Part 4A - Error Sources and Accuracy

Navigation Training Course 2023 ESA Academy | Slide 138



GNSS Error Sources

Troposphere and lonosphere
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When is an “Error” an Error?

- Idealized pseudo-range measurements reflect the distance and clock offsets
p=p+cldtrey — dtsat)
 Real measurements include numerous contributions, part of which are
included in more elaborate measurement models
« An “error” occurs, if a contribution is not (rigorously) considered in the
model, e.q.
» Difference between broadcast ephemerides and real satellite orbit/clock
» Difference between real and modelled tropospheric delay
» Higher-order ionospheric delays not compensated by a dual-frequency combination
» Receiver noise and multipath
« Some parameters can be adjusted (leaving only an estimation error)
> Receiver clock offset
» Wet troposphere delay
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GNSS Measurement Model

p
{/Kb}:Ir_rGNSS|+C'(6t—5tGNSS)+{N/1}+TiI+b+S

Measurement = Geometric distance satellite-receiver (|r — rgnss|)
+ receiver clock offset (6t)

— satellite clock offset (8tgnss)
+ carrier phase ambiguity (NA)
+ tropospheric delay (T)

+ ionospheric delay (1)

+ internal delays / biases (b)

+ noise and multipath errors (&)
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GNSS Satellite Position Error

Contribution to pseudorange error
» radial up to 100%

N
» tangential/normal up to 25% /

Broadcast Ephemerides
» few m (3D)

» PR error 0.5 m rms (incl. clock)

Precise ephemerides

2.5

= ' T T T
\(d) Ephemeris error
» 2 cm (3D, IGS rapid) e E i ¥
- : Misra/Enge, 2006
: . 2.5 : ! :
1 2 3
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GNSS Clock Offset Error

« Broadcast ephemerides

» Mean drift and offset are known and predictable
» Stochastic variation depend on clock type

(Cs has larger scatter than Rb/H)

» Deviation from clock polynomial 0.5-2 ns (0.2-0.6 m PR error)

* Precise ephemerides

» Clock uncertainty few 10s ps
(3-10 mm)

» 0.1-10 cm interpolation error
depending on grid (30 s to 15 min)
and clock stability

Navigation Training Course 2023

53550
53545
53540
53535
53530

k offset [m]

8 53520

Cl

53515
53510

53505 -

53500

53525 LS

25

—— Clock offset PRN 1
—=— Relative clock offset

r 2.0

15

1.0

0.5

+ 0.0

-0.5

-1.0

Relative clock offset [m]

-1.5

-2.0

-25
01 2 3 45 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24
Hours of week 1115 (2001/05/20)

ESA Academy | Slide 143



Tropospheric Delay Error

15 : ,

° Vertical dEIay () Troposp'heric delayl
> ~2.4m (at sea level) = 10
» Uncertainty )
0.3m (dry) + 0.8m (wet) o 5t

* Pronounced elevation dependence ~ |"™™ ™"

> m(E)~1/sin(E) (10x at 5°!) : 2 3 y

Time (hours)

« Error
» 5-10 cm offline modeling error

> 0.5-5 m real-time error
(lack of meteo data)
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Ionospheric Delay Error

« Error of vertical delay 15
» Klobuchar model: up to 50%

== Broadcast model
(1-10s m at L1) £ 10 — L1-L2 measurements |
» Dual-frequency: <1cm )
m ‘./—“!
(@) 5 -

- Weak elevation dependence s e
(e'g' N3X at 50') due to (P.Misra&F:.Enge,GF’S)I

high altitude of electron : 1 > 5 n
density maximum Time (hours)

T d T
(b) lonospheric delay
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Measurement Noise
- Depends on signal quality (C/Ng)

» Antenna
> Elevation

 Depends on receiver design
» Tracking loops (tolerable dynamics)
» Correlation (e.g., narrow correlator, semi-codeless)
» Smoothing

 Pseudorange
» C/A-code 0.1-3m (0.1-1% of chip length)
» Semi-codeless P(Y)-code 0.1-1m (~1% of chip length)
» Galileo: down to 2 cm (E5 AItBOC signal)

« Carrier phase
» 0.5-3.0 mm (~1% of wavelength)

Navigation Training Course 2023 ESA Academy | Slide 146



Measurement Noise (Example)
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Multipath Errors

Pseudorange errors in case of strong reflections

» C/A-code 50-100 m

> C/A-code with narrow correlator 5-10 m

> P-code 5-10 m

Typical pseudorange errors

> 1-5m

Phase errors
» Maximum A/4 (5-6 cm)
» Typical 0.5-1 cm
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User Equivalent Range Error (UERE)

« Combines contributions of measurement and modelling errors

- Signal in Space Range Error (SISRE)

» Space/control-segment related errors
(satellite clock and ephemeris, biases)

- User Equipment Error (UEE)
> Noise & Multipath
» Propagation (modeling of atmospheric delays)

- For statistically independent errors

OUERE = \/ 0$1SRE + OUEE
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Signal-In-Space Range Error
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UERE Examples

Standard Geodetic P TN
UERE Contribution Positioning R

Service Positioning

Just order of
. - l

Satellite clock & 0.5 m 0.05 m magnitude!
ephemerides
Atmospheric_ 1-20 m 0.01 m
delay modeling
Noise and multipath 1-5m 0.0l m
Total 2-7 m 0.05m
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Impact of Measurement Errors on Positioning

Number of measurements
« Statistical errors average
« Systematic errors remain!
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Impact of Measurement Errors on Positioning

Geometry (distribution of line-of-sight directions)

Favorable: Unfavorable:
positioning error ~ range-error positioning error can grow largly

i

)
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Dilution of Precision (DOP)

« Ratio of RMS position and range measurement error
« Depends only on geometry and number of measurements
« Horizontal (HDOP), vertical (VDOP), timing (TDOP)

_ DOP Dilution of Precision
o(pos) = DOP-UERE UERE User Equivalent Range Error

TN

Stati_sFical Geometry Error of
position factor individual range
error measurement
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Accuracy of the Least-Squares Solution

Least-squares solution is a linear function of the observations

Ax = (ATA)"1ATAz
with

Ax = (Ar; A cét) Position & clock correction

—el +1
a=| : o Partial derivatives (design matrix, geometry matrix)
—el +1

Az =z — g(x) Difference measured-modeled observations
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Accuracy of the Least-Squares Solution

random measurement
errors (uncorrelated)

E(x) =7
="
E(z) =12
domly distributed W= _ 2
prc?sr;tignmg cllosclz errorsi." :! Var(z) = SUERE
(correlated) L}

Result
« Least-Squares Solution is unbiased

° COV(Ax) = (ATA)_l : O-GERE
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Example of DOP Computation

Satellite #1: zenith (E=90°) 0.0
Satellites #2-5: E=45° and _(') 5
A=45°, 315°,225¢°, 135° '
A=|+05
+0.5
»Skyplot® —-0.5
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0.0
—0.5
—0.5
+0.5
+0.5

—1.00
—-0.71
—-0.71
—0.71
—-0.71

+1.0
+1.0
+1.0
+1.0
+1.0

EDOP = NDOP =1.0

PDOP =4.1

® ® ,VDOP=3.8,TDOP=3.0
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Notes

 DOP computation depends only on line-of-sight directions

« Measurement and modeling errors (ephemerides, clock
offsets, atmosphere, multipath, noise) have no impact on
the DOP and need not be known for DOP predictions

« Simple models of the GNSS orbits (e.g., almanac) are
sufficient for DOP analyses
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Satellite Visibility and DOP

Number of Satellites
@

: GPS Satellites >10° at Redu
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4
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Time (www.gnssplanning.com)
— Geometrical — Time — Position (3D) — Hori: -
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L1 GLONASS PDOP, elevation>5°, PDOPmax=6, 2023-03-06 12:00 UTC
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DOP, UERE and Individual Errors
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Horizontal position error (m)
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I RMS position error =
: Oype =24.6m

Oyre DOP
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(P.Misra & P.Enge, 2006)

DOP and UERE are
statistical values

They don't tell us
about individual errors
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Single Point Positioning Results (Dual-Frequ.)

4
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3 _Etﬂgdﬁ o E » 10 de
<100 FDOP = 10.0
2 -
1 B - -
- Why is Galileo
£0 better?
2
-1
a2 L
3+
A | i |
4 3 -2 A 0 2 3 4 2 A 0 2 3 4
East [m] East [m]

Navigation Training Course 2023

ESA Academy | Slide 162



Take Home Messages

« Measurement and modeling errors

>
>
>

>

GNSS ephemerides and clocks (well known in postprocessing)
Troposphere (well modeled) und ionosphere (eliminated with 2-frequ.)
Multipath and noise (depends on receiver quality)

UERE ~2-7m

« Dilution of Precision

>
>

>

Diagonal elements of (normalized) covariance matrix
Depends on distribution and number of observed satellites
o Typical PDOP~1-3 for full constellation

o High PDOPs (10++) may occur in case of unfavorable visibility (,urban canyon®)
VDOP ~2:-HDOP

- Resulting single-point positioning accuracy c~2-15m
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Pseudorange Equation

oy = (= x) 4 O =) + (- 2) + et
— f(xw Yur Zy tu)



“."  Pseudorange Equation

= o —x) + - w) + (- 2) +et,

— f(xu: Vi Zy, ty)
X, = X, + Ax,, F(R,+8%,,9, + Ay, 2, + 82,0, + A1) = [(%,57,,2,:1,)
yu — yu T Ayu +€3f(x j\i t )Ax +af(5&m§}j’2”’£u)Ay
Zy = Zy + Az, 0x, 9y,
tu — f _I_ At +¢3f(x 5”\ sty )AZH +af(£u:5}Au:2uvtu)At L

Jdz, Jt,



w  Pseudorange Partial Derivatives

0f (Xy, Yu» Zy, fu) _ Xj — Xy
0%, i

Of (o, Yo 2y ty) Vi~ Yu
09

Of (Xy, Yuu» Zyy, fu) 4 Zy
02, T

Of Ry, Pu» Zuy t,)
0ty

— C



UNIVERSITA

e Linearized Pseudorange Equation




800 cd - mir  Linearized Pseudorange Equation




oo clm Pseudorange Matrix Equation

Apy = Ayx18%y + ay1Ay, + ay1A2z, — cAty,

Apy = AypAxy + ay Ay, + azAz, — AL,

Apn = axnAxy + ayn Ay, + azn Az — cAty,



3

12222022 UNIVERSITA

e Pseudorange Matrix Equation

Apy = Ayx18%y + ay1Ay, + ay1A2z, — cAty,

A,OZ = aszxu + ayszu + azzAZu - CAtu » Ap — H Ax

Apn = axnAxy + ayn Ay, + azn Az — cAty,

ApqT Ax1 Qy1
Ap = A,?z H = aa:cz a;;z
Apn. LAxn  Qxn

Ax

—CAt,.



800t m Least Squares Theory

y=Hx+n

« x vector of M unknown parameters
* y vector of N noisy measurements
» n vector of the measurement errors

The maximum likelihood estimate of x, denoted by X, Is:

S

X = argmaxp(y|x)
X



2\ UNIVERSITA

e Least Squares Theory

y=Hx+n

e If n; for i = 1,...n are independent with distribution N (0, ¢?) then:

(2 1)N/z ozl
o

argmin||y — Hx||?
X

&)

= argmax



2\ UNIVERSITA

et Least Squares Solution

y=Hx+n

» Solution can be found by setting to 0 the derivative of ||y — Hx||? with
respect to x:

d
= ly — Hx||* = 2H"Hx —2H'y =0

# %= (H'H)'H"y
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wn Welghted Least Squares

y=Hx+n
 If n; fori = 1, ...n are Gaussian distributed with zero mean but not
necessarily with the same variance or independent, then:

1 »—3—HOT Ry (y-Hx)
( 7T)N/2|R |1/2

X = argmax

= argmin(y — Hx)'R;;1(y — Hx)
X
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e Welghted Least Squares

y=Hx+n
 If n; fori = 1, ...n are Gaussian distributed with zero mean but not
necessarily with the same variance or independent, then:

1 »—3 - HOT R (y—Hx)
( 7T)N/2|R |1/2

X = argmax

= argmin(y — Hx)'R;;1(y — Hx)
X

=)

X=(H"R;'H)"'H'R,;'y
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Position Solution

"ApqT Ay1 Ay1 Az I - Axy T
Ap — AIOZ H = Ax2 a3./2 Az 1 Ax = 22’11,
: u

Apn. Axn  Axn  Qxn 1 —CAL,.



800t mie terative Least Squares

e Iterative approach:

1. Start with an initial estimate %, ¥, Z,,, ty,
2. Compute the deviations Az, Ay, AZ,, At, through Least Square
3. Get the new estimate

4. Restart from 1 until convergence
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Error Propagation

Ax = (H'H)"1H"Ap

* Pseudorange errors dp leads to a solution error dx of:

dx = (H'"H)"*H"dp



Error Statistics

dx = (H'H)"'H'dp

cov(dx) = E[dx dx']
— (HTH)~! H cov(dp) H(HT H)~!

* If dp; fori = 1,..n are i.i.d. with std oyzrr then cov(dp) = ofzri I, and:

cov(dx) = (H"H)™"ojgrg



800 c0 0w Dilution Of Precision (DOP)

« The components of the matrix (H" H)~! quantify how pseudorange
errors translate into components of the covariance of dx

cov(dx) = (H"H) ' 0fgp

User location

User location



8xa ci = Dilution Of Precision (DOP)

« The components of the matrix (H' H)~! quantify how pseudorange
errors translate into components of the covariance of dx

r_Dll Dl2 D13 D14q

21 22 23 24

(HTH)—I B D D D
D31 D32 D33
D, D, D

34

S O O

41 42 43 44

GDOP = D, +D,, +D,, +D,, » Jol +0l +02 +0l, =GDOPX0,,



8nxa ti s Dilution Of Precision (DOP)

« The components of the matrix (H' H)~! quantify how pseudorange
errors translate into components of the covariance of dx

r_Dll Dl2 D13 Dl4_‘
(HTH)‘1 _ D D D,; D,,

D31 D32 D33 D34

D, D, D, D]
GDOP = D, +D,, +D,, +D,, » Jol +0l +02 +0l, =GDOPX0,,
PDOP = D, +D,, +D,, Jo%, +03, +07 =PDOP X0y
HDOP = /D, +D,, Jo2 +02 =HDOP X0y,
VDOP = /D, 0., = VDOP X0

TDOP = /D,, /c 0, =TDOP X0,
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3 = Gallleo DOP Values
DI PADOVA

* Average PDOP vs. position for /. wal \7/,\,‘
Galileo with masking angle of 5° | 7% 0 e

. GDOP vs Time
« GDOP vs. time for Galileo .- w_
with masking angle of 5°

Time [hours]
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8 2  DEGLI STUDI D O I er Eﬁ e C t
s/ DI PADOVA p p

fo = fr|1 -
R — T — f + Af
C
* fr IS the received frequency -t

* fr IS the transmitted frequency

* v.. IS the satellite to user relative velocity
* a user to the satellite unit vector

* ¢ IS the speed of light

f— Af

Max Af ~ 4 KHz for static user and GPS L1
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e Doppler Measurements

(v —u) @




-—u)-aj]

u
](
R —
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e Doppler Measurements

C(ff _fT;') . cf t,

f + V,id,, + v,a, + v,a,, = X,4, + V.4, + zuaz}, f
Tj Tj

= [”xj’”yj’”Zj]
*aj [ax],ay],azj]

‘U= [xu: Vu Zu]
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e Doppler Measurements

/

= [vxj’”yj’”zj] J C(ff _fo)
J= xj 7 x]
* a; [ax], Ay aZ]] fa
* U= [xy, yy, 2yl f] ~ 1

fr;

d =x,a,+y,a, +z,a, -

ct

u

/7|

v _.a.+v.a.+v..d

gz
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Velocity Solution

d4 Ay1 Qy1 Az1 1 Xy
d = d H = Ayp Ayp Az 1 g= Xu
: : : Xu

dp. Axn  OQxn  Qxn 1 —Cty,
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wew Error Statistics and DOP

*Ifd; fori =1, ..n are IL.l.d. with std g, then:

cov(g) = (H'H)~

GDOP = D, +D,, + D, +D,,

FD11 D,, D,; D, PDOP 5 5 5

(HTH)_l _ D, D, D, D, \/ n T Pn s
D, D;, D;; Dy, HDOP:\/D +D,,
Dy Dy, Dy Dy, VDOP = /D,

TDOP = /D,, /c



Soocl m Pseudorange Measurement

p=7T + C(dtu — dts) + T + afSTEC + Kp,u — KP,S + M + €Eu

r is the geometric range between the satellite and receiver antenna phase centres at
emission and reception time, respectively

« dt, and dt, are the receiver and satellite clock offsets from the GNSS time scale, including
the relativistic satellite clock correction

T is the tropospheric delay, which is non-dispersive

* aySTEC Is a frequency-dependent ionospheric delay term, where ay Is the conversion

factor between the integrated electron density along the ray path STEC, and the signal
delay at frequency f

* Kp, and Kp ¢ are the receiver and satellite instrumental delays
« M represents the effect of multipath
* €, IS the receiver estimation noise



oo clm Pseudorange Measurement

Emission ~300m
[ol Reception

il
Satellite clock offset (up to hundreds km)

Relativistic clock clorrection < 13 m

Satellite mstrumental delays (I'GD) ~m

Pseudorange
Geometric range:p0 ~20 000Km

Tonospheric delay [2 — 50 m]

Tropospheric delay [2 — 20 m]
Receiver clock offset <300km

/D/Receiver mstrumental delay ~ m

/f\



