints

@ The complexity of this marginalization is, in general, exponential in C

56/111
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Factor Graph (contd)

The finite memory condition is not verified in an exact sense for a
noncoherent or a fading channel (channels with infinite memory)

A FG may be devised but the complexity of the message computation at
the factor nodes modeling the channel grows exponentially with n and
thus becomes impractical

An approximation is introduced assuming that r, depends on the R most
recent observations and the most recent C > R coded symbols only

This finite dependence property may be expressed as

n—

pralry ", €6) =~ p(ralr;_p, €5-c)
This property, in general adopted in all practical detection schemes, is
intuitive in the case of time-varying channels. In fact, in this case the

conditional observations are asymptotically independent for increasing
index difference
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SP Algorithm

@ The quality of the convergence of the SP algorithm to the exact
marginal probabilities is in general determined by the girth of the graph

@ As an example, in designing LDPC codes, cycles of length 4 must be
avoided to ensure decoding convergence

@ The graph derived from the proposed factorization has, in general, girth
4. However, we verified by computer simulations that these length-4
cycles involving two factor nodes which model the channel behavior
often do not affect the convergence of the algorithm

@ |[f this is not the case, as for transmissions over IS| channels, factor
graph transformations can be adopted
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SP ALGORITHM (cont'd)

@ For the SP algorithm working on the described factor graphs, the most
demanding computation is that performed at factor nodes modeling the
channel. In fact, the marginalization performed by these nodes has in
general a complexity which increases exponentially with C

@ This complexity may be reduced by the following technique: by
choosing an integer Q < C, we may compute the marginalization at
factor nodes on the Q symbols with lowest reliabilities while the C — Q
symbols with highest reliabilities are hard-quantized on the basis of the
messages on the graph

@ The complexity becomes exponential in Q
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Noncoherent Channels

@ We model the channel phase as a time-invariant random variable with
uniform distribution in [0, 27)

@ The finite dependence property will lead to a detection algorithm that
can be used for time-varying channels also

@ In this case R = C and
Ea"{P(rZ c|cz Caeg)}
Ego-1{p(r;-cle "¢ 057"}

10<;

Io(ﬁ

p(ralt_¢.chc) =

.
/:o rn_/c,,,,‘> _lenl?
252

i= 1r" ’Cn ID
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@ In the case of the Wiener model (6, = 0,1 + Ap), an exact closed form
expression of Ega{p(r;_clc;_¢,05)} and Egn- {p(r"=tler—1, 0571,

0
does not exist. However, a very good approximation can be found. By
using an approximate result on Tikhonov distributions, it is possible to
express

n 12 n 1

Egr{p(ri-clen—c.00)} ~ ] lo(lz)e 2 ]

( 1] )
i=n—C j=n—C+1 10 1402 |z|

where coefficients z; can be recursively computed as

P I'nCp
L =
2
g
5 Zj fi—1 G4
=
' 1+ 02z o2

i=nn—1,....n—C+1.
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Time-Varying Channels (contd)

62/111

@ For a time-varying phase process 6,, assumed stationary, zero-mean
and described by a given autocorrelation sequence of the phasor
process €7, an approximate linear predictive approach may be
adopted which allows to increase the receiver robustness

@ In this case, omitting irrelevant constant terms,

C r—

n—1 n 1 Z/:1 pi C:—,/
p(ralfy—c,Cn-c) = expS —— | — G~
Oe ‘Zi:1 picn,i‘

where the prediction coefficients {p;}, and the mean square
prediction error o2 are obtained by solving a Wiener-Hopf linear system
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Time-Varying Channels (contd)

@ For PSK signals, the prediction coefficients become independent of the
considered sequence

@ In addition, approximating \Z; pin=l| ~ |Z, , pi|, and taking into

Cn—i

account that |c,| = 1, we may express

(rnlrn Cvcn C X Hexp{ 2‘2 |R6[P/fn0nfn iCn— /]}
i= 1

i=1

c
H gi,n(cn—ia Cn)
=1

@ This further factorization as a direct impact on the graph structure
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Time-Varying Channels (contd)

Code constraints, x(c)

p(roleo) o Go2 G912 G913 923 924 G934 G35 45

@ Each factor node can be decomposed in C simpler degree-2 factor
nodes

@ Hence, for increasing values of C, the number of factor nodes increases
linearly but the computational burden at each factor node remains the
same

@ Note that in this modified factor graph there are no cycles of length 4
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Flat Fading Channels

@ For a flat fading channel, based on linear prediction we have

C
I'n—i
I'n — Cn Z pi
i Cni

2

1
Plrlf . eh o) x expd —

@ For PSK signals, the prediction coefficients become independent of the
considered sequence. After straightforward manipulations we have

N—-1 C

P(c|r) ~ x HHexp{ ~Re[qifnl7_iChCn— ,]}

n=0 i=1

where g; = pi — 3¢ Pepesi-

@ In this case also, each factor node can be decomposed in C simpler
degree-2 factor nodes. For increasing values of C, the number of factor
nodes increases linearly but the computational burden at each factor
node remains the same
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Numerical Results (1)

@ Time-invariant phase

@ (3,6)-regular LDPC code
with codewords of length
4000

107" “LVNEI‘S @ BPSK modulation
\\\\'\ i\ @ Maximum of 200
-2 \ iterations of the SP

IS

10
= \ algorithm on the overall
M 10 \ graph
\ \\\ \ @ Flooding schedule
o0t L~ porfeet &8I @ A pilot symbol every 19
- P \\ \ code bits to avoid
] el X . ambiguity = increase in

= the required SNR of
0.5 1 1.5 2 2.5 3 3.5 0.223 dB
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Numerical Results (2)

deg.

=16deg:

@ Same code, modulation
format, and number of
pilots

—v\,\'iﬁl;

BER

@ Time-varying Wiener
phase

10" F™——perfect CSI 1
—B— [stalg., Q=1
—— 2ndalg.,0=1 \

-5 —4— 3rd alg.

0.5 1 1.5 2 2.5 3 3.5
E/N,
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Numerical Results )

10° @ Same code, modulation
format, and number of
B = pilots
10 T LN \V\ @ Time-varying Wiener
) \,\ phase with oo = 6 deg.
v 10 @ Comparison with other
2 solutions:
10° X - Phase distretization
N Evrew
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B e \9 \ (Motedayen-Aval &
—o— EM-SW Anastasopoulos)
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107
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Numerical Results (4)

—+— perfect CSI
—— (=3

= Sagu =& |
* \Q ——L @ Same code, modulation
2 %\ L\ format, and number of
\ \ pilots
107 \\\,‘\ \ ° )I(:Ie;f faciigg;:hannel with
NN o
: NNy

BER
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System Model: Phase Noise

@ Phase models:

» Wiener model 6x = 0x_1 + Ak where A i.i.d. Gaussian
increments with zero mean and standard deviation oa

» Constant phase as a particular case (ca = 0)

» ESA model (DVB-S2 compliant)

Hl(Z)

Hy(z)

nk discrete Gaussian white process, H(z) and H(z) IR filters
chosen to fit an experimental phase noise mask
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Numerical Average over Chann%l Pn%

@ Variable nodes representing the channel parameters are explicitly
introduced in the FG by considering the joint distribution of symbols
and unknown parameters and the corresponding FG

@ For the computation of the marginal pmfs P(ck|r), the average over
channel parameters of the joint conditional distribution of ¢ and @ is
now performed by the SP algorithm

@ Approach to handle the presence in the graph of continuous rvs
(representing the channel parameters):

» Canonical distributions
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Overall Factor Graph

@ The joint a posteriori distribution of symbols and unknown parameters
may be expressed as (Wiener model)

p(c,0[r) o p(ric, 0)x(c)p(0)

N—1 N—1
= x(c)p(fo) H p(r|ck, Ok) H P(Ok|O0k—1)

k=0 k=1

N—1 N—1

o x(e)p(6o) [ fi(cx, k) H (0k|0k—1)

where
1 0y 12
fu(ck,0k) = exp{—gz\rkfcke’ﬂ}
1
plbo) = - 0o€l0,2m)
1 7(9k*9f; 1)
P(OklOk—1) = Pa(Ok — Ok—1) = e ¥
2#0%
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Overall Factor Graph (conta)

‘ Code constraints, x(c)

p(6o)  p(6rloo)  p(Ga161)  p(Osl62)  p(0sl6s)  p(05]64)

@ Corresponding FG
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Overall Factor Graph (conta)

Code constraints, x(c

Omitting the esplicit reference to the current

iteration
C+1

Pu(cx) T Pd(Ck)

5[ 807 sl ]

lpd(%)

pd(ek) = Zcec Pd(Ck = C)fk(Ck =C, Qk)
pr(0k) = foh Pa(Ok—1)Pr(Ok—1)Pp(Ok |0k 1) dOk 1
Po(0k) = J,2" Pa(Ok+1)Po(Oks1)P(Orcs110k) Ak

Pu(ck) = 7™ pr(0k)po(0k) fi(Ck, Ox) dbk
The optimal SP algorithm is unfeasible

e
K
[]

P(Or—110r—2) P(Okl6r—1) P(Orr1|Or)

©

\Q(ekﬂ
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Canonical Distributions

@ We represent the pdfs, which are the messages sent or received from
nodes representing the channel parameters, with given canonical pdfs,
described by some parameters

@ This representation can be exact or, more often, involve some
approximate assumptions

@ As an example, we could assume that these messages are Gaussian
pdfs which can be completely specified by their mean and variance

@ Hence, the SP algorithm has just to forward the parameters of the
distribution

@ Quantization-based algorithm, Fourier-based algorithm and Tikhonov
algorithm
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Quantization of the Channel Pa%r%

WEANNNE
%
"

W

@ If we quantize the channel parameters, we may consider the factor
graph representing the joint APP P(c, 8|r) (Worthen-Stark, IEEE Trans.
Inf. Theory Feb. 2001)

@ The application of the SP algorithm to this factor graph allows us to
compute the desired marginal APPs P(ck|r) and the collateral ones
P(0k|r)

@ From a point of view of the involved approximation, in this case we have
the quantization of in general continuous channel parameters and their
statistics

@ This approach becomes optimal (in the sense that it approaches the
performance of the exact SP algorithm) for a sufficiently large number
of quantization levels, at the expenses of an increased computational
complexity

@ As an example, for M-PSK signals, L = 8 M quantization levels are
sufficient
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Quantization (contd)

@ In the case of the Wiener model

P(c,0]r) o x(c)P(6)p(r|c,)

o< x(¢)P(6o) [ P(OkIOk—1) T ] f(cx, )
k=1 k=0

where ;
i0) 12
fk(Ck,Qk) :exp{—?\rk—cke’ k| }

@ The pmf P(0k|0k—+1) is related to the quantized distribution of the
increment Ag:
P(0k|0k—1) = Pa(0k — Ok—1)

@ As an example, for oa < 1

1-0% (L) forac=0
PA(AK){ % (£)2 for A = +2¢
2 \2rn k= =+

(discrete random walk approximation)
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Quantization (contd)

Code constraints, x(c)

sl 1oal ] al ] s Al ] sl ]
JONLIONT ORLIONLION®)

. b

P(0o)  P(0u[60)  P(0s01)  P(05]05)  P(0a]03)  P(05]04)

@ Corresponding FG
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Quantization (contd)

@ Omitting the esplicit reference to the current
iteration

Q) anQ)

pu(ck)de(Ck) @ k(€)= > e f(ck = ¢,2nl/L)Py(ck = ©)

(=0,1,...,L-1
fk[j fk-+1[j

Lnk(é) o Pf,k(f) = Zﬁ‘r_:::) Pf‘k,1(m)7]k,1(m)PA (ZWFTm)

Pox(0) = Zﬁ:o Po,k+1 (M1 (m)Pa (2m ™)

Pu(ck) = Y520 Pri(€)Pox(€)f(ck, 2wt /L)

P(0r-1|0r-2) P(0x]0k—1) P(Or41/01)
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Fourier-Based Algorithm

Code constraints, x(c @ py(bk) = ZCGC Pqa(ck = c)fk(ck = ¢, 0k)

CB é qmé @ pi(6k) = [,7 Pa(Ok—1)Pr(Bk—1)P(Ok|Ok—1) dBk—1

Pu(cx) T Pd(Ck)

5[ 807 sl ]

lpd(%) @ Py(ck) = fozw Pr(Ok)Po(0k ) fi (Ck, Ok ) db

@ Po(0k) = fy°™ Pa(Bks1)Po(Oks1)P(Ok+1]0k) Ak

e
K
[]

P(Or—110r—2) P(Okl6r—1) P(Orr1|Or)

© )0 All these pdfs are periodic in 6, with period 27.
\'Jb\k“ Hence, they can be expanded in Fourier series
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Fourier-Based Algorithm (contd)

@ It is possible to show that ps(0x) can be expressed as
pa(0x) = Z Aff)e/wk
l=—0o0
having defined
ZP" ‘22 21, (\’kHC\) e to(ke™)
2
ceC 7

where I,(x) is the modified Bessel function of the first kind of order ¢
and for a complex number z, ¢(z) = arg(z)

@ For M-PSK signals, the expression of coefficients AEf), simplifies to

AE(Z) e*/[¢5 01 (lrk|) Z'Dd

ceC
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Fourier-Based Algorithm (contd)

@ We define Bﬁl,z and Bff,)( as the Fourier coefficients of pdfs ps(6«) and
Po(0k), i.e

= > B (o) = > By

L=—o00 l=—o00

@ The integral recursive equation for ps(0x) becomes

B, i(on) Z Ak 1 fk 1 DI’(UA)[AK 1®Bfk N

m=—oo
where ® denotes convolution between sequences and
o2 02
D[(O’A) = e’AT
@ The starting condition is B, o = 9(¢), where §(¢) denotes the Kronecker
delta

@ Similarly, to compute coefficients {Bfff(}, we have the following
backward recursion:

B[()e[)( - DE(JA)[ASQ1 ® Bt(f,iﬁ]

’
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Fourier-Based Algorithm (contd)

@ Finally
RINES 0 pinemy (Irlok ) Jnotrect
Pu(ck) =e 27 {mz Bﬁrz) n; Bgnk m)In (T) elﬂ¢(rkck)

@ In general, a reduced number N of coefficients must be taken into
account

@ For a binary modulation format, this algorithm has practically the same
complexity of the quantization-based algorithm

@ For a modulation format characterized by a more dense constellation,
if for the quantization-based algorithm the optimal number of
quantization levels, and thus the complexity, must be increased, the
number N of considered Fourier coefficients in this new algorithm
remains practically the same
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Tikhonov Algorithm

@ [s it possible to substantially reduce the complexity?

Code constraints, x(c

CB é é @ pu(bk) = Zcec Pa(ck = c)fc(ck = ¢, 0k)

P(Ck de(ck) o pf(ek) = f027r pd(0k71)pf(9k71)p(€k‘9k71)d9k71

fa ] al ] gl ® Do(0k) = f;7 Pa(Brci)Po(Brs)P(Bks16k) B
Orv1

lpd((’k)
011 (7
"0 Q8D
--Tpf(ﬁ’kq Tpf(@c)
[ ]

P(Or-110k-2) P(Ok|Ok—1) D(Ors1|0r)

Pu(ck) = Jo™ pr(0x)po(0x)i(Ci, Ox) dbi
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If the messages Py(ck) were the exact a posteriori probabilities of the
code symbols, it would be py(0x) = p(rk|6k)

The pdf ps(0x) is a linear combination of Gaussian pdf

This pdf will be approximated with a single Gaussian pdf with the same
mean and variance (approximation based on the first and second
moment matching)

From direct calculation
E{rok} = ax€® | var{r|6x} =20 + Bk — |ow|?
where

ak=Y cPy(ck=c) , Bi=_|clPs(ck =c)
ceC ceC
Hence

| — /% |2 Re[rcak e_jek]
N L Sll7 ol 2 s
pal6i) exp{ 202 + i — [ | = TP 17202 + B — Jou P

ITARN
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Tikhonov Algorithm (contd)

@ Substituting this approximation in the recursive integral equations for
pr(0x) and py(0x), we find that these pdfs may be expressed as
(Tikhonov distribution)

pr(6x) o exp{Re[ar ke "1}, po(6k) o exp{Re[ap e ]}

and
ar k L
a0 KT e By o1 2
f.k = 1+02 2 P k—10f_4
A [Fk=1 T 20T B a1 P
Tt 100
a o Ml Tke1
- bkt 202+ By 1 —|akq)?
apk =

T4 O 4

1+Uqa + 25 KL
A | 9Dk 2024 By 1 —lagp|?

@ The solution of the integral equations is exact for oo = 0 and involves a
very good approximation in the case of a time-varying channel phase =
in practice, the only approximation is that on pg(6«)
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Tikhonov Algorithm (contd)

@ Finally,

)

I’ka
af,k + ab,k + ?

|ck[?
Py(ck) xexpq — 552 Io

Hence

Pys(ck) = (ok,Bk) (mean and mean square value)
(ak, k) = ark,apbx (forw. and back. recursions)

arx,apk = Pu(ck) (probability update)
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System Model: Flat-Fading Chaﬁ%%% %

@ Flat fading channel:
re = hxck + ng

where {hx} is a sequence of zero-mean complex Gaussian random
variables with autocorrelation sequence E{hxh;_,} = Jo(2nfpTn),
where fp T is the normalized Doppler rate

@ The fading process is approximated as AR(n):
n—1
hxy1 = Z pitk—i + vk
i=0

where vy is a complex white Gaussian process and coefficients p; can
be computed from the fading autocorrelation sequence

@ Example: AR(1)
hk = phk—1 + vk

where p = Jy(27fp T) and vk has a variance 1 — p?
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Overall Factor Graph

@ The joint a posteriori distribution of symbols and unknown parameters
may be expressed as

p(c,hir) o< p(ric, h)x(c)p(h)

N—1 N—1
= x(e)p(ho) [ p(rxlce, h) TT p(hxlhi—1)
k=0 k=1
N—1 N—1
X X(C)p(ho fk Ck hk H pP hk|hk 1
k=0 k=1
where
1
fk(Ck-,hk) = eXp{—T‘sz—Ckhk‘z}
— - 1—
1 _ V’k*hkzw\z
— - 1—
P(hic| A1) - pg)e ’

Giulio Colavolpe

89/111 On the applications of factor graphs and the sum-product algorithm to detection and decoding



Introduction PA  Applications Concl

Overall Factor Graph contd)

Code constraints, y(c)

mcj//:;;//;<> q<>\\:é;\\lt>

sl 1Al el ] sl ] Al ] sl

W) w0 B(Y ) W) O

[ ]

p(ho)  p(lalho)  p(helha)  p(halha)  p(halhs)  p(hs|ha)

@ Corresponding FG
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OveraII Factor Graph (contd)

@ Omitting the esplicit reference
Code constraints, x(c) ‘ to the current iteration

(5 é Ck+1a> @ po(hk) = cec Palck = ¢)fk(ck = ¢, h)

Py(cr) HP,J(ck

] L] ad ]

lpd(hk) @ po(h) = [ [ Pa(hics1)Po(Pic1)P(Picr 1| hic) dicia

® pr(h) = [ [ Pa(hk—1)Pr(hi—1)p(hic| Pic—1) dhi—1

@ Pu(ck) = [ [ pr(he)po(hi)fx(ck, hi) dhy

e O
,\pb\(hkﬂ)

& @ The optimal SP algorithm is unfeasible

p(hi—1lhi—2) p(hilhi—1) p(hisilhy)
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Kalman Smoother

@ The pdf ps(hx) is a linear combination of Gaussian pdf

@ This pdf will be approximated with a single Gaussian pdf with the same
mean

@ From direct calculation
E{fk|hk} = Ozkhk

where
ax = Z cPa(ck = ¢)
ceC
Hence )
|I’k — akhk\
pa(hk) ~ exp {—T
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Kalman Smoother (contd)

@ Substituting this approximation in the recursive integral equations for
pr(hk) and py(hi), we find that these pdfs are still Gaussian pdfs.
Therefore, the problem reduces the propagation of their means and
variances

@ By using the following properties of Gaussian pdfs
2
(9c(A X, x) = g exp{—5))

S 24 PP
c (A1, 21, X)g9c (A2, X2, X c A As, X
9e(Ar, B4, X)ge (A, 22,X) o g <z1+22 1+Z1+22 D )

/QC(AhZ«,X)Qc(AzX-, Yo, y)dx o gc <A1A2,22 + IAz\ZZn}/)

we obtain the following forward and backward recursions
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Kalman Smoother (contd)

@ Forward recursion

> kk—1 0t
Mk = Mgk + 53 — QM| k—1
\ | \Oék|22k\k |+ 202 ( | )
252
2 K|k

—_— Y ik
|ak[2Xkk—1 + 202 klk=1

Miky1)k

PMkk 2k = pzzk\k +1—/°

for k =0,..., N — 1, with initial conditions ¥o_1 = 1 and mg_y =0
@ Backward recursion

Hklk = Hklk+1 + Lﬂak (fk - Oékuk|k+1)
|k 2=k k1 + 202
_ 20° _
=k|k m:k\kﬂ
Hk—1]k Pl K Skak =Pk +1—p°
fork =N —1,...,0, with initial conditions =Zy_4;y = 1 and pun—_1 v = 0.

e applications of factor graphs and the sum-pro
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Kalman Smoother (contd)

@ Finally, for each k we obtain

Zk|k+1 2 k|k—1
my = —————=—M

= k| k+1
2 klk—1 + =k|k+1

2 kjk—1 + Zk|k+1
2 k| k=1 =k|k+1
Zk - - . -
2 klk—1 + Zk|k+1
and

Pu(Ck) xX Jc <kak,20'2 + ‘Ck‘zzk, I’k>
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Numerical Results (1)

@ (3,6)-regular LDPC code

10 —— known phase with codewords of length
—&— Tikhonov 4000
—®&— Kalman

Wiener model iterations of the SP
Op= 6 deg. algorithm on the overall
graph

T — @ BPSK modulation
?\-\ ESA model @ Maximum of 200

BER

1073

@ A pilot symbol every 19
code bits to avoid

% ambiguity = increase in

the required SNR of

0.223 dB

10

107
25 3
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Numerical Results (2) SPADR. %\}\\}\{%

10°
—+— known phase
—H8— Tikhonov, 1/20
—©&— Tikhonov, 20/400
10—1 - o —&— Kalman, 1/20 1
\‘i\k \‘\‘\ —&— Kalman, 20/400
102 \g \ @ Same code, modulation
o el format, and number of
A e pilots
107
-4
10 %
10”° x
1 1.5 2 2.5 3
Ey/Ny
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Numerical Results (3)

BER

103

107
1070

1077

—©— known phase
—— Tikhonov

—@— Kalma

!

P L
roH
I

DVB-S2 phase model
DVB-S2 LDPC codes

Maximum of 50 iterations
of the SP algorithm
on the overall graph

Pilot distribution
of the DVB-S2 standard
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Numerical Results (4)

@ Fading channel with
foT =102

10° @ (3,6)-regular LDPC code
éﬁi B—o8 % with codewords of length

107! S o8 ‘ 4000

B\S\& \SL classical

, 5’2\%& proposed @ BPSK modulation

10 % %\ @ Maximum of 200

1673 %\ iterations

a7

m .

M % \\ of the SP algorithm
1074 ? on the overall graph

perfect CSI @ A pilot symbol every 19
10—5 | .—&— Kalman filter, AR(1) code bits to avoid
—o— Kalman filter, AR(2) ambiguity
10—6 —a— Kglman ﬁlter,‘ARMA(l,l) N inF:rease in the
3 4 5 6 7 8 required

E/N, SNR of 0.223 dB
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Outline

e Applications

@ Linear Modulations over Linear Channels
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Linear modulations over linear CWI

@ We consider linear modulations over linear channels impaired by AWGN
@ The relationship between the transmitted sequence a = [c1, Co, . . ., cN]T
and the received sequence r = [ry, 12, .. ., rK]T can be written as
r=Hc+w
where w = [wy, wa, ..., wx]" are i.i.d. zero-mean Gaussian random
variables, while H is a matrix with K rows and N columns

@ We consider MAP symbol detection of the symbols ¢, that requires the
evaluation of the APPs P(cx|r)

@ To be used in iterative detection/decoding schemes
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Examples of Channels

@ Channels with known ISI: the model holds with N = K and

oo fmen for0<m-n<lL
™0 otherwise

{f,}5_, the discrete-time channel impulse response after WMF

@ CDMA systems (only one symbol epoch): the matrix H includes the
spreading sequence of the users and the related powers. N is the
number of users and K is the length of the spreading sequences

@ Multiple-antenna channels (only one symbol epoch): K and N represent
the number of receive and transmit antennas, whereas the entries of
matrix H are the channel coefficients.

@ OFDM systems with ICI: the matrix H is a square matrix where the
entry Hn » describes the ICI between the m-th and n-th subcarriers

@ Spectrally-efficient FDM systems (systems with both ISI and ICI)

@ Other multidimensional ISI channels (storage systems with
bidimensional 1SI)
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Literature Review

The literature addressing suboptimal soft-input soft-output (SISO)
detection algorithms for applications that can be led to the mentioned
system model is huge. Most papers address only one of these
applications at a time

Optimal MAP symbol detection can be performed with a complexity
which increases exponentially with the number of interferers

The most famous paper is that by Wang & Poor (Gaussian
approximation of the interference) addressing multiuser detection for
CDMA systems. It has then be extended to MIMO, ISI channels, FDM
systems with ICI. The resulting algorithms have a complexity which
increases quadratically with the number of interferers
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New Algorithm for MAP Symbol Bgﬁe AN

The conditional pdf of the received sequence y given the modulation

symbols ¢ is
ly — He|?
p(ylc) o« exp (f 552

If we define
x =H"y, G=H"H

2Re{c"x} — c"Gc
p(v\°)o<exp< o Qiz )

X is an equivalent sufficient statistic for MAP detection
We call y and x as Forney and Ungerboeck observation models.

x =H"(Hc + w) = Gc + ¢
Xn = Gn,nCn + Z Gn,mcm + Nn
m#n

When G is not diagonal, the computation of the target APPs has a complexity
that grows exponentially with the number of interferers
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Proposed Graph-Based Detechggg%h%o

Novel framework for SISO detection algorithm, obtained by using the FG/SPA -
framework.

N
P(cly) < P(c)p(yle) < || [Pn(cn To(co) ] Fom cn,cm)}
n=1 m<n
'}

Three sections of the FG, for the case when interference between ¢, and cp,
arises only if |/m—n| € {1,2}

Ta(cn) = exp {lz {ch; -

Fnm(Cn, Cm) = exp {,%Re {Gn,mcmc,ﬁ}}
g
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Numerical Results: CDMA Systggk?ﬂ %A AN

LN
(\\Sz&

CDMA system with N = 4 synchronous users and SNR = 1.35 dB

Constant cross-correlation of the spreading sequences,
Gn.m/Gnn=7€(0,1)

100 —— Optimal
- sic1 4 ’ - rate-1/2 CC with
! e ’ ¥ generators
% PS-SPA.optim. H (237 35)8, a
102 ] BPSK modulation
& ® Ji “ / - randomly-
= 107 ; generated bit
interleaver of
4 * length 256 bits
10 . .
. J— } - 15 iterations
S - between detector
00 01 02 03 04 05 06 07 08 09 10 and decoder

h
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Numerical Results: FDM Systerg 2 |

NATANRNEA

FDM systems with U = 3 synchronous users for different normalized
channel spacings FT = |f) — (=0T

10°
[ S— . - rate-1/2 CC with
o e generators
(23,35)g, a
102 8-PSK
modulation
i@ 107 - randomly-
AT e > generated bit
10 - PS-SPA FT=0.55 :
—B— SIC 1 FT=055 \ interleaver of
5 B SIC2FT=055 . lenght 512
10 ~®- PS-SPA FT=0.5
—e— SIC1FI=05 \\' - 10 iterations
106 [=2SIC2IT=0 between detector
2 4 6 8 10 12 and decoders

SNR [dB]
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Numerical Results: ISl Channelﬁm %\}\\\\}?\;

Two channels with (L = 12)

The optimal BCJR algorithm works on a trellis with 4096 states when a binary
modulation is considered

e o~
\ \ - Outer rate-1/2
LDPC decoder

& - FTN (RRC with
m —B— SS-SPA-R (L;=5) a=0.1 and

B PS-SPAR (L =5)

- PSVSPA(LE:S) T =0.78)

—8— FBA (4096 states) .

—e— SS-SPAR (L= 12) - Magnetic channel

@ SS-SPA-R (Lg=3) with D = 3

@ SS-SPA (Ly=12)

—@— FBA (4096 states)

2 -15 -1 -0.5 0 0.5 1 1.5 2
SNR [dB]
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Outline

e Conclusions
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Conclusion

@ Factor graphs provide a natural graphical description of the factorization
of a global function into a product of local functions

@ Factor graphs can be applied in a wide range of application areas (from
communications and signal processing to neural networks)

@ The sum-product algorithm represents a general method to marginalize
the global function

@ Some applications to communications have been shown

@ This framework can be successful applied to other communication
problems: the work has just started!
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