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1V. CoNcrLusions

It is shown that by shifting the imaginary axis by an infinitesimally
small amount in either direction, the number of roots on the imaginary
axis and RHP can be correctly determined. The main advantage is that
it avoids finding the common factor between the even and odd parts of a
polynomial which must be done if the correct root distribution is to be
ascertained. The transformation suggested is simple and easy to apply.
Thus it is demonstrated that correct Toot distribution can be obtaimed
from the Routh's array itseli even in respect of singular cases in a most
direct and straightforward way. Therefore the transformation renders the
Routh's procedure valid for determining the root distribution, inclusive
of the roots on the imaginary axis, of any polynomial.
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A Controllability Criterion for Continuous
Linear Time-Invariant Systems

ETTORE FCRNASINI anp ANTONIO LEPSCHY
Abstract— A controllability criterion is suggested referring to the nu-
merator coefficients of the input /state transfer functions. The criterion is
comparable to the usual cne from a computational point of view, and it

seems to be vseful from a didactic point of view because ii can be proved
in 2 very simple way.

Let us consider a linear, time invariant, n-dimensional, strictly proper,
one-input-one-output system

x=Ax+ Bu

y=Cx,  xT=(x;,%5 ", x,)
The input/state transfer function is therefore
W(s)=(si—A)"'B

and its components W,(s) = X.(5)/ U(5) (x,(0)=0) assume the form

n—1 )
2 Pys}

W) 2
1Y et(sI— A)

where the numerator coefficients p, are obtained from 4 and B; the
computation procedure can be easily implemented on an electronic
computer.

The state space is not completely controllable (or reachable) if and
only if there cxists a nonzero constant vector K such that

K7x=0, KT=(k.ky.-+,k,)

whatever the value of state vector x at any given time ¢ >0, if we assume
x(0)=0.
This condition holds also if we consider x as a function of time;
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therefore, it can be presented in terms of L-transforms:

Py s/

0=KTX (s)=KT U(s)/det(s] — A).

4
Pnj 5

This equation has to hold for each U(s) and for each s; consequently,
the linear equation set

2kp,=0, i=12-,n

exhibits only the trivial solution if and only if the system is completely
controllable.

In conclusion, the complete controllability (reachability) condition can
be presented in the form

rank(p,) =n.

This condition is obviously independent of the choice of the basis in the
state space and could be extended to the multiinput case.

From a computational point of view, the suggested criterion seems to
be comparable! to the usual one:

rank(B, 4B, -, A" 'B)=n.

Its proof, however, is very simple and it is based on an intuitive notion
of controllability (that is. on the fact that the input can modify each state
vector component, independently from the other ones).

The suggested criterion, therefore, seems to be useful from a didactic
point of view.

IFor some canonical forms (e.g., with a companion 4 matrix) the computation of the
matnix (p.) is not so cimbersome as that of matrix (B. A8, -~ A"=1B); in other words,
each p, is'a function of the elements of 4 and B “simpler” than those corresponding to
the elements of ihe usually considered controllability matnx.

Observing the States of Systems
with Unmeasurable Distuybances

SHIH-HO WANG, E. J. DAVISON, anp PETER DORATO

Abstract—In order to estimate the state of a lincar time-Invariant
multivariable system by using a Luenberger observer, it is gencrally
assumed that all system inputs are measurable. This correspondence
presents a simple and useful procedure for the construciion of minimal-
order state estimators for systems with unmeasurable disturbances,

In order to estimate the state of a system by using a Luenberger
abserver {1}, it is generally assumed that ali system inputs are measur-
able. For systems with some unmeasurable inputs, Hostetter and Me-
ditch [2] have considered this problem by assuming that the unmeasur-
able disturbances satisfy a given censtant coefficient differential equa-
tion. Then they are able to build a Luenberger observer for the system
augmented by the differential equation generating the unmeasurable
disturbances. A deeper investigation of this problem has been made by
Basile and Marro {3] and Guidorzi and Marro [4]. Without any knowl-
edge of the disturbances, they have derived some necessary and
sufficient conditions for the existence of observers for systems with
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