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Consider the platoon in the
figure. Model the i-th vehicle as
(i = 1, . . . , N):

ṙi(t) = vi(t),
v̇i(t) =

1
Mi

ui(t).

Assumption. Constant velocity for the leader ṙ0(t) = v0, v̇0 = 0.

Problem formulation. Find the control policies ui(t), i = 1, . . . , N
such that the following consensus positions and velocities are reached
and maintained.

ri(t) → 1
di

{
N∑
j=0

aij · (rj(t) + dij)

}

vi(t) → v0.

with di =
∑N

j=0 aij
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Consider the following distributed, state feedback control policy

ui =− b [vi (t)− v0] +
1

di

N∑

j=0

kijaij
[
hijv0 + dstij

]

− 1

di

N∑

j=0

kijaij [ri (t)− rj (t− τij (t))− τij (t) v0],

where,

kij and b are control gains,

τij(t) and τi0(t) are the time-varying communication delays when
information is transmitted to vehicle i from its neighbor j and
leader, respectively.

Assumption. The delay τij(t) is assumed to be bounded and
measurable.
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Define the following position and velocity errors with respect to the
reference signals r0(t), v0 (i = 1, . . . , N)

r̄i(t) = (ri(t)− r0(t)− hi0v0 − dsti0),
v̄i(t) = (vi(t)− v0).

r̄(t) = [r̄1(t), . . . , r̄i(t) . . . , r̄N (t)]
⊤
,

v̄(t) = [v̄1(t), . . . , v̄i(t) . . . , v̄N (t)]
⊤
.

Rewrite the control policy as

ui (t) =−bv̄i − 1
di
ki0ai0r̄i(t)+

− 1
di

N∑
j=1

kijaij [r̄i (t)− r̄j (t− τij (t))].

For the i-th vehicle, the resulting closed-loop dynamics are





˙̄ri(t) = v̄i(t),

Mi ˙̄vi(t) = − 1
di
(ki0ai0 +

N∑
j=1

kijaij)r̄i(t)− bv̄i (t)

+ 1
di

N∑
j=1

kijaij [r̄j (t− τij (t))].
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Define state vector as x̄ (t) =
[
r̄⊤ (t) v̄⊤ (t)

]⊤
and τp(t),

p = 1, 2, ...,m, with m ≤ N(N − 1) as an element of the sequence of
time-delays {τij(t) : i, j = 1, 2, ..., N, i 6= j)}

The closed loop dynamics of the whole vehicular network can be
written as

˙̄x (t) = A0x̄ (t) +

m∑

p=1

Apx̄ (t− τp (t)) ,

where

A0 =

[
0N×N IN×N

−MK̃ −MB̃

]
, Ap =

[
0N×N 0N×N

MK̃p 0N×N

]
,

M = diag
{

1
M1

, . . . , 1
MN

}
∈ R

N×N , B̃ = diag{b, . . . , b} ∈ R
N×N ,

K̃ = diag
{
k̃11, . . . , k̃NN

}
∈ R

N×N , k̃ii =
1

di

N∑

j=0

kijaij
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Let’s start from the closed loop dynamics of the network

˙̄x (t) = A0x̄ (t) +

m∑

p=1

Apx̄ (t− τp (t)) .

From the Leibniz-Newton formula

x̄ (t− τp(t)) = x̄ (t)−
∫ 0

−τp(t)

˙̄x (t+ s) ds.

Hence, the closed-loop dynamics can be written as

˙̄x (t) = A0x̄ (t) +
m∑

p=1

Apx̄ (t)+

−
m∑

p=1

m∑

q=0

ApAq

∫ 0

−τp(t)

x̄ (t+ s− τq (t+ s)) ds.
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More compactly,

˙̄x (t) = F x̄ (t)−
m∑

p=1

Cp

∫ 0

−τp(t)

x̄ (t+ s) ds

where

Cp = ApA0 =

[
0N×N 0N×N

0N×N MK̃p

]
,

and

F = A0 +

m∑

p=1

Ap =

[
0N×N IN×N

−MK̂ −MB̃

]
,

with

K̂ = −
m∑

p=1

K̃p + K̃.
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Recall the expression of

K̂ = −
m∑

p=1

K̃p + K̃.

and the control policy

ui (t) =−bv̄i −
1

di
ki0ai0 r̄i(t)+

− 1
di

N∑
j=1

kijaij [r̄i (t)− r̄j (t− τij (t))].

Lemma

Supposing ki =
ki0ai0

di
≥ 0 (i = 1, . . . , N), the matrix K̂ is positive

stable if and only if node 0 is globally reachable in G.

What does this mean? node 0 is globally reachable in G if there is a
path in G from every node i in G to node 0
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Lemma

The matrix F in

F = A0 +

m∑

p=1

Ap =

[
0N×N IN×N

−MK̂ −MB̃

]
,

is Hurwitz stable if and only if K̂M = MK̂ is positive stable and

b > max
i

{
|Im(µi)|√
Re(µi)

Mi

}

where µi is the i-th eigenvalue of K̂M (i = 1, . . . , N).
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Theorem

The closed-loop vehicular network with time-varying delays

˙̄x (t) = A0x̄ (t) +
m∑

p=1

Apx̄ (t− τp (t)) ,

with the kij > 0 and b in

ui (t) =−bv̄i −
1

di
ki0ai0r̄i(t)−

1

di

N∑

j=1

kijaij [r̄i (t)− r̄j (t− τij (t))].

such that b > b⋆ = max
i

{
|Im(µi)|√

Re(µi)
Mi

}
. Then, if and only if node 0 is

globally reachable in G, there exists a constant τ⋆ > 0 such that, when
0 ≤ τp(t) ≤ τ < τ⋆ (p = 1, . . . ,m),

lim
t→∞

x(t) = 0.
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Introduce a switching signal

σ(t) : [0,∞) → φΓ = {1, 2, . . . , G},

with Γ = {G1,G2, . . . ,GG} a finite collection of graphs with a common
node set V

Rewrite the closed-loop vehicular network as a switched time-delayed
system:

˙̄x (t) = A0,σx̄ (t) +
m∑

p=1

Ap,σx̄ (t− τp (t)) ,

where

A0,σ =

[
0N×N IN×N

−MK̃σ −MB̃

]
, Ap,σ =

[
0N×N 0N×N

MK̃p,σ 0N×N

]
.
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Lemma

Let I = {i|ki0ai0 > 0, i ∈ VN}. Assume that

N∑
j=1

kijaij ≥
N∑
j=1

kjiaji, i 6∈ I, i ∈ VN ;

2ki0ai0 +
N∑
j=1

kijaij >
N∑
j=1

kjiaji, i ∈ I;

and that vertex 0 is globally reachable in Gσ.
Then Hσ +H⊤

σ = (hij)N×N with Hσ = MK̂σ is positive definite.
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Theorem

Assume that Gσ ∈ Γ fulfills the hypotheses of the previous Lemma.
Consider the closed-loop system

˙̄x (t) = A0,σx̄ (t) +

m∑

p=1

Ap,σx̄ (t− τp (t)) ,

formed with

ui (t) =−bv̄i −
1

di
ki0ai0r̄i(t)−

1

di

N∑

j=1

kijaij [r̄i (t)− r̄j (t− τij (t))],

with kij > 0 and b such that b > b⋆1 =
{

µ̂

2λ̂
+ 1

}
Mi, with

µ̂ = maxσ{λmax(HσH
⊤
σ )} and λ̂ = minσ{λmin(Hσ +H⊤

σ )}.
Then, there exists a constant τ⋆1 > 0 such that, when
0 ≤ τp(t) ≤ τ < τ⋆1 (p = 1, . . . ,m), the origin is globally asymptotically
stable.
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