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A New Approach to Linear Filtering
and Prediction Problems'

R. E. KALMAN

Research Institute for Advanced Study,?
Baltimore, Md.

The classical filtering and prediction problem is re-examined using the Bode-
Shannon representation of random processes and the “state transition” method of

analysis of dynanic systems. New results are:
(1) The formulation and methods of solution of the problem apply without modifica-
lion o stationary and nonstationary statistics and o growing-memory and infinite-

memory filters.

(2) A nonlinear difference (or differential) equation is derived for the covariance

matrix of the optimal estimation error.

From the solution of this equation the co-

efficients of the difference (or differential) equation of the optimal linear filter are ob-
tained withowt further calculations.

(3) The filtering problem is shown to be the dual of the noise-free regulator problem.

The new method developed here is applied to two well-known problems, confirming
and extending earlier resulls.

The discussion is largely self-contained and proceeds from first principles; basic
concepis of the theory of random processes are reviewed in the Appendix.

Introduction

Ax IMPORTANT class of theoretical and practical
problems in communication and control is of a statistical nature.
Such problems are: (i) Prediction of random signals; (i) separa-
tion of random signals from random noise; (iii) detection of
signals of known form (pulses, sinusoids) in the presence of
random noise.

In his pioneering work, Wiener |1]* showed that problems (i)
and (ii) lead to the so-called Wiener-Hopf integral equation; he
also gave a method (spectral factorization) for the solution of this
integral cquation in the practically important special case of
stationary slalistics and rational spectra.

Many extensions and generalizations followed Wiener’s basic
work. Zadeh and Ragazzini solved the finite-memory case [2].
Concurrently and independently of Bode and Shannon [3], they
also gave a simplified method |2] of solution. Booton discussed
the nonstationary Wiener-Hopf equation [4]. These results are
now in standard texts [5-6]. A somewhat different approach along
these main lines has been given recently by Darlington [7]. For
extensions to sampled signals. see, e.g.. Franklin [8], Lees [9].
Another approach based on the eigenfunctions of the Wicner-
Hopf equation (which applies also to nonstationary problems
whereas the preceding methods in general don't), has been
pioncered by Davis [10] and applied by many others, e.g.,
Shinbrot [11], Blum |12], Pugachev [13], Solodovnikov [14].

In all these works, the objective is to obtain the specification of
a lincar dynamic system (Wiener filter) which accomplishes the
prediction, separation, or detection of a random signal *

! This research was supported in part by the U, S. Air Force Office of
Scientific Research under Contract AF 49 (638)-382.

27212 Bellona Ave.

3 Numbers in brackets designate References at end of paper.

4 Of course. in general these tasks may be done better by nonlinear
filters. At present, however, little or nothing is known about how 1o obtain
(both theoretically and practically) these nonlinear (ilters.

Contributed by the Instruments and Regulators Division and presented
at the Instruments and Regulators Conference, March 29- April 2, 1939,
of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS.

Note: Statements and opinions advanced in papers are to be understood
as individual expressions of their authors and not those of the Society.
Manuscript received at ASME Headquarters, February 24, 1959, Paper
No. 59—IRD-11.

Present methods for solving the Wiener problem are subject (o
a number of limitations which seriously curtail their practical
usefulness:

(1) The optimal filter is specilied by its impulse response. It is
not a simple task to synthesize the filter from such data.

(2) Numerical determination of the optimal impulse response is
often quite involved and poorly suited to machine computation.
The situation gets rapidly worse with increasing complexity of
the problem.

(3) Important gencralizations (c.g.. growing-memory filters.
nonstationary prediction) require new derivations, [requently of
considerable difficulty to the nonspecialist.

(4) The mathematics of the derivations arc not transparent.
Fundamental assumptions and their consequences tend to be
obscured.

This paper introduces a new look at this whole assemblage of
problems, sidestepping the difficulties just mentioned. The
following are the highlights of the paper:

(5) Optimal  Estimates uand  Orthogonal  Projections. The
Wiener problem is approached from the point of view of condi-
tional distributions and expectations. [n this way, basic facts of
the Wicner theory are quickly obtained; the scope of the results
and the fundamental assumptions appear clearly. It is seen that all
statistical calculations and results are based on first and second
order averages; no other statistical data are needed. Thus
difficulty (4) is eliminated. This method is well known in
probability theory (see pp. 75-78 and 148-155 of Doob [15] and
pp. 435-464 of Lotve [16]) but has not yet been used extensively
in engineering.

(6) Models for Random Processes. Following, in particular,
Bode and Shannon |3]. arbitrary random signals are represented
(up to second order average statistical propertics) as the output of
a lincar dynamic system excited by independent or uncorrelated
random signals (“white noise™). This is a standard trick in the
engineering applications of the Wiener theory |2-7]. The
approach taken here differs from the conventional one only in the
way in which linear dynamic systems are described. We shall
emphasize the concepts of state and state transition; in other
words, linear systems will be specified by systems of first-order
difference (or differential) equations. This poinl ol view is

trransactions of the ASME-Journal of Basic Engineering, 82 (Series D): 35-45. Copyright © 1960 by ASME
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COURSE OUTLINE

Overview of probability theory
Static Bayesian estimation
On-line estimation: Wiener filter
On-line estimation: Kalman filter

Static Bayesian estimation using rejection sampling
and MCMC

Nonlinear filtering and prediction: particle filters



COURSE OUTLINE

- Overview of probability theory

- Static Bayesian estimation

- On-line estimation: Wiener filter
- On-line estimation: Kalman filter

- Static Bayesian estimation using rejection sampling
and MCMC

Nonlinear filtering and prediction: particle filters

EXAMINATION (two hours)

- Exercise on Static Bayesian Estimation (SBE)
and on Kalman Filter (KF): 4 parts, 20 points overall,
minimum 11 points are required

- Theoretical questions on SBE and KF (convergence
theorem), MCMC and partlcle ﬁlters 2 parts,
11 points overall, minimum 7 points are required

- It 1s mandatory for any student to register in the
examination list within the deadline
(typically one week before the examination date), no
exception to this rule



UNIVERSITA

DEGLI STUDI Uniweb

DI PADOVA

# » Appelli d'esame » Visualizza appelli
Visualizza appelli

Appelli di: ESTIMATION AND FILTERING [INQ0091318] visualizza dettagli >>

CONTROL SYSTEMS ENGINEERING [IN2546] (LM)...
Elenco appelli d'esame

[INuova prova finale [INuova prova parziale Visualizza recenti v
Descrizione Data, ora e aula Numero iscritti Esiti Verbali caricati Azioni
Estimation and Filtering @ 06/09/2024 13:00 = &
Estimation and Filtering @ 10/07/2024 09:00 = &
= &

Estimation and Filtering @ 17/06/2024 09:00



SAMPLE SPACE [sET),
EVENTS (SURSETS),
PROBABILITY (SUBS >[01]\

CEXAMPLES
URN STUDENT
W,
e I'LL PASS,
¢ 0. THE EXAM
P()=%%z Plwy)= ...

(OBIECTIVE)

(SUBSECTIVE )



AXIOMS AND PROPERTIES

P(¢: ()=t

Pl LA \= 2 PAY, ANA;:= ¢
X ) c)

P(AY =1-P(R) , A= ON\A
P(AuB)=P(A)+P(B) -P(AnB)

A B

=\ P - D
INDEPENDENT &> P(AnB) = P(AIP(B)

(AB,c b <> PANR)=PNP(B),
P(AnC) = PAYP(0),
P(Bnc\=PLB)P(C),
P(ANnBA ) =PAPB ()

AB,CGD IND &> )



BAYES ROULE

P(AIR) = P(AAB) |3 5p e
P(B) THE "NEw Q"

P(BIAY = P(ANR)
P(A)

\

P(BIA) = Pl(AIB)P(B) BAYES
ROLE
P(A)

TOTAL
PIAY=P (Al )P\ +P(AIZ\P(E) PROBABILMTY

c -
¢5 /¢



EXERCISE

[ ) ° ... °
e ©
° .’ S
o
URN A URN B
AT ExXPERIMENT 1 | RANDOMLYV

DRAW A or B , P(AY= 0.5

AT EXPERIMENT 2 AND 3 | RANDOMLY
DRAW A BALL FROM THE OULRN SELECIED
AT EXPERIMENT 1. THEN ) REINSERT
THE BALL. |
THE "DATA
EXPERIMENT 2 . |17 1S KNOwWN THAT
A BLUE BALL
WwWAS SELECTED
THE QUESTION

P(s) AT EXPERIMENT 3 :?



: |

|-

R
i

—l

() = SAMPLE

" SPALE

ANDOM VECTOR

b

J'ﬂ

ol A



e
b il

ok d B o)
- A
e = i i
» el 0

e e {
] |
i L |

e

- 3 ERER

PRoBABlL‘» ny

I
! !
l ! {

‘52*1’755 N PRACTICE s NE\/ER Qm—;

BEWE NEED A Tool To COMPunE'

E»ABIL’TV 0% o EVENTS., | I —P

LET EACH R, BE CoNTwuous i

N ASSUOME AN INFINJTE NUMBE
| F VALUES) AND X EGUIPPEL
WITH A PRoBABlLll\/ DENSITY
Bl e L

o THEN WE cAN COMPUT




L

R

18 s

o -
L
‘
e

-

E

o Lo g -.tl*r.l-x

—
|
i
i
!
l
|

3¢5

AL E XAM

2
%

—
e
Ser—
S

4

IANC
L
4

|

AR

V

s

UNDAME N

G ALSSIAN

£
|

|

T_._-_‘.._ S

!
i
|
!

g#,-
|
-

=SS SN |
—t
b
!
i }
—_— +
| {
|
5
!
!
|

. VAR




LI

Sy |
S
e S |
-.:‘ - !
| {
== .
TIx |
e ] :
s ]
e !
|

i

)

-i?- st

et
l
1

B Dt
e ‘F?':{LJ"
A 1

Elipet | Eesi D) £
LR L
: ‘H* e

& P
iV

X

SOINTLY GALSSIAN |

et Gl .
PRVRANT o




P

b |

b

. oSl NGRS : |
.‘,q_;':'— l ! |

AINE

 INBEPENBENCE

% FA]
St e

RN 2 | | =
3%} INEPENBENT

DS SIAN EXAMPLE |

—

i §
S
"
&
o

3 -k e ) MR 3=
i ' ! |

i

£ _J‘.x‘.ivu:- 13

L7, NS Y b
1 ‘;',5;1‘}44;-’1‘ ¢

W |
T e O DR 8 R B
0 | e

T M 5

ol s
L ] RO e D
4 i
N -+
e e me -
b o)




- " 100 4
o . o
iy - PRS0
e { ! ]
- — — e S W L
S ] } } | ! R ar
B BF o | o SN
<, ~ | | | AR
=i riis | | g -

= SRS S T

s

[}
o TR e
- ’".‘:-c
] ;
:
.

!
¥

e T

RTE s s
T EAF X

L CALCULATIONS OF

A
“Lﬂl,ﬂf |'4|.._".‘."~‘ ’

LRSS RN AR A

EXPECTATIONS AND VARIANCE

S SESRE

e

IN GENERAL | f’i‘*ff*?ﬂ
IF X,y “SonNTL\/ GAu%WUL
E.6 IF X, INDEPENDENT

Cpla

‘T;o;X1+QrX7_1 , oo, elR




”

L.

¥

£Y
|

lqv- i’&_’ .s?

P e
LA F 1
¥ : .‘,”'%'a" )

Xy e Do
v % j’l_ L e
3 ';—n—.q g { I
v iy i
T 1 doe fl -;,,.[_

ekl - | e b

.1

|

4
— e e
’

;’T'IQ'J.LX% ¢::> Cov(xl,x] Q

e B

I
E (XL‘F%) (,

: M

' il
5( a7
! } e
aSBREREE
e,

T—‘f—’

F EN WE ASSUME | 2ERO HEHM_’;—.

.
3 i g LR

¥ 4
T
EEE

v w1
ik AL A
S hm Lol

E ’
* ‘F l

NEAR AND AFFINE mh

o p—

ns A RANDOM VECTOR
R Ty e
10 M ; J = =



I -FJ i/ ,r]
i b | b
ST L It ; o L 25 ![,__i 1 3
| COVARIANCES FROM
| LINEAR TRANSFORMATION
B %, Ly, 1T T
b ; ) _Xm P _\/r\'l ~j—=
: > AiL{ . Qr |
K", BeRTT BE
cov(xy) = 5y = E[ (x-ma)y=py
'7-;;__ B 7 v 3%




s

- - 5 & . SR O e h v
R ‘e s G-J"' , 8 TR (-
= I,q = ~ s’y T - e
) g |7

lg b 'P, SLE 550, [

;:Té_f AINB v S vae Vi
. A'LL THE EIGENVALUES ! oF L

R

s
X et
' l

}\RE > o o

B § e . -
| | *l_ pe-

\
_! -

H
|
S i { I

BIE 2= VARX, THEN 220

o
S 1 | o s
- it I’ 1 | A g | - &

| | . e Y

- } | | + 1 -4 of
I i

o e WAt EES e

¢

|

S s
¥ T

—— et

4 -
: | PR s

Ly , 5 F gk
el 2 i } - T e
N ity e, ¥ :

u i
A WAy R
I’I ‘L'l'- ‘:




FTEN A Goob MOBEL FoR

MEASUREMENTS T,

!
f :
i 1 !

B IO B B 1

L &(x\+ B e

e
|

w-ﬁERE MEEe

- !L 1S A KNOWN FUNCTJQJ}_J i
| * £¢ ARE MEASUREMENT E *
*Iﬁ:s 1$ DESCRIBED usmmr A

= | |
MGQBAB‘L'T\/ SPACE = u




S 7] _

oy
Sigets NiS e forcsio ; ' !
E-e . | Ly

4 Bt
=  SETESY SRR RSO SR P 1

‘ i |
o F

|
e

FISHLR P«PPRoACH
=g | A bE ERH-INISIJC

~ BAYES APPRoAcH
~~>—<*

-t

AoV
..I..,__lﬂl; |

L ml
% ;"--ﬂ-'f?‘mi 3

{ | .
BT i
| | y

IR Y|

1S ALso A RANDOM VEuoR
B TS viEw

t- ! ":'_v

S DSEFUL SINCE wi

CWN INCLUDE " A Prelorzu”'wr%i

).E. BEFORE SEEING {v.& N T?
é | | l?b F }'\x(x\ oF x |
£ 194—1)(\.—)"')(()(&,— X \ B

é

Wy r
o TSR B

=X}
\i i ~
L4




F-Il"

AL

| L FOR N BAYESIAN THE SoLuTIon

,,_.____r_

)S THE A POSTERIORI DENSITY

L

. FUncTioNn (POSTERIOR) THAT

DEF}NED BY THE BAYES ROLE .

TS .

POSTERIOR

JNGREDIEN TS

— .

f‘LlKELlHoob .E. THE bENsr'r":

Lr'liL-':"-
e e b4
I L4

BFE V= {ve..v. ] GiVEN %

:rE:.

10 ;. 1 f : H :‘-_.“*
- Y M P o | ' | ‘ i
= ' k. . —_ 5 { TR S St B 125 l
=) ‘ : ‘ |
z b { :

¥(‘/l><\ oR | [yl L1
X




— . . —

— ;:1 (X \*
Plyid= 1 o 2N% :
Va2 o

* PRIOR DENSITY jox(x)

BIEEAC)REMENTS | YT REALI%AT)ONS)
oF Y

« RBAYES RULE

OFTE .:’:;\EM ITTEN
S EVR R NI
FOS 1 EKKIOIL \/\'\7 (\/ )

’X\ \’\x ()

PRIoR

NOTE THAT
hy (1) = S Poxy [299) dox

FSoOINT DENSITY

1 (2] b [X) dox

JoinT DENSITY

hyly) BECOMES IUST A NOMBER
N SETTING, =t b e Lai




i Hf SR e DEsE &
a0 Bhoa 05 B B
el Sy el e 6T

TIINGL N2 N

R

l

41!-\ iqmr F/ dT,QR, ATE

-------

|
i
e
{
‘,_4.
I

|
=y

CALCULATE oLy

JT

1

. . o | | ;
o+ Q_BS RWNG IHE ME&AS»O' L

7
{

EXAMPLE

!
B!

/

\yt O (%, w) x;NﬁEPcf\g

BoTH RANBOH

VARIABLES

[v]x) SAYNG
]S NECESSARY To KNow

(BOTH W) AND P

)wLEM[ oF X DoES No‘[ |

I THE | bENS!T\/ oF w. $q
o _Jm‘:» | _“.* |

o
T

'.*'E %‘( \ el kr\kot»dM

‘T;:i T s
b AV ot 4 1B bl
bV ‘u T l j . _-._:-‘ g |_El‘
i ¥ ) ! : _~_<—'f
o | ) A “ i ] "7' - 7‘ u_« ¢
X = 53 1
&

G e



0 N TV — — - ——s
N o& ) L

y=g(w) =Sh,ly)= § bwlw)
\x/ d g (w)

g T el
: %(\S(/} O \W

NOTE | RECALL THAT IN THE ZREE

OF RANNOM VECTORS THE FoRMULLA

REMAINS coRRECT I IF o2 R™=IR™
B IR ch) - Jge
O \W W ' Lj N)

I. [ - ABSOLUTE VALUE
OF THE DETERMNANT

IF g1 IRTSIRM wiTH h<n ONE cAN
ABDD M-k gy LIKE G (W) = v

ANMD STILL UVsE THE FORMULA

EXAMPLE
e v 'R l\/(luv,crl)” BoT
AKCTOALLY NOT GAUSSIAN SINCE
Lol 15 A RANDOMI VARIABLE

L U T T kbt IEE INAERES

|

Fine J

=




W

s ven e -
el et . 5
s o] N e B P T
n_‘ e\ Y . I\ i & : & A ! ! sﬂ\ e \ |‘_

l

4 ‘{ "II'P

’mPuu

nl & & L 1 | 'V)
% ;lmi-‘h“*rf" :'L 4
ey &

T ’w ) £

/. !
Fu=%
|

aANNO

IA;'UT WE ASSOME v |o?
Y= ﬂyi--

NG MVW\

‘V\

17 l\/tlaz\
L i

E e
:

RANSOM VARIABLE
BE wbwsf{.

e e

Y

PR
LIRS S

e



LVSING B z=0® THE INVGAHMA HAS
PDF

OuR INFO ON o*

o AN EC R LR C AN BE ¢HANGEND
A58 E.G&. USING D|FFERENT

\ ¢ |

\ IF =r\{, THE PRIOR

§ IS FLAT, LESS INFO

Y\ | (B coutd ALSO
B L\ | s VARY TO
0.5 SHAPES)




X INVGAMMA (04 P .éj
2 2

NOTE THAT o — o+
2 BOTH
INCREASE
LR X _
2

€0 THE POSTERIOR | TEINDS TG
MORE (ONCENTRATED , DECAYING
FASTER To 2ER0, WITH A DIFFEREN
PEAK REGULATED ALso BY J3

IS THE POSTERIOR IN GENERAL

| ALWAYS LESS ' UNCERTAIN'
Bl | THAN THE  BPRioRr




\ A_I \B. ELV
B DEFINED AS L

~ FoLL
_’._._._ ;
A - bS(,C)RE Gl VEN BY”L
G PRoOFESSOR #4 |0

S SR

!

T

e e 1 T *_”
BT R = SCORE GIVEN BY " S
.__-_ lDROF. #2_ HM;

e DIRAL
/| A) = DELTA kREA:i =

- 30

=
3 7 ] B
_:; UNIFORM OVER {18 19,.., 30
1 IF velis,.,

wr P(v=ulp): gj Wb




iahieik

F WE coNDBITION oN B,

HE PRIOR BECOMES THE
. *os ERIOR (Vv IB)
E.'f:;:»-,_. Hq]CH 15 THE UNIFORM

. &
L 2t 1= = i
e LR T R
P = J-i" kajm' n
&i&l.n

- e '-__"L' "_.‘L [ s bty ;:
St st St

J:l MQRE UNCE@TMNW‘THF*"'

& - ~, | lrr.:»—;:_ ?.. _| il PR s



L._p

el (T
] by

B 2 S

i

.
8

g

& Sy N
" L=y
! L ot 3
g

2=

g
o




THE POSTERIOR

(APART

-

S

e -~
A ”r.f! ity AT
=l

IS OBTAINE
FRoM A NORMAL[2ATION
:-Ac, OR) BY MLLT) PL\//}\/Q 33».‘;;;

e P

L
|

: ‘Pgl.i‘ brpine

TR
TSRS beet

. | L,)KELIHOOB}:_ B
{ POSTERIOR




|

T
o, L T R
3 134 =

o
s =
I

BITES | BEsc

LN LA BA‘/J:SIAN SETT!MC:

15“5 oS TERION IS THE Sc

’EFF':CT OF I\y:

aig)
J .
iy e

: _",‘k:‘»:




._'.-JI Q =% -..r':

PRo

111 oLy

" FoRMuULA

L

—

—— , ! | : , @p\_"’_ " 14
= INORIMALTES

S 5

L A (xly) =

g R

CEXACTLY HAS THIS

TO OBTAIN

IEN FRoM ru(xl\/) WE

;
———

EFEECE.

PoINT ESTIMATE
8AYES INTERVALS, E6

g 18

-

!

!

i

- —

i \ I

i

{

SISRIEE

}
{




N
Lo
g .

- »
S L |
4 L ) -‘- L

H‘1ATF’

IN_ THE PRE)
E XAMPLE

|

v gl “+

T i

=) ] ,
R N 1 |

- B -
-4
A | i
I

45 A

|

e L.,_.

e e

-

x““”

|
|
|

Ay

Fo it

Lk
3 5

Hef

-—-«,_,

‘*__
1 F7 1805

—

i

>
04

,::.',41— £

|

 PosSTE e @(OR ME AN/

_MINIM

S T R
i ENHE R
- £

ol 0

- 1 N
o A L
W |

L —

f e il . >
) .

e mrnd

s

73 FLTF BEAE P



. J,

y KE— .4‘ =

'm'.: R[OH
BAYES ESTIMATOR

) E
BEK BUT AS A

_HAS A FUNDAMENTAL PRQ
*Q* GRASP [T WE HAVE To x{q

e —

_ S ESTIMA
(RAN

ESTIMATE
(3LST A
NUMBER)

&_J DN

A,SX o [y =yt ) o HAs MQ

S SR

 THOUGHT NOT AS

s

“\

) S

E
I

1

T = iy

BB )
] 5 A
< I b
’Q‘W g el
. an
. 2 i 4 4 >"'$ it
B Pl




s,% wTH H 1‘ 3
ANDOM VARIAR

] f;"@;v 10) + N ( 0,1) \ |1
PO 16 TH

- NG}EPENBENI R.V. ~7¢owvm,u*r__,,
___+k : THE Two P g
'-'_'*ei.- = NOTATION —

=E [x)y] = (oNDITIoNAL FHS
ME AN B

= ESTIMATOR OF X

= RANDOM VECTo :'

MINIMUM  VARIANCE

l
=5 : 1
D . .r

Bl ESTIMATOR : | .er-

J%J(: POINT (SLALAR\ |
ﬂj& ;J),QH _V Jr '. l

I - S|
. J— Ll
RIL SRR ,

.



-2 S e St |
RN = o »

mt O el "

ik BEY_r

"o x,wmw Y TYPES

1STANCE S, o E.6. E Ix

gbf "
,, , | | 5
1T HAS ABVANT/\GE‘> To

— e

e 2 MEAN $Q0A
i __‘%E (xb%(yﬂl N QUA

ERROR

5

HE OPTIMAL ¢ wilL BE THE

1 MINIMUM VARIANCE ERRC{R

B STIMATOR

1“ SEEMS REALLY HNZ,I)

To MINIMIZE W.RT <

INSTEANS | | | ] A

| | | ‘ |

OREM:  con mq‘;ﬁ -

ﬁ.:""'

iy
B

D slsabnis b B
% . i



| ! g -t o
targ‘r.f‘ ¥

K
Rt

| u Profe |

iy T g i, B

Al &
- - D
b -
I
5 v
~ 5
- -
' 0 R :

R
h "
LTl
!

|
|
= i |

",'<'|"v_ it

L $ THE Po sTnm

'Jé ! | HEAN- e

{
|

——

- POSTERIOR MEAN 1S THE

- MINIMUM VAR, ESTIMATOR |

7)¥P—T_

< IT 15 UNBIASED |
k- % (1)) = E {E[(><--9(;(\/)\\‘)'k
- E[ [xlﬂ' ;va,

=61 B
stis o LEdt b ol
S — ; e AN

Rl ™ : I G 2 DU £

i e ] i 7 | N B R
“Ey ) el ] o NS . W
hit. ; i e

3

T T i w b ot e
3 S el e oy B

P ,4,: $3 J et FoAs

: B L
-ilb' e
i IS e e AT



i , -l%t‘j ):j px,i;g

B
=

s
‘b

‘ “.%x[ t/) ‘i l\/\ 78 X} |’\-y M , :

i

SIS S

3

[(x ) ’\/] ~“Fr

LET LS STULBS 'QE:Q

INNER E

1; (>< Cg;w)\ ly ] t—
: [ (B L E G- g Iv] =

iy : 4
B gE:

i i '—,Lﬂ-
iy ‘
- L
: AL 3

. =
=

L i

o)  ©

!
L

TS

.[xlﬂ?%w))zlﬂ jEEy

d '\rl xl




ST gz E[xy]
~ \/E CToR C ASTE B

?-L = [ %- Cg(.m Q (xa

| .‘U.“ : '
CraNEREEY S
\,‘ = . : T > O , - |
" . | > -

o

&=

':Q.NJB QNE HAS L e

de , . By T

|
[ | -
- A B o Lo : v
o ; s S =
h i 5 ‘ ‘ » g .'1 -
Oy o y . =t 2
= . 2 ‘“ Wt g
Tt o T » \ . =
: : Eds B3
i - . =
s - I
}hihh“ oy el I e Ny
: Yy
PR o B




GAULDSSIAN E STIMATIO

LET X,¥ BE JoINTLY GAUSIAN
></\ N[P')(/§X\

LEE AR S N

-4
ELX,V]: )J‘X"L éx\/ é.\/ (V’)‘J"‘/\)
VAR [xIy] = VAR [ x-Efx1y1)
COVARIANCE
| MATR] X SCALAR CASE
é >< ELXIV?\}

-1
" 2xy 2y Syx




R
| s

e
EPEND ¢

~%
il

2y

—

MEPE

- X
Q}OETS NoO

P an
<
lT
R T

CH A MAKES




Rt 1%

(e Rt

s

e S

i IJ..'

P 8
w0
A
v
et
=

1§

N




A

™ b o .
B £ o ST8
! 3

\ + ¢, \f“(

e
e [

|
|
= =]
1
!

AT
i y ] v |
} I 5

doiv]

!
4
2yx

-1
g
=
5

-~
V‘

E
.

b
b\

§ T e o 3
_,,.~i*y el
» e

peccatds

: 2
=
e SIS

ca 3 .:.-..u P
& b J -
) BRI BN E
3 E Y




VAR (-

&)
S

FEE

DI KRS 5

I B

- ! =i
el N o) e

 f ”T'E

TR0

{12 'F‘ﬁ

3 24 EEEES 1
T 1% 1

'*-?;:;F.Q._g JLC'H TERM

5 =

[ & g,

= |

@ POINTSs oUT
-;;ﬁlOR VARIANCE (CO\/ARlANQE_‘?-

LS
< (xlv\] \/AR(

s NCE | >< J.\/I
73 \/AR (xly')'

THAT

\/AR E&?m\, :

R
{

'L:J
=

Lk

TH E:;Q;

S s (.

! S
| ?' .
}

= T

-
AT

= i‘y \f‘#ﬁ\;

¥ S e 5

AN S s AN TR
§ b BT (el o RRY S L
T e B N

—— :
?!:? i} !

g =

R




| i_zfi\/ib VARIANCE :

i
e _' % 7*
Ty ‘ E
!
e
1
T
‘

'POSTERIOR MEAN .i!"ir |

DIT}ONAL REMARK 3 L

., u_i;k;‘vxx, KNOWN | R‘AN:%F

e ! FORI

VECTOR , EACH g

I MENT e ol nZ

f?
7\)
7
E
Lt
L‘::
W

. o o — e
" g = g ot
-] ” J{ -1}' N o o et PRl
[\ = ; e : A.
& | i 1 ‘I - A e e
= et O m el ca ot aivmees AR
e DA I R e uﬁ-.
"3 Oy ey Y Sl ——— y o g ALV
N . i
1 =L i
e e



!

|
—t
|

<
XYy
Xl-

4

~ 1

=
¥
:
RE

SRS S
=y |0 RS i

BAVE S

Fati

Vi , !
] d § ! | ¥
, S I SR RISl TR R T R o S L
T _ e TR 1 ks
7 B IF Sl [ AT
= N \ ! : |
B = ets G L L et A A 3
v_l SRS HaLE B I PR
N EEEid FesFrATREVERE




‘ A & 1 el [ e ]

4 ~|‘r\ |'--_' i
A ]
P e T T p Y <l
o it 2N, R S '
S i i e . L ’
= e il o
Ay e P \ l
e Py . {
i I ©
-y )

o Po STER

!

Z#JHATOR ESE 5 VAR‘['

{t-l,

R\:GAKB)NG \/AR[xlv

‘

>< SCALAR FoRr smpuc;w

, ES N T I
g ] 704 e S R o S R R T b
= RS AP L 4TE AR S by

Mab«m e [ (B s

”35 (x E[xm) sy (%) ch

i "-H!"

T
i

— B THI MK R

L
Wy S v N
1 : o E
il iy ™S _ M TES) i 0
25! ‘ | ’ AN/
St | | Xl i - A e
P i e e
C | i AN P i
! e o e L FileE

= K (\/) ~ AND BECQHES  |‘"<‘.'5_



THE BAYES

]

e SEE ING

BT ¢

-

—

,_*A..

comPuTEb‘Eéu
THE bATA (Uny .
[ IN THE GRUSSIAN cA;
T

L

;boEﬁ Noui

|

=k [ %- E[xl 4

15 THE MSE
E4T )HA;

k -

e

10

_1

] P

1_ f__‘-'
1 - B
ol = ,. . 2 <SL %
E g i - . 4 !
¥ Ry “‘ i e
1 , 1
2 S S
3 ; e ol
. Al L
& "
)
.
: (o

4
GE
;
4\‘—'.
3 ;
” -
——t
T (=
= i v
¥ &
o
E ¥
i

CONDI



e B

SR BeNEN

‘ﬁ I» _;';

% -

=[x

S F—ﬂ%f"

——

:
{
i

1
|

cov |

|

=
!
! \

o v s
I

—

= LF#"-; ,“ E Y

L
80|

a

|
!

4,

o I ()

Sy %

| |

I

R Bk

e ({60 (e l]

DETERMINISTIC
WHEN |y

,_9_4-,-.

A

X

-—
—

- - ¢

= UNC »ORREL AT:ONJ

—

E(EGavI]=E% Ex>E

) (R-Ex)

-

E| 3-Ex\E[x-

=y

SRR
e

i . L1~
§ i
vl
R

-G




Eﬂqﬁf_: h‘

[ b

-

T

OMPUTI

g ] i

-:"l'

: ,ﬁ‘..

o A
s o

—

|

q “_;: k! ‘ - o1 21—t 7
VAR 2= ® B

L~ U

1

Tk S

oo TIE AT -
= [ 'y

:
ot
i

(9,Y)
HERiE

; ] e
-

= el

= IF 2~U (0,2} ONE HAS

SR ="

&

 DETERM

r
l




BMAT) AR TEST USING LAV

b ——— $

Y Ulo2) ) y() = 2RAND

A
-

"~ U (0, y),  x(L=y(L)VRAD

R i

e Iyt 2(22)/ [ LT

: Al
+ - JJ_‘

" loF L ARGE NOMRERS | 8

:
|
|

-
|

—+4

i i e A N

b .
N A

b = 2 kxu‘l-.\;‘(‘ ‘
E i hvGE | (=i ||

i/ =
Sl o
! : N il
{ { ) 4
{ | i R 6 UNRECY FMESTS Lo R - o
| { | g el
‘ ! fi frhaie
LN st | } ) SR
] : )

&3
DIy St
e
B g b o
. g
A g
o
AR ATl =
. =,



) "4}‘,- = il
3 A & P
A T S ]
oF % ST P g r I 3 3 ~
I".'a E" j.‘ \ N ? f
ol g I \ i

Tea o i o
; e o TR ". '-'-:k’.-f'
F s

& 5

Bk LR
il \ ': |

v 5

—

><

x- ELxly]
VARLQ]-é B G

/F %‘FF

Y ?—%‘;.,}1

xly] }Lx i éxy 27 o py) _g 1=

rhSEQ E TRACE (VARX\
| CONSIDER NOw x|y=y*
h.(xly v') COMPUTABLE BY

BAYES [RULE| |8

[ -
i
i‘:— ]
SR dL —
| \ ] 2 a1 R,
-l ) e
5 7i hd v rd
! .
e




o

SH
v gl

s ol
ETENE

wy t cov[x,v)

o e e |t R

T cov|x, x+e)

|
f
|
|
|

e )
E FEIERE RLTF L e
IR

= cov [x,x\+cov|x,e)

= VAR(X\+ o

(l

1143

el

LS R R

" l yﬁi &

\
|

% ? —— i o
: £ ! s )
T ol S =
N, gy et A
Shitd = o fae et

& §A 3 - ot
- e iy eteal £
o 1 w Sl
e ety A
mhs




a3 g
¥ i




|

i

___‘ i, W

l

|

A S IS S S
| {

l
=
i
\

Ui- Z#M \

l

‘ !

=1

: | " Jl‘ -
|
!

'-> + oo

'HE ASURE H\-N \

F0 R
_._.J_)
-

i

(POsJLEt\-

P&L@

i"‘“"

H.BERT SFACES

{

<

]

mj-— LPL F

-
o -

pioges "4

VAR _§’2‘5‘

!

f -

v

iy,

1

,QNTA;NS VE u:q_[z S AL

= i

i, =Y -
. e "I
gl k L
SR 1,



p Q_-:__," o

£y,
(g =8

':; 7:- ~

2

j_'”:

7\v

b - = 2
d S ~ P F o 0, ==
] 3 5 i F - '~.-:rj' g
— L M r | SR

i

H&é éo

) S_‘Ur’l dl"'

’7 x ,RM

1S

aoTjgaEs

— II'Z

L)\‘U‘;L_. s )\"U’% ‘

THE 8 AXloHs

HLE’_QMC
TH E el

B Alco WILRERT

EQUIPPED W |TH

IF

'
I

i SIS PEE W R
Mgy okt




i O
JE

Y

1
5
ur - ‘ ‘(‘ <y
_%_’4 ..4‘-_-47.' —
T

e res B Tl

. ye | : £
| et b t W -
| : » —f 3 ; l 3 ‘ f 3 SCIERE
! { ' .
.-

{ | |
1 ' . By

P‘S‘f To SEE N IREAY'

ik
oTION oF blsTAN'c,E_;_;:__; .

g

"k -

! =
{ s
7

(‘U-L' n g‘l})‘ul‘ A-LL = -'

. e



Fuverion 1SR

{om R
i BE:
i ~ et

V.. B

Ly

—

. Vs
<IU11 } <v,2\>~%'

. b

;12'3,1«

-

L dadd

|F WE C(ONSIBER MORE C—ENEL%A#L

~ NOMAINS, WE OBRTAIN GENERAL

BB cTIons, E.6. [o1]—R | |

|

i

E GENER
N R

B g | = AN%
L, - O o, SR R ) T H l

E

—

=iz

b

.'(-Alnﬁ. v | . ’
- L] BT i



J#-all; = § (pmequafide

" 1_4AL9O THE RANDBOM VAmmﬂF-5

ARE FUNCTION EVEN IF oM

'_AAJ ABSTRACT bonhJ_Q_ Amm |

VT:AV SIRAN0E IV T EGRAL ON.Jﬁ

1% i1 -

IR | s
| +5 e - -
S B Prt
S e s L
v '.L—_’m
e
T . 2
- L




ok e
¥ {f~|=.".-' ¥

I

= S 0o fony by

=] | bl

| i

|
g
(0]

(Uxllp=0 = X(w)zo FOR ALMosT \
‘;".’,"'-_'“.;«_L_‘* ALL w \X!‘_ﬁ;'t[‘.' hak

o t———

..i g
I :

D
=t

B ADVANTAGE ¢ RELA é
o s To THIS VIE\W; g

EIPTS oF oRTHo&QMﬁ
) 1§ )

| o



N -1
T exy 2y Y
THE GEOMETRICAL VIEW WILL
ALLOWw US To FIND AN ALTERNATIVE
SOROPTIMAL ESTIMATOR LINE AR (Ny
FUNIMOM VARIANCE
LINEAR EBESTIMAToRL
Ex=Evyzo6 For SIMPLILITY
(BUT THEN WE GENEKAL(%E\
E{xIy] ¢AN BE coMPLEX AND
NoT LINEAR IN Y

WE LOooK FOR THE REST SURBOPTIMAL
SOLUTION LINEAR IN Y

PROBLE M

N\ 2

& = ARG MIN | x- ‘?5(“””\4
L)NEAR:Z

EQUIVALENT TO SOLVING

o 2
Az Arc MV []x - Ayl
A j
o (Ay = SOMETHING IN THE SUBSPACE~N
B - GENERATEN BY THE 4v3 )



Qﬁ_xi} o.uLiS Jrju_!::i ‘l?n-éz .UF’;{_;

'F E>< o ANB E\/ #o

e et

2 QAN KT CONS)DER ><-><..

%

=

\#4-\/ My  AND THEN IN TH
RESULT WwWE REPLACE x,x;.,_

HiE —-wy.i.,x ,;\ \ = My

1

IN THE C—Auss)AN CAsE_
rml‘:-’/-‘\b\/ KNO\,U = =

. - | A -
_j: [ F - { | } | S— ;' .“, a £
RTINS - L s i Y INC B
’ | g
v ! 1) 5




Lhe 3
s i QT
ATy Lo PR
4 B
Hiars . ‘I,‘A
7 LN e
it

a, 443
A% ('y;q_\/; _J | 4 L‘
| LEEREES r ff“ G
e Jorc] g 3
LR i ;
e Y, ace IR? B
e =rhTes -
=5 - SUBSPACE GENERATED SRES. -
By 1yl e
B,
e
3 " (= 1=
i

e
A
-
R r
- |
e !
e —
tor i
.
F
i
L‘ = S g |
e .
s Loy | oo e B o i
w,’ﬁ: > 1 | i |
i
|
vy N E o
ek ! ol :
LT 8 T = 5 RIS o
Tam TR e o




o

i _& L“*l

o MLEQ IN

o, |

= HILBERT SPACE,

>

xe H

ML%‘ iT

H(y\

S CLOSED S

s |
\ |
! 1 ]
i | !
,T.ﬁ

ik EEE 2 Fﬂ‘/\

PROSECTION THEOREM_,;

.\\




e
i Yot

N

1)

Ll

5
% T
— L , A
0 { i C

\-‘i\%"“"\
e =
BT l Re e

|
|

L

i :
Ry 3 — =awems
— - 2
o
g ;

L

AN ~
*X‘:X—-

S £ &t

THEOREH

Qw

H= S

ﬁﬁ[‘:__l_f&fb> géLS?L A

HlLBF‘R“ i

AN ESEY i TR

e

_a;, eSS AND Te ST

‘-»> < Ur>=o = vt

=> VvEtp  IbY Axrom,,
| ON INNER PRODUL:

,,,,,

NIX (s) )

ool

BE

e
P
Sr—

AtCE ot
IDNON VA

iy ;‘r"_m:! =

= RY “x
AL =l

= T




'I'LW‘
}
!

F‘w BRIgE

un B i

Y‘X—LVL kvl - ’\"N

HAVE ALREADY SEEN TH.

;rf;t-'Eprwc, GAUSSIAN ESTINMATION
- BUT LET LS REDO THE CALCULATI,

N 4 — 4_

| %::X e R

- ixx, (?—\7 L = \/\ = B X\/ 1

; SRR Sl B

\
= ‘ ; W 7 ¥
!.i"_' 3 i : f 1 . 3 ::1’*":
2 s E | =8l T
e : — 3 .
et — Lol —Df
_ xy LBy
r e A‘_-_:‘n‘_ N
4 | ‘7[.;_. 5 -

Bt vt o1
A S|




CSpyE e AR mEEe o *
S e %' o TR
=N !

=E
(&

A e R
A“‘ !

|
' O

K1 (s THE LINFAR‘ M)

| | VARIANCE ESJIM".’?

b

OTE 3! X= RANDOM \/Ecmr{)ﬁ :

o SRR MR T N

= Sy oy HAS THUS THE P

f;;*~£ ERROR % 15 UNCQKB_]

RoM AN\/ COMPONENT OF T

2 xkl Hiyl VYL, |

B 2 4 e

IE EA(LH coMPONENT Qili

F

...__

el 2 4 %S e

\/ = '”ra; vl | Ab

7/

o \\‘7'.‘;)‘-!‘
J i -




CoY e =

. - e
] L "‘a — -ﬂ"" P ot
=1 pe J¥
WARNY =<
ik B
l |

tv& £9 |1

A UJS COH PUTE E £>< ‘ Vl '
PROSECTIoN (MINIMUM VAR

vA_ﬁ :
| LINEAR E_S,TJ

A

H’

v

S

+
ey
,,..4_.__» "
} "*"I;l
]

$ = cov| /Y)“CC)V(X S><+\X/1

S—
‘h—-
!

cov (x, $x) = Cov(x,x) Q* PR

s vaRy = covly,y)

iEn \/le+\!U; Sxtw)

S b 1k

R(S ><\ + vm:q w’*l* e




S b |
os

i : it 7 ‘, ] ; ,‘ S
. (ul, !“ ¥ ¥ u‘.u‘ : ‘ - —jij_ ' L £ _g ‘R “ ' .J‘ L ]
'E‘.'el_‘q. T ‘ |

r‘r‘ErwAﬂvE F'ORHULA

m g $&uARE ANb H\)VERTIBLE
m,a-)\; H\/VERSION LEMHA $M'§_
'Z;;#éc,m AT ATTR +&A*f&%~f
a B THEN IN guR L% ;
T 'Edjl ‘

( P b BT RS s' ;,'f‘;f%ff?

uﬂ\_‘.jv

7 bl
§ T PR,

[Py gTR 15)71' =

’/-Fioré’:'n Tr\‘vg: PRIOR ME

- ! L
T e
: s e

) ] T R
~ , = Qe
” ; ] S, | o T

A




g A
o P R REISE RN ]
S LS 3 CF &

i e
2 1157 (R

R
ENAE 1T (Sc L,\/TE.E? B
UGN N S AR IR B AT
iﬂ X~ Ay”ﬁ; = A= ixg.éy

(vaun ALco

N FOR THE VECT

CASE | T8

gl s ' A S i
,,.a%fﬂ L & arigs

PRt | e
WE HAVE AL$O UNDERSTOOD THAT

= BEST LINEAR ESTIMATOR OF X
:!) OoN Y oONLy DEPENDS _ol\)"‘v P -

SV

2™ MOMENTS oF >,V LAk

ISR SR T R R

i
£)




P . e o Gl (==

SOINTL
BTHE [GADSsIANT EasE (%Y et

s ELxIM] =B [x|y)

* X|y 15 GAUSSIAN  wiTH

MEAN E [x) Y], COVARIANCE VAR X
L1
VAR [x]Y ]

(I FACT, x-E[x)y]

1$ INBEPENDENT OF
V,%0 THAT VARX

= VAR E«EM\J]
S VAR [ x~E(x1y] 1y |
ZVAR[x)\rE[x)\/}l
= VAR [xly] )

BROWVE THAT, IF Exc=Evizo; THES

c’g\ = ARGMIN [ )} 4(v) 1 ]I

A ERrIY AT T
gAY+ & CASE ,VECTIR
CASE |

’ o TR et ey oyt 11 ¢\ 2 “2




.I :“—S'j}‘e’_

7 ‘ s L -
- ™M
T ’
TR e
e ) | ‘
f| (k! E?)» - i o
| |
'
:
|
! 4
]

Euy.

g
rl
48
—+
.
3
E

[

e

ARG MIN

i L

Rl el

gl T

g W= Ay

HAVE To PROVE THAT Qric

1 :
|
g

T o g |

i 3 | |
i3 | » | |
ﬂf | | | |
{

}\[

i
) el :
4 B,
" -
_\J\-'

L 8d

J

1E |

CASE,

UC"—‘:’E’EAN :

J.., |

1T gy TP

THE

) -

HEAN el

i’-—l

!
!

kR

o

"l
l

.

fx,, G =1 Ayl +l1ed®

|

,—_

Law 4 D A\,)er

!

|
}
!
I

3 - >": : "
L e

*-4"-

I _}& ‘L{‘T L

Tilgs L"I’

o i

l
|

i

<

e




AF-niat o
- R J':L-.
1% e e
) U St

4. : '.'-7 X
by ; s . 1

U:Lka _Al\lﬁ Te 2

| {,‘. SR AL :;,;,-Jﬁ

-
; » SN
T
Pz -

\x/rrH HIGH PROBAB:LITy

Caa g

= S
l

s

Xb—“ < %, <><< ~ Xo 4 X,

t

> USING A GAUSSIAN PR’&R—
2
B REASo NABLE To SAY

=R, =

} b
Tt

x ™~ M Z,Xd) 03%) WE
B wiTH 2.0 <

s

0 > Ox T X0
~ THE M™MOBEL

. h-;.?“

| S

o b A !

T

B = <o, L=t | ANN
L I P. WE kNOw | e
n,-ﬁy.‘v. - _ : L L E ‘ ‘AVI-;'._ o
L REREbNT < WS BXxy :
SR ERERER

1T 1s REAsor

il L
Iv'.‘< !
L ey
4. e
3 ) o DT g
AR/ T Al
i y 7 &

e O s g
i [ i e !
o el e s SRR
0y 3 - o .."' TR
i .f %,, !
o ey




o J'_"-"_'if‘ --’--
oy 58 i 3
3 B BN a1 PR Y o
oo SabUT IR Y e B
i I o P Ay
SO0 X AL AL R
7 | ! EF
; w0 r..‘.!‘
! 12 e S R e <
| ,’ I | =
! = ;
1 :
!
i g

B

1

L
O
P

f o i |
] i
o e =
]
1

-

L D 1

——

i
!
P

.

!

i

? :
.T. -=
! e
| et

¥




5 "lﬁ L &-:-i.:L‘ -

1‘_, S | e [l

e —

o

-

uh'.v‘

L" |

TT;

B
S

|
B siv (wk) . 2

27T
\.\r’
PRIOR ON W

B [ XERCISE =
- 2 | -Lz ‘
T | 2l .
%Tis‘x AT SIN(wE), W B
UANT To ESTIMATE Y3 USING Yi,%

S)N(wt} sw(ws\ _

..,__,.,q _’__ '

* i

i

AL-_

] !

o P ,‘
S ;-.|‘n R AR



- X ?',"' = P

L

e E e PSTEEE N F—1 :
o~ i , ! | B B

v — | -
A
=

'A’f;iu@EiAR ESTIMATOR uQ‘Ejg;;_g;_:
"" THE PRIOR e
2 v, balllc Evg =1 R I
ZT wE (AN PERFECTLY AT"

-

RECONSTRUCT w FROM vy, v, |

et

B v FAcT: A




1\‘ |

=8 1

: CJNE JP
S ONE

S-S

e St i

~ UNIQUE VALUE

'ff><E\'<uSE

siski it i %] ; ,_

=

L i

NOWN

—
—

o' DELA

(o,

\

B PERFECT ESTIMATE

/SONAR SIGNAL 'ff‘
= A siv (w, E+e) + w(b\
AMPLITODE , W
M

") BU! & &
FRQM
THE Sl&&

oF W oBuAI&EL-

b
TR

2 g3t
AR T M
L vl

LS A T T Ll el
At 3 e by

N7

;
2 N PR

1 \
R o

¥ DA
(i ey S




&

3 Ay

ok : -—C%; ]e

AR SING

-l N

o
)

S 1i1§g (wob+ &) (Sl N wok) cds;&f] :

5 + {cos wiE ]! s
LY = S x +\w B -4
3 | et

g

R | SINW,N
) ! i :

e 2

T | —

1-- = 5

* WER . ‘ 3




AT
e

T-ﬂ,f-

3 :!-'(F

RS

ka0 B ] L

s

210

CO0LB SING =0

=6 +5INO b |

-

| =
L5
.=
T
12




m T el

}w;

,
=gt <
Tl
e o

-
i F_ig,‘

Jf,’
L
Bass
P

" -

S IN Wok Cosw,k

1

Mz TNT

tr

E=4

'

SIN W,k |

vIE) SIV woE

——
I

vib) cos w,k

N

2t

.ggiﬁ

g

|

2 cox

F

bl

!
!

i

& o
T35 PR P .

o
1 l—  EREATLL
: }
{
| S




= ._1 th’l‘;f‘;;l%l.l
e

1[4 o e BEL
HA i WA

. wawpana
B
| | | EST) MATE | >&

el | ExzEyesar

- 4 t’

{ H

) S 4

{

»
B

|

WE APPLY THE

MATE
, 3 TATIC  FOREE

{
|

¥y R

A NEW MT?‘*— s
o




T

,—.“1 e '_7‘.‘}

.Y PROBLEM:
E,'TsELF CouLd |

|E

] 0l
VP-q—
f
f

ENES WS
e PREVIOVS—
—— ESTIMATE

e e

i I LS i
s} 3 g 2 5> ™ : ¥ 1 .
‘wouLh BE 1NsnEAd UN
A5 © b b - 7__1 L s /
; 3 ! , By
e Tl = :
._L ;A 4 Ty

, M. | _l_
s T¥

'"doMPUTE ibe Uﬁ;-'.

i "
e

L

ON LS
THE LAST
| MEPI&QD!

J,

‘THERE 1S AN ABB!T‘Q

n;fF_jgf'yAR

S




s
v

ks
3

o
.
i i

4 e

=

£
ety
Llcil=

3 l

P
_1¥

W‘ | ﬂi |

3 '."g".»;, AT

LD

|
=S

PoSITIon

THERE
PROBLEM :

S
S

S ESTIMATE OF X

I o

1S AN Abbl'rlo"“‘:

}k (TEELF CO,ULB BE DYNAMIC

X VARIES OVER TIME

ON\j

Bgéﬁ'f

]
1

o

RoBaoT'S POSITION o
AT E+4 ]

8 ;_";.! 'i"“'n" G LR
a

it EF

Xy N

A\., ——
:

15 SRR TR Sl A O el -

: > b S [ H
fis -E B [T T O T
ol MEE A e ot

I ) e



CARE Lybleel}

RILTER N G R

'ff4r?{to,bl AND \\wa_4i'

e ———

{

Bl x4, = "‘@7—;

E CAUSA%T;§

ESTIM




QUT#?
I

N

PIACE oF E wnu, E T
s

*ET FOR THC MOME

,_J,,

\XIIENER APPROACH

-

a0

::i‘.""*--xQ Wy SoinTLy sTATIOM
i (IN A WEMK SENS

X~

: Am Eo>-oe, S0 -rmfi,-.*

:

va"_r) N
et o

B

e (e - 5

NER SEES THE u,EA{f“&
IMA haru FlLIEB | .



et

':[NVA Kl ANT $ ‘/ STE H H

L I:‘IPUTE H 30sT owgg

\Jx/E LSE IT VE. Ll

BE ORTAINED BY so

N .

I . EEEEN
- ,Ia“lENl:R-HOPF EQUATION

f——t

~apPuTkTmN |'S EAS% fﬁ;;

SRR a8

Ly IF THE SPECTRA OF;V;__'

Roq; 3@55 ARE RMH, NAL

_,<E--t ARE

' |l =
ie




R f_-__v_ ANeFoRM (4
i AR i Bl ;,S\N

-":_7' r—r | ‘ PO LY NO H\m,

SIMILAR DEFINITIONS THEN 'FQE-*J
B (), 5,0, S0
:'_‘{.;}_THE MATRIX CASE | —4—

*-v———L o 1

"E\ va [3%) = ( vaii\\,ﬂ'—jﬂﬁ

R N T ol T, S P A
: |
) - ‘ l

3




ROCESS *Q_V.Ei‘ .

]
|
|
!
!

R ( ek gm (k- 2

|

1D Powl—:rz ¢p Cc_TRuM';

ST AT

- "t‘..~oo

S 5

~';.j._ p_ 2) @ >0 Yw

[

B F <) o ccalar (As wE HEREESS
___,'% A ASSUHE].,: =

& THEN

s [

i
(’t\ e

!

S

] T

il e

1) & (w) e IR | Mo s

\x/E REASOM IN i"":

5 41

‘ &:F:'o%m ETEEEm




EPE

e L Dalabale G N i
o J ‘. R .

A d =) J

FT N ¢ &TQ CR kin

+_-,. —

;__uy (l;\ = 6—(&\ u,(l:\ + H(Z

.| ! l

T

1 T0 gwmcme THAT &% 5 THE,, |

% ! )
) g =
R
> o

,_'f;_‘j—?' THE OUTPUTS OF T LIVE?

sbmsms wITH TRANSFER F‘UN

i

Ty

*"?(% H(z) FED RESPEchvELVjL-—J

e
f.m—l INPUTS Wb, elb) -

REM LET Y[(t) BE GIVEN By,@';_:'

H W A STATIONARY s|o<,HA$T«

i 5 wITH $PECTRUM éq,(ui\

'}L, 1S WHITE NotsE'fFi*’V

SRRl 3
s X

—é' ?\ e HElM} ; ﬁ { :

! i ‘;n:'L ey
) it g




[l
s

"'ﬁ

$(w o

, “T}-

m)

THIS RMEANS THAT
STAT)OMAR‘/ blSTuRBAM
i ﬁ';“f_ii

& (w) = M R(9)[*

___;_., .

‘lngs\

R Li)

“U‘L‘

'U"rCAN RE \)UR’TTEN

1

45&1; Et.xns»s A Htow';ﬂi

\“—

wm—y Pouss AN
1':;>RQS ALL INSIDE THE ULNIT

Se 5

e,[l:\

- i NP‘




£ o r‘-uMZl MCE )x_,_-
_4..9 Uwommwow ABOUT 1T
. i

X 4k
Raast ,.IL s

] .

?

L‘TRUM ONL\/ | .:'y,._
7“  ~ SUMMARY | f%;.
ylE) = Gl ule) v Hiz) efE) | :
1S THE BASIC bESCRIPTION T
BEOF A L )VEAR SYySTER ST‘:'

 DISTURBANCES WITH ¢ \s(/HlTE_
':'f':;f.li{..ARE RATIONAL TRANSFER FUNCTION
BT SR
: 6”112 é %K\Z T

e e o
"""','i-;,v‘ } }

mjusw@k

R e
it ol iH ¥ ’
; l_\ SEAG: e A




LT = 2 L(Re(eK),  RolEges

f | K: G il
! i _

-

,i « I_AlA el - | ! - ey ___' ] .
w; RUCIAL PROPERTY FOR PREDMICTIO
) | ! } oI il

‘ﬂﬂAT ® SHoULh BE )Nv'Eéﬁ'f*"‘
- '_mﬁ SHOULD BE ABLE TO C'»OP

e
. s ,4_, _,,.'_
R

.1'

; - | -
",‘5’1~[_|'§Ol‘1 {vs\g el |

b—- ._4,__
| i

faLs= |
N -.——4—. i

WE sPEu HcALLv , CAfu LLY
e L_ e e i g i
;;\A:". 'ﬁ, LEA‘S.—‘m}‘ sihie *

2 0
e 4 P I vd i ~r-g'n‘-:l

= e S . f L3 § o
iy . P T |

i '4!_(6“_ %= _'.t‘_ , ._“ N




;W L
fiphs o
Shad Land bk N g -

55 [ RN W IR
B 2“‘1“*"# 5
T EaE &
3 g . )
1K .

S0

H )

{:“'('2\ = i/Hm

MUsT HAVE No 2EROS oN
;_LQUTSIDE THE UNIT CIRCLE |

THE sPBam;"

FACTORIZATION
THAT, FOR RATIONAL STRICTLY P

54

ECT
RE

b

THIS WELL RELATES T _
PrmaeT SM_"_

A H-l(z-\

WE CAN ALWAYS F

N'rm'low H { >)  SATIS

1 ,,,_%_____ ]

: _1_

LN’
Fi

{

—— —

‘w

Dl A

af

i sk
- il
I

-n,gr Aw‘

i

p_

,._.-;

-y o
T 0

=y T
; 4

T .
YKO - i
; B ey
s By
X o’ < :

o



s Se St Bl £
o3 ey B s

o e = e {
':""i*ﬁ!if‘f

N i
-4 "' i - :—— Tree A»..ﬁJ.._._ﬁ —
i ! (

:;',g' = g,(;) u_(e) + H(z) O

&

R AT 10 ~
T - gL

Cx smBLE, H mwmun PHA&E

-

BEE TURNS ouT THAT j_‘“_
o ﬁ {t "”“'_';Fg*

T
3

=
&
v




A New Approach to Linear Filtering
and Prediction Problems'

R. E. KALMAN

Research Institute for Advanced Study,?
Baltimore, Md.

The classical filtering and prediction problem is re-examined using the Bode-
Shannon representation of random processes and the “stale Iransition” method of

analysis of dynamic systems. New results are:
(1) The formulation and methods of solution of the problent apply without modifica-
tion to stationary and nonstationary statistics and to growing-memory and infinife-

memory fillers.

(2) A nonlinear difference (or differential) equation is derived for the covariance

matrix of the optimal estimation error.

From the solution of this equation the co-

efficients of the difference (or differential) equation of the optimal linear filter are ob-
tained without further calculations.

(3) The filtering problem is shown to be the dual of the noise-free regulator problem.

The new method developed here is applied to two well-known problems, confirming
and extending earlier results.

The discussion is largely self-contained and proceeds from first principles; basic
concepts of the theory of random processes are reviewed in the Appendix.

Introduction

AN 1vPORTANT class of theoretical and practical
problems in communication and control is of a statistical nature.
Such problems are: (i) Prediction of random signals; (ii) separa-
tion of random signals from random noise; (iii) detection of
signals of known form (pulses, sinusoids) in the presence of
random noise.

In his pioneering work, Wiener |1]* showed that problems (i)
and (ii) lead to the so-called Wiener-Hopf integral equation; he
also gave a method (spectral factorization) for the solution of this
integral equation in the practically important special case of
stationary slatistics and rational spectra.

Many extensions and generalizations followed Wiener's basic
work. Zadeh and Ragazzini solved the finite-memory case [2].
Concurrently and independently of Bode and Shannon [3], they
also gave a simplified method [2] of solution. Booton discussed
the nonstationary Wiener-Hopl equation [4]. These results are
now in standard texts |5-6]. A somewhat different approach along
these main lines has been given recently by Darlington [7]. For
extensions lo sampled signals, see, e.g., Franklin [8], Lees [9].
Another approach based on the eigenfunctions of the Wicner-
Hopf equation (which applies also to nonstationary problems
whereas the preceding methods in general don’t), has been
pioncered by Davis [10] and applied by many others, ¢.g.,
Shinbrot [11], Blum [12], Pugachev [13], Solodovnikov |14].

In all these works, the objective is to obtain the specification of
a lincar dynamic system (Wiener [ilter) which accomplishes the
prediction, separation, or detection of a random signal *

! This research was supported in part by the U. S. Air Force Office of
Scientific Research under Contract AF 49 (638)-382.

27212 Bellona Ave.

3 Numbers in brackets designate References at end of paper.

4 Of course, in general these tasks may be done better by nonlinear
filters. At present, however, little or nothing is known about how 1o obtain
(both theoretically and practically) these nonlinear filters.

Contributed by the Instruments and Regulators Division and presented
at the Instruments and Regulators Conference, March 29— April 2, 1959,
of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS.

Norte: Statements and opinions advanced in papers are to be understood
as individual expressions of their authors and not those of the Society.
Manuscript received at ASME Headquarters, February 24, 1959. Paper
No. 39—IRD-11.

Present methods for solving the Wiener problem are subject (o
a number of limitations which seriously curtail their practical
usefulness:

(1) The optimal filter is specilied by its impulse response. It is
not a simple task (o synthesize the filter from such data.

(2) Numerical determination of the optimal impulse response is
often quite involved and poorly suited to machine computation.
The situation gets rapidly worse with increasing complexity of
the problem.

(3) Important generalizations (c.g., growing-memory filters.
nonstationary prediction) require new derivations. [requently of
considerable difficulty to the nonspecialist.

(4) The mathematics of the derivations arc not transparent,
Fundamental assumptions and their consequences tend to be
obscured.

This paper introduces a new look at this whole assemblage of
problems, sidestepping the difficulties just mentioned. The
following arc the highlights of the paper:

(5) Optimal  Estimates and  Orthogonal  Projeciions. The
Wiener problem is approached from the point of view of condi-
tional distributions and expectations. In this way, basic facts of
the Wicner theory are quickly obtained; the scope of the results
and the fundamental assumptions appear clearly. It is seen that all
statistical calculations and results are based on first and second
order averages; no other statistical data are needed. Thus
difficulty (4) is ecliminated. This method is well known in
probability theory (sce pp. 75-78 and 148-155 of Doob |15} and
pp. 455464 of Logve | 16]) but has not yet been used extensively
in engineering.

(6) Models for Random Processes. Following, in particular,
Bode and Shannon [3]. arbitrary random signals are represented
(up to second order average statistical propertics) as the output of
a lincar dynamic system excited by independent or uncorrelated
random signals (“white noise”). This is a standard trick in the
engineering applications of the Wiener theory [2-7|. The
approach laken here differs from the conventional one only in the
way in which linear dynamic systems are described. We shall
emphasize the concepts of state and state fransition; in other
words, linear systems will be specified by systems of first-order
difference (or differential) equations. This point of view is

Transactions of the ASME-Journal of Basic Engineering, 82 (Series D): 35-45. Copyright © 1960 by ASME |




natural and also necessary in order to take advantage of the
simplifications mentioned under (5).

(7) Solution of the Wiener Problem. With the state-transition
method, a single derivation covers a large variety of problems:
growing and infinitc memory filters. stationary and nonstationary
statistics, ctc.. difficulty (3) disappears. Having guessed the
“state” of the estimation (i.e., filtering or prediction) problem
correctly, one is led to a nonlinear difference (or differential)
equation for the covariance matrix of the optimal estimation error.
This is vaguely analogous to the Wiener-Hopf equation. Solution
of the equation for the covariance matrix starts at the time 7, when
the first observation is taken; at each later time f the solution of
the equation represents the covariance of the optimal prediction
error given observations in the interval (4. 7). From the covariance
matrix at time / we obtain at once, without further calculations,
the coeflicients (in general, lime-varying) characterizing the
optimal linear filter.

(8) The Dual Problem. The new formulation of the Wiener
problem brings it into contact with the growing new theory of
control systems based on the “state” point of view [17-24]. It
turns out, surprisingly, that the Wiener problem is the dual of the
noise-free optimal regulator problem, which has been solved
previously by the author, using the state-transition method to great
advantage [18. 23, 24|. The mathematical background of the two
problems is identical —this has been suspected all along. but until
now the analogies have never been made explicit.

(9) Applications. The power of the new method is most ap-
parent in theoretical investigations and in numerical answers to
complex practical problems. In the latter case, it is best to resort Lo
machine computation. Examples of this type will be discussed
later. To provide some feel for applications, (wo standard
examples from nonstationary prediction are included; in these
cases the solution of the nonlincar difference equation mentioned
undler (7) above can be obtained even in closed form.

For casy reference, the main results are displayed in the form of
thecorems. Only Theorems 3 and 4 are original. The next section
and the Appendix serve mainly to review well-known material in
a form suitable for the present purposes.

Notation Conventions

Throughout the paper, we shall deal mainly with discrete (or
sampled) dynamic systems; in other words, signals will be ob-
served al equally spaced points in time (sampling instants). By
suitable choice of the time scale, the constant intervals between
successive sampling instants (sampling periods) may be chosen as
unity. Thus variables referring to time, such as f, t,, 7, T will
always be integers. The restriction to discrete dynamic systems is
not at all essential (at least from the engincering point of view);
by using the discreteness, however, we can keep the mathematics
rigorous and yet elementary. Vectors will be denoted by small
bold-face letters: @, b, ..., u, X, y, ... A vector or more precisely an
n-vector is a set of n numbers x,, ... x,; the x; are the co-ordinates
or components of the vector X.

Matrices will be denoted by capital bold-face letters: A. B, Q,
®, W, ...; they are m x n arrays of clements ay. by, ¢j.... The
transpose (interchanging rows and columns) of a matrix will be
denoted by the prime. In manipulating formulas, it will be
convenient to regard a vector as a matrix with a single column.

Using the conventional definition of matrix multiplication, we
write the scalar product of two n-vectors X,y as

1
Xy =350 =yx

i=1

The scalar product is clearly a scalar, i.¢., not a vector, quantity.

Similarly, the quadratic form associated with the # x n matrix Q
is,

H
X'Qx = Z"i‘/ii"'i

=l

We define the expression Xy' where X' is an /n-vector and Y is an
n-vector to be the m x 1 matrix with elements .x;y;.

We write E(X) = [2X for the expected value of the random vec-
tor X (see Appendix). It is usually convenient to omit the brackets
alter E. This does not result in confusion in simple cases since
constants and the operator £ commute. Thus £xy' = matrix with
elements £(x,);): EXEY' = matrix with elements £(x;)E(y)).

For ease of reference, a list of the principal symbols used is
given below.

Optimal Estimates
{  lime in general, present lime.
ty  time at which observalions start.

X (. xy(f  basic random variables.
y(1)  observed random variable.
XD optimal cs.limu(c of x (1)) gi\vcn y(r(,). :.'.._\'(I).
L loss function (non random function of its argument).

€  estimation error (random variable).

Orthogonal Projections

V(1 linear manifold gencrated by the random variables
AL 7).
X (1) orthogonal projection of x(t;) on Y(1).
Y (1) component of x(/,) orthogonal to Y(1).

Models for Random Processes
®(/+ 1:7) transition matrix
Q(1) covariance of random excitation

Solution of the Wiener Problem

X(1)  basic random variable.
y(1) observed random variable.
V(1) linear manifold generated by y(4y), ..., ().
Z() lincar manifold generated by ¥ (1] — 1).
X*(1,[n  optimal estimate of X(1,) given Y ().
X (1] error in optimal estimate of X(/,) given Y(1).

Optimal Estimates

To have a concrete description or the type of problems to be
studied, consider the following situation. We are given signal
x,() and noise x,(7). Only the sum y(/) = x,(/) + x(/) can be ob-
served. Suppose we have observed and know exactly the values
of ¥(#y), ..., ¥(t). What can we infer from this knowledge in regard
to the (unobservable) value of the signal at 7 = 7|, where 1; may be
less than, equal to, or greater than ? If 1, < 1, this is a data-
smoothing (interpolation) problem. If 1, = ¢, this is called

filtering . 1f 1, > 1, we have a prediction problem. Since our treat-

ment will be general enough to include these and similar
problems, we shall use hereaflter the collective term estimation.

As was pointed out by Wiener (1], the natural setting of the
estimation problem belongs to the realm of probability theory and
statistics. Thus signal, noise, and their sum will be random
variables, and consequently they may be regarded as random
processes. From the probabilistic description of the random
processes we can determine the probability with which a par-
ticular sample of the signal and noise will occur. For any given
set of measured values 7(fy), .... 7(f) of the random variable ¥(r)
one can then also determine, in principle, the probability of
simultaneous occurrence of varjous values &,(t) of the random
variable x,(;). This is the conditional probability distribution
function
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New Results in Linear Filtering and
Prediction Theory'

R. E. KALMAN

Research Institute for Advanced
Study,? Baltimore, Maryland

A nonlinear differential equation of the Riccali type is derived for the covariance
malrix of the optimal filtering error.
pletely specifies the optimal filter for either finite or infinite smoothing intervals and

The solution of this “‘variance equation” com-

slationary or nonstationary slatistics.

R. §. BUCY

The Johns Hopkins Applied Physics
Laboratory, Silver Spring, Maryland

The variance equation is closely related fo the Hamillonian (canonical) differential
equations of the calculus of variations. Analytic solutions are available in some cases.
The significance of the variance equation is illustrated by examples which duplicate,

simplify, or extend earlier results in this field.

The Duality Principle relating slochastic estimation and delerministic conirol
problems plays an important role in the proof of theoretical resulls. In several examples,
the estimation problem and ils dual are discussed side-by-side.

Properties of the variance cquation are of greal interest in the theory of adaptive

syslems.

1 Introduction

AT PRESENT, a nonspecialist might well regard the
Wiener-Kolmogorov theory of filtering and prediction (1, 2]? as
“classical’ —in short, a field where the techniques are well
established and only minor improvements and generalizations
can be expected.

That this is not really so ean be scen convincingly from recent
results of Shinbrot (3], Steeg [4], Pugachev (5, 6], and Parzen [7].
Using a variety of time-domain methods, these investigators have
solved some long-standing problems in nonstalionary filtering and
prediction theory. We present here a unified account of our own
independent researches during the past two years (which overlap
with much of the work [3-7] just mentioned), as well as numerous
new results. We, too, use time-domain methods, and obtain
major improvements and generalizations of the conventional
Wiener theory. In particular, our methods apply without
modification to multivariate problems.

The following is the historical background of this paper.

In an extension of the standard Wiener filtering problem, Follin
[8] obtained relationships between time-varying gains and error
variances for a given circuit configuration. ILater, Hanson [9)]
proved that Follin’s circuit configuration was actually optimal
for the assumed statistics; moreover, he showed that the differen-
tial equations for the error variance (first obtained by Follin)
follow rigorously from the Wiener-Hopf equation. These results
were then generalized by Bucy [10], who found explicit rela-
tionships between the optimal weighting functions and the error
variances; he also gave a rigorous derivation of the variance
equations and those of the optimal filter for a wide class of non-
stationary signal and noise statistics.

Independently of the work just mentioned, Xalman [11] gave

! This research was partially supported by the United States Air
Force under Contracts AT 49(638)-382 and AF 33(616)-6952 and by
the Bureau of Naval Weapons under Contract NOrd-73861.

27212 Bellona Avenue,

3 Numbers in brackets designate References at the end of paper.

Contributed by the Instruments and Regulators Division of THE
AmEeRrICAN SocieTy OF MECHANICAL ENGINEERS and presented at
the Joint Automatic Controls Conference, Cambridge, Mass.,
September 7-9, 1960. Manuscript received at ASME ITeadquarters,
May 31, 1960. Paper No. 60—JAC-12.

Journal of Basic Engineering

Some aspecls of this are considered briefly.

a new approach to the standard filtering and prediction problem.
The novelty consisted in combining two well-known ideas:

(i) the “state-transition’ method of describing dynamical sys-
tems (12-14], and

(i1) linear filtering regarded as orthogonal projection in Hilbert
space [15, pp. 150-155).

As an important by-product, this approach yielded the Duality
Principle (11, 16] which provides a link between (stochastic)
filtering theory and (deterministic) control theory. Because of
the duality, results on the optimal design of linear control systems
[13, 16, 17} are directly applicable to the Wiener problem. Dual-
ity plays an important role in this paper also.

When the authors became aware of each other's work, it was
soon realized that the principal conclusion of both investigations
was identical, in spite of the difference in methods:

Rather than to allack the Wiener-Hopf integral equation direclly,
il is beller lo converl il inlo a nonlinear differential equation, whose
solution yields the covariance matriz of the minimum fillering error,
which in lurn contains all necessary information for the design of the
oplimal filter.

2 Summary of Results: Description

The problem considered in this paper is stated precisely in
Section 4. There are two main assumptions:

(A1) A sufficiently accurate model of the message process is
given by a linear (possibly time-varying) dynamical system
excited by white noise.

(A2) Every observed signal contains an additive white noise
component.

Assumption (A;) is unnecessary when the random processes in
question are sampled (discrete-time parameter); see [11]. Even
in the continuous-time case, (Az) is no real restriction since it can
be removed in various ways as will be shqwn in a future paper.
Assumption (A,), however, is quite basic; it is analogous to but
somewhat less restrictive than the assumption of rational spectra
in the conventional theory.

Within these assumptions, we seek the best linear estimate of
the message based on past data lying in either a finite or infinite
time-interval.

The fundamental relations of our new approach consist of five
equations:

MARCH 1961 /35
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Elut) — &u(t)? = x*|lPm-1¢, &)

Every costale x* has a minimum-variance unbiased estimator for
which the equalily sign holds in (32) if and only if M 1s positive
definile. This motivates the use of condition (A4’)in Theorem 3
and the term “completely observable.”

(¢) It can be shown [17] that in the constant case complete
observability is equivalent to the easily verified condition:

(32)

rank[H’, FH’, .. ., (F')*'H’] = n (33)
where the square brackets denote a matrix with n rows and np
columns.

(9) Stability of the optimal filler. 1t should be realized now that
the optimality of the filter (1) does not at the same time guarantee
its stability. The reader can easily check this by constructing an
example (for instance, one in which (10-11) consists of two non-
interacting systems). To establish weak sufficient conditions
for stability entails some rather delicate mathematical technicali-
ties which we shall bypass and state only the best final result cur-
rently available.

First, some additional definitions.

We say that the model (10-11) is uniformly completely ob-
servable if there exist fixed constants, ay, s, and ¢ such that

aix¥f2 < |Ix¥IMie—o, ) = adf|x*? forall x* and e

Similarly, we say that a model is completely controllable [uni-
Jormly completely controllable] if the dual model is completely ob-
servable [uniformly completely observable]. TFor a discussion of
these motions, the reader may refer to [17]). It should be noted
that the property of “uniformity’” is always true for constant
systems.

We can now state the central theorem of the paper:

THEOREM 4. Assume that the model of the message process is

(A7) uniformly complelely observable;

(As) uniformly completely controllable;

(A as 2 QI = o, s S RO = s forall ¢
(A) [Fo)l| = e

Then the following s true:

(i) The oplimal filter is uniformly asymptotically stable;

(ii) Every solution YI(l; Po, L) of the variance equation (IV)
starling at a symmelric nonnegalive malriz Po converges to P(l)
(defined in Theorem 8) asl — .

Remarks. (j) A filter which is not uniformly asymptotically
stable may have an unbounded response to a bounded input (21];
the practical usefulness of such a filter is rather limited.

(k) Property (ii) in Theorem 4 is of eentral importance since it
shows that the variance equation is a “stable” computational
method that may be expected to be rather insensitive to roundoft
errors,

(I) The speed of convergence of Py(2) to P(t) can be estimated
quite effectively using the second method of Lyapunov; see [17].

(10) Solution of the classical Wicner problem. Theorems 3 and 4
have the following immediate corollary:

THEOREM 5. Assume the hypotheses of Theorems 3 and
are salisfied and that F, G, H, Q, R, are constants.

Then, if b = — =, the solulion of the estimation problem is ob-
tained by selting the right-hand side of (IV) equal lo zero and solving
the resulling set of quadralic algebraic equations. That solution
which 1s nonnegative definile is equal lo P.

To prove this, we observe that, by the assumption of con-
stancy, P(!) is a constant. By Theorem 4, all solutions of (1V)
starting at nonnegative matrices converge to P. Hence, if a
matrix P is found for which the right-hand side of (1V) vanishes
and if this matrix is nonnegative definite, it must be identical

102 / marRcH 1961

with P. Note, however, that the procedurc may fail if the con-
ditions of Theorems 3 and 4 are not satisfied. See Example 4.

(11) Solution of the Dual Problem. For details, cousult [17).
The only facts needed here are the following: The optimal con-
trol law is given by

u¥(l*) = —K*(t*)x(t*) (34)

where K*(¢*) satisfies the duality relation
K*(1*) = K'(t) (35)
and is to be determined by duality from formula (III). The

value of the performance index (20) may be written in the form

min V(x*; €%, to*, u*) = ||x*{Prrsq; x*, %)
u¥

where IT*(¢*; x*, (o*) is the solution of the dual of the variance
equation (IV).

It should be carefully noted that the hypotheses of Theorem 4
are invariant under duality, Hence essentially the same theory
covers both the estimation and the regular problem, as stated in
Section 5.

The vector-matrix block diagram for the optimal regulator is
shown in Fig. 11,

Fig. 11

General block diagram of optimal regulator

(12) Compulation of the covariance malriz for the message process.
To apply Theorem 1, it is necessary to determine cov (x(%), x(%)].
This may be specified as part of the problem statement as in
Ixample 5. On the other hand, one might assume that the mes-
sage model has reached steady state (see (A;3)), in which case from
(13) and (12) we have that

S = cov [x0), 0 = [ @0, 11GMQNG P, Tyir

provided the model (10) is asymptotically stable. Differentiating
this expression with respect to ¢ we obtain the following dif-
ferential equation for S(t)

dS/dt = F(1)S + SF'(1) + G(1)Q()G'(L) (36)

This formula is analogous to the well-known lemma of Lyapunov
[21] in evaluating the integrated square of a solution of a linear
differential equation. In case of a constant system, (36) reduces
to a system of linear algebraic equations.

8 Derivation of the Fundamental Equations

We first deduce the matrix form of the familiar Wiener-Hopf
integral equation. Differentiating it with respect to time and
then using (10-11), we obtain in a very simple way the funda-
mental equations of our theory.

Much cumbersome manipulation of integrals can be avoided by
recognizing, as has been pointed out by Pugachev [27], that the
Wiener-Hopf equation is a special case of a simple geometric
principle: orthogonal projection.

Consider an abstract space & such that an inner product (X, Y)
is defined bhetween any two elements X, ¥ of . The norm is
defined by ||X]} = (X, X)/%. Let U be a subspace of . We
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